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〈ρ à ü,v〉Ω ó + (σ(u), ε(v))Ω ó + 〈ρ ß v, ψ̇n〉Γ = (f à ,v)Ω ó ,
〈ρ ß c−2ψ̈, w〉Ω ô + (ρ ß gradw, gradψ)Ω ô − 〈ρ ß u̇, wn〉Γ = 0,
� � ­ ¼ ¬ ´ ¤ � © � � � § ¬ ¯ ¢ ¬ ­ £ ¦ © ¬ � õ ¢ ¬ � ® � � � ¬ ­ © ¬ ­ � ¬ Ã ö æ ÷ È

ø � � � + . � � � � . + � � !
É ° � � � � ù � ¤ £ � � £ ¨ � � ¤ � £ � � � © ¬ ­ µ � � � � ¬ ú ¬ � ¤ �   ¡ � � � ¬ ¤ � º � � ¦

µ � ¬ � � ¤ Ã µ ¥ ® � � � � � ´ © ­ � © ¬ � � ¡ � � ­ � ¬ � � ¬ ò � � ¢ ¬ ­ © ¡ ¢ ¤ � ¥ ¬ � ¬
� � � ® � � � � ¬ ò � � ¡ ­ � ® � � ¤ � ¢ � � ¬ ¤ � � ¯ ¢ � � ¬ � � � ¤ ¬ ¥ ¤ µ � ¬ � � ­ � � ¦
µ � � £ � ´ © £ ¢ � � � ¬ « ¢ £ £ � ¬ � ° £ £ � ¬ È ² � � £ � � � À ­ ¡ � � � ¤ � £ Ã ¢ © ¯

ü � � � � ò � � ¡ � ¢ £ ü � µ � � ¡ £ ® � £ ¤ � ³ � ¤ ¤ � � ¯ ° � � � � § « « � ¥ ý � � ¢ ¦
¤ � ¥ ¬ � � � � ¬ ¤ £ « � � � � � ¬ � � ¬ ³ � À î � ¬ � � ¬ ´ © £ � ¤ ´ � ¬ Ã ¥ � ¬ � ¢ © ¯
� ¢ £ ¢ ¬ � � � � ò � � ¡ ­ � ® � � ¤ õ ° � ¨ £ � � � ¤ ¬ � � � � ¬ ´ © � ° £ £ � ¬ È   � ¬ �
¾ � µ � ¢ � ¨ ¦ á � � ¤ � � £ ¨ � � ¤ � £ � � � © ¬ ­ ¯ ° � � ¤ � ¬ ü � � � � á � � ¤ £ � � � � ¤ ¤
¢ © ¯ � � ¬ ´ © ¡ À £ � ¬ � � £ ¡ � ¬ � ¢ � � £ ³ ¡ � � � � © ¬ ­ £ £ Ò £ ¤ � � � � � ³ � £ ¤ ¢ ¡ ¤

(
K∗

u Cuψ
−C èuψ K∗

ψ

)(
u

ψ

)
=

(
f
g

)
, â � ä

� � ¤ ­ � � � ­ ¬ � ¤ � � � � � � ¤ � � Â � � ¤ �
(f, g) è Ã µ ¥ ® � �

K∗

ψ

© ¬ �
K∗

u

� � �
� � � ¨ ¤ � º � ¬ Â ¤ � � ú ­ ¨ � � ¤ £ � ¢ ¤ � � ´ � ¬ ® � ´ � � � � ¬ � ¬ È ² � � ª ¥ « « ¡ © ¬ ­
� � ¯ ¥ ¡ ­ ¤ � � ¤ ¤ � ¡ £ � � � ¸ ¢ ¤ � � ý

Cuψ
Ã � � � � ¬   � ¬ ¤ � ¼ ­ � � © � � �

Cuψ = [Cpq], Cpq =

∫
Γ

ρ ß N ßpN àqn �
Γ ∈ R

d. â � ä
­ � ­ � ® � ¬ £ � ¬ � È » � � � ® � � � £ ¤ ´ © ® � ¢ � � ¤ � ¬ Ã � ¢ £ £ � � � � ¢ £ � £ ¦

¯ © ¬ ¨ ¤ � ¥ ¬ � ¬
N ßp © ¬ �

N àq ® � ´ ° ­ ¡ � � � © ¬ ¤ � � £ � � � � � ¡ � � � � � ³ � ¤ ¤ � �
� � ú ¬ � � � ¤ £ � ¬ � È ² � � ª ¥ « « ¡ © ¬ ­ £ � ¢ ¤ � � ý

