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Introduction
Motivation

This project is a part of a french-german cooperation
DFG-CNRS on “Noise Generation in Turbulent Flows”.
The objective is to study and predict the noise genera-
tion induced by the flow and to find new noise reduction
concepts.

In this project, we are developing very precise numerical
methods for noise propagation. Then, numerical schemes
must be of high order, sufficiently compact to obtain a
good resolution with a small number of grid points per
wavelength and designed such that the dispersion and
dissipation errors are low.

The aim is to implement a high order continuous finite
element method, combined with an ADER scheme for
the time derivatives.

The finite element method

We chose to use Lagrange finite element on triangular
meshes. This method is well adapted to solve the wave
equation on unstructured grids :

Bu—ALAu =0 (z,t) € QxRF
u(z,0) =wuo(x) x €0
Oru(z,0) = uy(x) x €0
u(z,t) =0 (z,t) €00 xRt

We have the variational form of the problem:
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Let T be a regular triangulation of Q and a; the fixed
degrees of freedom on 7. We solve the variational
problem on a finite dimensional space V. C HE()
spanned by N basis functions v; verifying :
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The discrete solution is given by Z ui () (X)
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By rewriting the system, we obtain:

MV +KU =0
U-V =0
where U is the vector of components of the discrete
solution u; and M and K denote respectively the mass
matrix and the stiffness matrix defined by :

My = / i ()5 (@) dz = (i, ) 2
K;; = ; Vipi(x).Vp;(z)dx

Towards an arbitrary high order
scheme
A high order scheme in space

We can calculate the global matrices M and K by
assembling local matrices computed on a reference
triangle K and then obtain the local matrices on a
triangle of the triangulation by an affine transformation
F whose linear part is A.
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where detA is related to the surface of the triangle K.
Integrals on the reference triangle are computed by an-
alytically determining the basis of the finite dimensional
space V chosen. The number of basis functions depends
on the degree k of the polynomials we want to use to dis-
cretize the solution u. All the computations were done
with Maple.

Affine transformation transporting the reference
triangle on any triangle

A high order scheme in time

We also need a high order scheme in time if we want to
keep the desired precision. Use of classical Runge-Kutta
schemes is impossible beyond the order 4, so we use a
Taylor expansion in time on the discrete solutions U and
V=U:
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Vit =y AtV 4 A2—fV" + ...

Then using the equations of the scheme we obtain :
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At this point we can see that there will be several mass
matrix inversions at each time step when we will grow in
order. One solution to minimize computational time is to
diagonalize the mass matrix by using a technique called
Mass-Lumping (Cohen-Joly). This technique uses very
specific quadrature rules which imply a redistribution of
the degrees of freedom and have been developed up to
order 4.

P3 degrees of freedom Lumped P3 degrees of freedom

Numerical results
Convergence order of the scheme

We test our code on analytical solutions to verify theo-
retical orders of convergence (imposed force and homo-
geneous Dirichlet conditions) :

Schemes convergence
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Co-rotating vortices

Simulation of acoustic problems needs implementation
of Absorbing Boundary Conditions to simulate infinite
problems. We have implemented first order A.B.C. and
have tested them on the co-rotating vortices test:
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Farfield pressure at (80, 0) for the co-rotating vortices
0.00015

0.0001

5E-05

y oo

o 0

-5E-05

IR

EEEEEEEREEEERREEEEREEE]
—
|
I
[
ot
—

o=

e

| ——— |
E<all

< |

CPU time

To highlight the profit we have to use high order and
lumped element we have tested our schemes on a heavy
test case : imposed force and Dirichlet boundary con-
dition depending on time. We refine the mesh until we
reach a fixed error order and look the number of element
and the CPU time needed to obtain the desired accuracy :

For a 10~° L2 norm error
| elements needed | CPU time

P1 25600 1180.s
lumped P1 25600 811.s

P2 196 125
lumped P2 196 9.5

P3 16 )
lumped P3 16 3.8

For a 10~® L? norm error
| elements needed | CPU time

P2 25600 16960.s
lumped P2 25600 5200.s

P3 676 83.s
lumped P3 676 55.8

P4 100 14.s

Future work

In the next time we want to analyse the dispersion of our
schemes, then to generalise mass-lumping to higher order.
We also want to test higher order A.B.C. or eventually
PML (Perfectly Matched Layer) for better solutions.
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