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Introduction

Recently the problems of Kn regime wave propagation
was revisited in connection with general fluid mecha-
nics and nonsingular perturbation method development
[1, 2, 3]. A generalized Boltzman theories [4] also contri-
buted in a progress with respect to this important pro-
blem.
In [5] the propagation of one-dimension disturbance was
studied on the base of the method of a piecewise con-
tinuous distribution function launched in a pioneering
paper of Lees [6] and applied for a gas in gravity field
in [1, 7]. We derived hydrodynamic-type equations for a
gas perturbations in gravity field so that the Knudsen
number depends on the (vertical) coordinate. The gene-
ralization to three dimensions is given at [8].
The derivation of the hydrodynamic-type equations is
based on kinetic equation with the model integral of
collisions in BGK (Bhatnagar - Gross - Krook ) form
which collision term is modelled as ν (fl − f) , via
local-equilibrium distribution function fl and the non-
equilibrium one is expressed as f+ at vz ≥ 0, and as f−

at vz ≤ 0

f± =
n±

π3/2v±3
T

exp(−
(~V − ~U±)2

v±2
T

),

the vT =
√

2kT/m denotes the average thermal velo-
city of particles of gas, ν = ν(z) is the effective fre-
quency of collisions between particles of gas at height
z. It is supposed, that density of gas n, its average speed
~U = (ux, uy, uz) and temperature T are functions of time
and coordinates enter the local-equilibrium fıl.
The increase of the number of parameters of distribu-
tion function results in that the distribution function
differs from a local-equilibrium one and describes de-
viations from hydrodynamical regime. In the range of
small Knudsen numbers l << L we automatically have
n+ = n−, U+ = U−, T+ = T− and distribution func-
tion reproduces the hydrodynamics of Euler and at the
small difference of the functional ’up’ and ’down’ para-
meters - the Navier-Stokes equations. In the range of big
Knudsen numbers the theory gives solutions of collision-
less problems [7].
We restrict ourselves by the case of one-dimensional di-
sturbances ~U = (0, 0, U). We used such set of linearly
independent functions:

ϕ1 = m ϕ2 = mVz ϕ3 =
1

2
mξ2

ϕ4 = mξ2z ϕ5 = 1
2mξzξ

2 ϕ6 = 1
2mξ

3
z

(1)

where ~ξ = ~V − ~U is the peculiar velocity. Let’s define a
scalar product in velocity space:

< ϕn, f >≡< ϕn >≡

∫

d~v ϕnf . (2)

< ϕ1 >= ρ , < ϕ2 >= ρU , < ϕ3 >= 3
2

ρ
mkT ,

< ϕ4 >= Pzz , < ϕ5 >= qz, < ϕ6 >= q̄z.
(3)

Here ρ is mass density, Pzz is the diagonal component of
the pressure tensor, qz is a vertical component of a heat
flux vector, q̄z is a parameter having dimension of the
heat flux.
If we now multiply the kinetic equation with the model
integral of collisions in BGK form by ϕi and integrate
over velocity space, we obtain the fluid dynamic equati-
ons

∂

∂t
ρ+

∂

∂z
(ρU) = 0 ,

∂

∂t
U + U

∂

∂z
U +

1

ρ

∂

∂z
Pzz + g = 0 ,

3

2

k

m

∂

∂t
(ρT ) +

3

2

k

m
U
∂

∂z
(ρT ) + (

3

2

k

m
ρT+

+Pzz)
∂

∂z
U +

∂

∂z
qz = 0 ,

∂

∂t
Pzz + U

∂

∂z
Pzz + 3Pzz

∂

∂z
U + 2

∂

∂z
q̄z =

= −ν(z)(Pzz −
ρ

m
kT ) ,

∂

∂t
qz + U

∂

∂z
qz + 2(qz + q̄z)

∂

∂z
U−

−(
3

2

k

m
T +

1

ρ
Pzz)