Cuψ
� £ ¤ � � � � � ¬ ´ � ­ � Ã

� � � ® � � � � ¬ � � � ¬ � � � © ¬ ­ � � � Ð ¢ ­ � � � � ® � � � � ¬ ò � � ¡ ­ � ® � � ¦
¤ � ´ © � � ¬ ¢ ¬ � � � ¬ � © ® � � � � � ¬ � ¤ µ � � � � ¬ � © £ £ Ã ¢ ¡ ¡ � ¢ ¬ � � � � ¬
¸ ¢ ¤ � � ´ � ¬ ® ¡ � � ® � ¬ ­ ¡ � � � � Ã � ¬ £ ® � £ ¥ ¬ � � � � � £ ¤ ¢ © � � ¨ � � ¬ � ¾ � © ¦
º � � ¬ � ¤ ´ © ¬ ­ � � ¯ ¥ � � � � ¡ � � � È

� � 	 . � � � � ! � Ú . � � � � . �
  £ µ � � � � � ¬ Ð ¢ © ¤ £ « � � � � � � ® � ¤ � ¢ � � ¤ � ¤ Ã ö ã ÷ Ã ® � £ ¤ � � � ¬ �
¢ © £ � � ¬ � � « � � ´ ¥ � ¡ � ¨ ¤ � � £ � � � ¬ ò � � ¡

Ω � � � ¤ � © ¢ � � ¢ ¤ � £ � � � �
³ � © ¬ � ¿ ¼ � � � º ¥ ¬

900
� �

2
© ¬ � ² � � ¨ �

0.05
� � Ã © ¬ � � � ¦

¬ � � ´ � ¬ ¤ � � � � ¤ ¢ © ¯ ­ � ® � ¢ � � ¤ � ¬ § ¡ © � � ¬ � © � � � � ® � ¢ ¬
Ω � � � ¤

³ � © ¬ � ¿ ¼ � � �
1600

� �
2

© ¬ � ² � � ¨ �
0.25

� � È ² � � Â ¤ � © ¨ ¤ © �
µ � � � � © � � � § ¬ ¡ � ­ � ¬ � � ¬ � � Â « ¢ ¬ ¬ © ¬ ­ £ � � � � � � ¬ ´

∆ϕ(t) =
sin 1000πt

� ¬ Â � � µ � ¬ ­ © ¬ ­ º � � £ � ¤ ´ ¤ È   £ µ � � � � � ¬ » � ý ¢ ¦
� � � � ­ � ¤ ¤ � � � � ¤

16×16×1
  ¡ � � � ¬ ¤ � ¬ ¯ ° �

Ω � © ¬ �
8×8×1  ¡ � � � ¬ ¤ � ¬ ¯ ° �

Ω � º � � µ � ¬ � � ¤ È ² ¢ £ ¢ © £ Ð © ¯ ¤ ® � £ ¤ � � � ¬ � �
§ ¨ © £ ¤ � ¨ ­ � ® � � ¤

Ω ß � � � Ð ¼ ¬ ­ � © ¬ � � � � � ¤ � º ¥ ¬
3

� £ ¥ µ � �
» À � � º ¥ ¬

1.5
� µ � � � � � ¤ � � ¬ � � © ¬ � ¯ ¥ � � � ¬ ³ � ¤ ¤ � � � � � ¸ ¢ ¦

£ � � � ¬ µ � � ¤ �
3/32

� � � £ ¨ � � ¤ � £ � � � ¤ È   £ µ � � � � ¬ � © ¢ � � ¢ ¤ � £ � � �
§ ¬ £ ¢ ¤ ´ ¯ © ¬ ¨ ¤ � ¥ ¬ � ¬ º � � µ � ¬ � � ¤ Ã µ ¢ £ ¢ © ¯ � ¢ È

70000
§ ¨ © £ ¤ � ¨ ¦

É � � � � � � ¤ £ ­ � ¢ � � ¯ ° � � ¤ È § ® ® � ¡ � © ¬ ­ ã ´ � � ­ ¤
ψ(t)

