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Introduction

In the year 1202, the Italian mathematician Fibonacci
(also known as Leonardo da Pisa) asked in his book Liber
Abaci a simple question: If a pair of rabbits beget a pair
of new rabbits after one year of maturing, and these rab-
bits beget another pair after maturing, how many pairs
of rabbits are there after n years? To make things sim-
ple, Fibonacci assumed that rabbits never die and breed
every year. Figure 1 shows the first 5 years of the rabbit
population.
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Figure 1: The Fibonacci Rabbits population

The number of rabbit pairs of the nth year F,, (F for
Fibonacci) is the number of pairs one year earlier F,_;
(because the rabbits do not die) plus the number of pairs
two years earlier F;,_o, because they are all mature and
can reproduce:

Fn: n—1+Fn—2 (1)
If an immature pair of rabbits is represented by a “0”
and a mature pair is represented by a “1”, a binary Fi-
bonacci Sequence can be built. In the first year a “0”
would represent one immature pair, in the second year
a “1” would represent the matured pair. In the third
year a “10” would represent the same matured pair and
a newly born immature pair. Tabular 1 shows the binary
Fibonacci Sequence for the first 8 years.

The self-similarity of the Fibonacci Sequence can also be
found in the binary sequence: After the first two years,
the nth binary sequence can be build if the sequence of
year n—2 is attached to the end of sequence of year n—1.
The sequence of the number of pairs F), is the original
Fibonacci Sequence. The number of mature pairs (“17)
M are the Fibonacci Numbers starting in year 2, the
number of immature pairs (“0”) N are the Fibonacci
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Year Fn | M | N | M/N
1 |0 T [0 [1] 0
2 |1 1] 1]0] o
3 |10 2 | 1|1 1
4 | 101 3 21| 2
5 | 10110 503 |2| 15
6 | 10110101 8 | 5|3 | 166
7 | 1011010110110 1385 16
8 | 101101011011010110101 | 21 | 13 | 8 | 1.625

Table 1: The Binary Fibonacci Sequence

Numbers starting in year 3. The quotient of the ones
and zeros M /N converges to the Golden Ratio [1].

Acoustical Realization of the Fibonacci
Sequence

As a very dissonant sound is expected if the binary Fi-
bonacci Sequence is played as an audio-file, it would be
interesting to analyze theses sounds. For the acousti-
cal realization of the Fibonacci Sequence, a binary se-
quence of any length F,, can be generated and played
back with a digital-analog-converter. Although there is
no definite period, certain sequences recur and the sig-
nal shows a distinct discrete spectrum. The analysis of
longer sequences shows only small differences, so that the
spectrum of a sequence with a length of Fyy = 6765 like
shown in Figure 2 can be seen as the spectrum of a se-
quence with an infinite length [2].

Binary Fibonacci-Sequence in Frequency Domain
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Sinc Interpolation of Binary Fibonacci-Sequence in Frequency Domain
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Figure 2: Binary Sequence vs Sinc Interpolation

In the spectrum of the Fibonacci Sound the Golden Ratio
g can be found again. In the top plot of Figure 2 the
second highest peak has the magnitude of the highest
peak divided by g (1/g = 0.618) and the frequency of
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the highest peak multiplied by g (392 - g = 634).

The binary Fibonacci Sequence has been interpolated
with a sinc-algorithm to minimize the spectral influ-
ences of the rectangle-characteristic of a binary se-
quence. Because of the low-pass characteristic of the
sinc-interpolation, high spectral components have been
cut off. The sinc-interpolated binary Fibonacci Se-
quences have been integrated in an internally developed
wavetable synthesizer. With this synthesizer it is possi-
ble to play intervals and melodies with Fibonacci Sounds.
MIDI files are being supported. To characterize the
psychoacoustic properties of the Fibonacci Sequences,
listening tests and psychoacoustic analyses have been
performed. For the listening tests, sequences of length
Fig = 987 have been used.

Listening Tests

For a subjective psychoacoustic analysis listening tests
have to be performed. In the first test the subjects
heard popular melodies played with the Fibonacci Syn-
thesizer. All subjects were able to recognize the melodies,
although subjects could not identify intervals. A “Fi-
bonacci octave” can not be perceived as a “real” octave
with a frequency ratio of 1 : 2. The Tritone Paradox
phenomenon [3] occurs as well.
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Figure 3: Listening Test:
Sounds

The next test examined whether one of the peaks in the
spectrum could be spotted as the most remarkable peak.
The subjects were told to change the pitch of a sine tone
until it matched the Fibonacci Sound. The sounds were
presented with an electrostatic Stax headphone with a
linear frequency response: the pure tone on one ear, the
Fibonacci Sound on the other ear. The effect of the bin-
aural beat [4] was intentionally used to help to find the
right pitch. As there is more than one remarkable peak in
the spectrum of the Fibonacci Sounds, different subjects
identified different peaks. Figure 3 shows the results of
this listening test. Every dot represents the choice of one
subject.
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Psychoacoustics

For an objective analysis psychoacoustic parameters like
loudness and Pitch Strength have been calculated. Fig-
ure 4 shows the loudness according to ISO 226:2003 of a
Fibonacci Sound.

Figure 4: Loudness of a Fibonacci Sound

The relative Pitch Strength [5] has been calculated for the
Fibonacci Sequence that was used in the listening tests.
If a sine of 80 dB and 1500 Hz has a Pitch Strength of 1,
the Fibonacci Sequence has a relative Pitch Strength of
0,1878.

Summary / Outlook

The Fibonacci Numbers are a very interesting mathemat-
ical phenomenon. As the Golden Ratio g occurs perma-
nently in the spectrum of the binary Fibonacci Sequence,
a very dissonant sound results. Although melodies can
be recognized, it is not possible to identify specific in-
tervals. Listening tests have been performed in order to
find the subjective pitch of the signals. It is not possible
to define one most remarkable peak, all subjects marked
different frequencies.

In the future more psychoacoustic analyses are going to
be performed. Referring to another project of the Insti-
tute of Technical Acoustics, investigations on consonance
and tonality are going to be proceeded.
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