∂

∂z
Pzz +

∂

∂z
J1 = −ν(z)qz ,

∂

∂t
q̄z + U

∂

∂z
q̄z + 4q̄z

∂

∂z
U −

3

2ρ
Pzz

∂

∂z
Pzz+

∂

∂z
J2 = −ν(z)q̄z ,

(4)

where

J1 =
m

2
< ξ2zξ

2 > , J2 =
m

2
< ξ4z > . (5)

The system (4) of the equations according to the deri-
vation scheme is valid at all frequencies of collisions and
within the limits of the high frequencies should transform
to the hydrodynamic equations.
We shall base here on an expansion in small Mach num-

bers M = max|
U

vT
| , up to the first order. Let’s evaluate

the integrals (3) directly, plugging the two-side distribu-
tion function. Solving this system, we obtain the para-
meters of the two-fold distribution function as functions
of thermodynamic ones.
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The values of integrals (5) as functions of thermodynamic
parameters of the system (4) are:

J1 = −
5

2
ρ(
kT0

m
)2 +

11

4

kT0Pzz

m
+

9

4
(
k

m
)2ρT0T,

J2 = −
3

2
ρ(
kT0

m
)2 +

9

4

kT0Pzz

m
+

3

4
(
k

m
)2ρT0T.

(6)

So we have closed the system (4), hence a modification
of the procedure for deriving fluid mechanics equations
from the kinetic theory is proposed, it generalizes the
Navier-Stokes at arbitrary density (Knudsen numbers).
Our method gives a reasonable agreement with the ex-
perimental data in the case of homogeneous gas [5]. In
the paper [5] the expressions for (J1,2) are obtained with
account some nonlinear terms, that finally lead to more
exact results.

Construction of solutions of the

fluid dynamics system by WKB

method.
We linearize the fluid equations (3). In this section we
apply the method WKB to the linearized system. We
shall assume, that on the bottom boundary at z = 0 a
wave with characteristic frequency ω0 is generated. Next
we choose the frequency ω0 to be large enough, to put

characteristic parameter ξ =
3ω0H

vT

� 1. We shall search

for the solution in the form:

Mn = ψn exp(iω0t) + c.c. , (7)

where, for example, ψ1, corresponding to the moment
M1, is given by the expansion:

ψ1 =

6
∑

k=1

∞
∑

m=1

1

(iξ)m
A(k)

m exp(iξϕk(z)) , (8)

here ϕk(z) - the phase functions corresponding to dif-
ferent roots of dispersion relation. For other moments
Mn , n = 2 . . . 6 corresponding functions ψn are gi-
ven by similar to (8) expansion. The appropriate coef-
ficients of the series we shall designate by corresponding

B
(k)
m C

(k)
m D

(k)
m E

(k)
m F

(k)
m . Substituting the series (8) at the

linearized system one arrives at algebraic equations for
the coefficients of (8) in each order. The condition of
solutions existence results in the mentioned dispersion
relation:

54
125η

3 +
(

−iu3 + 37
5 iu− 24

5 u
2 + 18

5

)

η+
(

− 12
5 iu− 63

25 + 3
5u

2
)

η2 − 1 − 3iu+ 3u2 + iu3 = 0
(9)

Here for convenience the following designations are intro-
duced:

(
∂ϕk

∂z̄
)2 =

2

15
ηk , u =

ν0
ω0

exp(−z̄) , z̄ =
z

H
.

The solution of the equation (9) at any u is evaluated
numerically. As an illustration let us consider a problem
of generation and propagation of a gas disturbance, by a

plane oscillating with a given frequency ω0. We restrict
ourselves by the case of homogeneous gas, because it is
the only case of existing experimental realization. We
evaluate numerically the propagation velocity and atte-
nuation factor of a linear sound.
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Abbildung 1: The inverse non-dimensional phase velocity as
a function of the inverse Knudsen number. The results of this
paper-1 are compared to Navier-Stokes, previous our work
[5]-2 and the experimental data of Meyer-Sessler [9]-circle.
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Abbildung 2: The attenuation factor of the linear distur-
bance as a function of the inverse Knudsen number.
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