� ¬ � � ¬ ª ¬ ¥ ¦
¤ � ¬

pi
� ¬   ¬ ¤ ¯ � � ¬ © ¬ ­

i·0.1875
� Ã

i = 1, 2
È Å ¼ � � � ¢ ¬ � ¬

� � � £ � � � � � £ « � � ¡ ­ � ´ µ © ¬ ­ � ¬ Ã � ¢ £ § ¨ © £ ¤ � ¨ ­ � ¤ ¤ � � ¨ ¥ ¬ ¯ ¥ � �
´ © � Â ¤ � © ¨ ¤ © � ­ � ¤ ¤ � � � � ¤ � � ¬ � � ¸ ¢ £ � � � ¬ µ � � ¤ � º ¥ ¬

1/200
�

´ © µ ¼ � ¡ � ¬ Ã � ° £ £ ¤ � � ¢ ¬ ® � � Ç � � µ � ¬ � © ¬ ­ � � ¬ � £ © ¬ � ¯ ¥ � ¦
� � ¬ ³ � ¤ ¤ � � £ � � ¤

(3·200/32)3 > 6000
� ¢ ¡ � � � �   ¡ � � � ¬ ¦

¤ � ¬ ¢ � ® � � ¤ � ¬ Ã µ ¢ £ � � � ª ¢ « ¢ ´ � ¤ ¼ ¤ � � © ¤ � ­ � � Â ¤ ¢ ¬ � ¢ � � ¦ × � £
� � © ¤ ¡ � � � ° ® � � £ ¤ � � ­ ¤ È ² � � ¢ ¬ � � � � § ¡ ¤ � � ¬ ¢ ¤ � º � � � � £ © ¨ ´ � £ ¦
£ � º � ¬ ³ � ¤ ¤ � � ¢ © ¯ µ � � ¤ © ¬ ­ � ¼ ¤ ¤ � � ¢ £ ® � ¨ ¢ ¬ ¬ ¤ � × � ¥ ® ¡ � � � � �

DAGA 2007 - Stuttgart

211



0 1 2 3 4 5 6 7 8 9

x 10
−3

−8

−6

−4

−2

0

2

4

6

8
x 10

−8

time

ve
lo

ci
ty

 p
ot

en
tia

l

p
1

p
2

� � � � � � � 	 � 
 � � � � � � � � � � ! � # $ � ! & ' � ) * � &
pi , i = 1, 2 , - . 0 ! � & !

� & 0 ! 2 � & 2 � - 0 ! 6 � ! & ' : $ &
500 < ' =

� � � � � � � � � � � � � � � � � � � � � � � � � � ! " $ � ! � % $ � � � ' � � � � ) � � � � � � -
$ � � � � � � � � � 0 ! � 2 � � $ � 3 5 � � � 0 � � $ � � � � � % � ! � � � � � % � � ? ! � � � -
� 9 � % � � � � � � � ; � � " � � � � � � � � � � 0 � � � � ? � � % � � � � � ! � � � � � � � % �
) C 0 � � � 0 - ! � % 2 � � � � H � � � � 9 � � $ � ? � � � 3

@ B L M N O L L Q R S Q T O U T N
C E F H I J J L N E P R ) � � � � � 9 ! X $ � � " � � % � � � � � � Y � � � � � � � % � � � � -

� � � � � � ) � � � � � 0 � � 9 � � � � % � � � � [ ] ^ � � � � � � � � � � � � � � � � ` � % � � �
" b � % � � e � � ! ; � ! �

Ω f � � 0 ! � � � 0 � � 3 � � � � � $ 0 ! � � � � � � � � � e j -
� � � � [ � ^ � � $ � H � � � � � % � � $ � ; � � � � � � � � � � � � � � � � � � � e j � � � �

G(u, ψ) = 0, [ S � ^
Cψuu +K∗

ψψ = g, [ S H ^
? � H � � [ S � ^ � ! � � � � � � � � � � � � � � n � � � � � ! � $ � � H � � � � � � Y [ S H ^� � � $ � $ � � � ! � � � � � � � � n � � � � � ! � $ � � H � � � � � � � � � Y p q s 3 � ! � ) " -
X 0 � � � 0 $ � b � % � � � � � � � % � � � � � � � � � � � � � � � Y � ! " % � � $ � � � � -
� � e j � � � � [ S ^ � � � u � ? � � � v � � " � � � � � � � 0 ! ? � � % � � 3 e � � � � -
% � � � � � � � � � � � � � � � � � � ) � � ; � � � � ! � $ � � e � � � � � � � � � { � � � ; -
n � ! | } e � � % � � - � � � " � � � � � � v � � � v � � � � � � � � � � % 3 � � � � " b � � � % � -

0 ! Y � � � � � � � v " b �
k ≥ 0

0 ! � � � � % � � � � � � � � � � � � � � e j � � � �

G(uk+1, ψk) = 0 [ V � ^
0 ! � ' � � � Y ! � � � ! � � � � � � � � � H ! � $ � �

uk+1
0 ! � � � � � � � � Y ! � %

� � � � � � � � | � � % % � � � ' � ! � $
ψk+1

% � � � � � � � � � � e j � � � � �

K∗

ψψ
k+1 = g − Cψuu

k+1 [ V H ^
0 ! H � � � � � � � � 3
W Y Z F R 2 b � % � � � � � � H � � � � 0 � % � � e � � ! ; � ! �

Ω f % � � { � � � � �
0.2

� ! � % % � � 5 ' � �
0.01

� Y � � ? � � % � � ` � � � � � � � � � � � � � � � �
v � � e � � � 0 � ! � 3 e � � � � � � � � � � ; � � ! � % � � � � � � � � � � % � � � $ � -
� � � � � � Y � � ! � � � � � � � � � % � � � � � � � � H � � � 9 � � � � ; � � " � v � �
108 sin(2π1000t)

u �
−2

v � � $ � $ � H � � 3 ) � ? � � % % � � $ � � � � -
� � � � � � � � � � � � � � � � � � ) � � � � � 0 � � 9 � � � � % � � � � � � $ � � � � 0 � 3 � � � � ; ! -
� � � � � � � 2 � ! � %

Ω � H � X � % � � � � � � 0 � � � � � � b H � � % � � e � � ! ; � ! �
! � % H � � � � 0 � % � � { � � � � �

1.4
� ! � % % � � 5 ' � �

0.7
� 3 � � � ` � % � -

! � ? � � % � � � � � � $ � ? 9 � � � 3 � ! " $ � ! � % % � � e j � � � � � � � ? � � %
� ! � % � � 5 9 � " � � % � � n � H � � � � � " b � % � � { � � � � � � ! � $ H � � ! � 0 � Y

" b � % � � e � � ! ; � ! � ? � � % � � � � � � � � � � ; � $ � � � � � H � � � � � � � % � ! �
48×4

) � � � � � � � � v � � ? � � % � � Y " b � % � � � ; ! � � � ; $ � H � � � ? � � %
� � � ! � � " � � � � � � � � � � � ; � $ � � � � � � � �

55×55
) � � � � � � � � � � � $ � -

� � � 0 � 3 { � � � � � � � � � � � � � � 0 v � �
10−10

" b � % � � � � � � � � v � � � � � -
� � � 0 0 ? � � � � � ! " � � � � � % � � " � � $ � � % � � � � � � � � � � � � " b � � � % � � � � -
? � � % ! � $ % � � � ' � ! � $ � � � � � � % � [ V ^ 0 ! [ � H � � V \ H � � ' � � $ � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3 � � � � � � � � � � � � � � � � � � �
� � � v � � $ � � 0 v � � � � � � � � � 9 � � � � � � � % � ! � � � � � v � � H � � � � � � Y ? � � �

� � � � � 9 � � " ! � $ � � � $ � � � � 0 � ? � � % Y ? � � � � � � � ! " � � � � � � � H � � �
� � � � � � � � � � 0 � � � v � � � � 3 q ] " b � � � 3 � � � � � % � � $ � � � � % � � � � � � -
0 � � � " b � � � � { � � � ; -

2×2
- e j � � � � � � � � � � � � � � ; 0 � � � � H � � 3

^ ` Y a L b J J Y E d Y a f E Z b F h R i � % � � � � � v � � $ � � 0 v � � � � � � � �
% � � n � ! | } e � � % � � - ` � � � � % � 0 ! v � � H � � � � � � Y ? � � % % � � � ; ! � � � -
� � � � � � � � � 0 � � �

ψ
� � � �

(ψ1, ψ2)
0 � � � � $ � Y % � � � % � � � � � � � � � � -

H ! � $ � �
u

� ! � � � �
ψ1

; � � � � � � 3 � � � 0 !
ψ1

$ � � ' � � $ � � 2 � � � -
� � � � � $ � � % � ? � � % � � � ! � " � � � � � � � % � � � � � � � � � � � � � � � � � � �

[ S � ^ % � � e j � � � � � [ S ^ � ! " $ � � � � � � � Y ! � % % � � � � % � � 2 ! � ; -
� � � �

G
0 ! � � � � � 2 ! � ; � � � �

G j � � ? � � � � � � 3 2 b �
k ≥ 0

� ! � �
� ! � � � � � � � � � � v 0 ! [ V � ^ 0 ! � 9 � � � � % � � � � � � � � � � � � � � e j � � � �

G j (uk+1, ψk+1
1 , ψk2 ) = 0 [ V �

′ ^
$ � � ' � � ? � � % � � Y � � � � � � � � | � � % ? � � % ? � � % � � [ V H ^ $ � � ' � � 3
W Y Z F R � � � � � % % � � � H � � � � � $ � " b � � � � � { � � � � � � � � ? � � % % � �

) � � � ! � � % � � l H � � � � � � H � � � � � � ! " % � � � � � v � � $ � � 0 v � � � � � � � �
% � � � � ! � � ` � � � � % � [ V �

′ ^ Y [ V H ^ Y $ � � � � � � � 3 ` � �
ψ1

? � � % % � �
v � � % � � ! � � � � � � � �

i
) � � � � � � � � � � � � H � % � � ; � � � � � � % � � � ; ! -

� � � ; $ � H � � � � � � � � � 0 � � � � � Y
i ∈ {1, 2, 4, 8}

3 � � � H H � � % ! � $ ] � � �
% � � � � 0 � � � % � � H � � ' � � $ � � � n � ! | } e � � % � � - � � � � � � � � � � � � � �

� � � � � � � � � � � $ � � � � � � � � 3 { � � � � � � % � � 5 � � 0 ! � � � � � � � � � � � � � -

 2

 4

 6

 8

 10

 12

 14

 16

 18

 20

 0  2  4  6  8  10  12  14  16  18  20

G
au

ss
-S

ei
de

l i
te

ra
tio

ns

time step

"best" damping
1 ovl
2 ovl
4 ovl
8 ovl

� � � � � � � 	 � q � r ! � � s ! 0 t * $ � � u v ) � w x y ! � s ! * u z ! � � $ s ! { | � ! 0 ) � � u
$ & � ) & ' ) � * 2 ! 2 ! & s ! & � ! � � � � � 0 � � � , � ) 0 � ) � � $ & s ! 0 � � ! 0 * ) � � � 0 ! � � !
0 � $ � � ) � � � � � � � � � � � H � ? � � ; � � � � � % � ! � � � � � � � � � H � � � � � ! � $ Y
� � � v � � � ) � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 0 � � �
v � � ! � $ � " 9 � � " b � " Y ? � � � � � � % ! � � � � � � � � ' � � � � � � � � � � � 0
� � � � v � � � � � $ � � � � 9 � � � 3 � � � � � $ � � � � � 0 ! � � � � � � b H � � � � � -
� � � % � � ` � � � � % � [ V ^ � � � % � � � ! " ? � � % " b � � � � � � u � ? � � � -

e � � � � � � � ! � ! � � � � ; � � � � � ' � � � 3 � � � ) C 0 � � � 0 ; � � � � � � � � � �
� � � � � � � � � � ; � � � e � � � � � $ � � ? � � � � � $ � � � � � $ � � � ? � � % � � Y p q s 3

@ U Q T R S Q M R
p q s { 3 2 � � � � � � � 3 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � �   � � ¡ � �   � � � �   � £ ¤ ¤ � �   ¥ � � ¨ �   � � � � � ©   � � � � � � � � � ¥
¨ � � � � � � £ � � � � � � � � 3 � � � � � � � � � Y i � � v � � � � � 9 � e � ! � � $ � � � Y

] \ \ �
3

p ] s { 3 2 � � � � � � � Y ` 3 � � � � � � H � � � � � Y � � % { 3 � 3 � � � � -
� ! � � 3 ) � � � � � - � � � ! � � � � � � % � � � ! � � � � - � � � ! � � � � � � ! � � � � $
� � � � � - � � � � � � � $ $ � � % � 3 ¡ � �   � � � � ­ ® ­ � � �   � ­ ©   � � � ¥ �

¨ � � � � ­ Y
� S [ q � ^ ¡ q S ] q } q V q \ Y ] \ \ �

3

DAGA 2007 - Stuttgart

212


