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Introduction

Modal descriptions of measured or simulated sound fields
using spherical harmonics enjoy popularity. The binau-
ral reproduction of the respective datasets is of great in-
terest. Usually a set of head related transfer functions
(HRTFs) is involved in the chain, in order to establish
the typical binaural cues that can be evaluated by the
human auditory system. Measurement and simulation
systems often comprise a limited modal resolution only.
This entails plane wave descriptions that are basically
not compatible to native HRTFs, which inherently in-
volve higher modal orders. The adaptation of the the
high-order HRTFs to a low-order wave is discussed in the
following, leading to HRTFs with reduced modal order
(RHRTFs).

HRTF to Wave Adaptation

Analytic spatial Fourier coefficients P̊nm corresponding
to a plane wave can be obtained using

P̊nm(ω, r) = 4π injn(ω
c r)Y

m
n (Ωw)∗, (1)

where i =
√
−1 denotes the imaginary unit, (·)∗ the com-

plex conjugate, ω the angular frequency, r the radius of
an imaginary sphere around the observer’s origin, c the
speed of sound and Ωw ≡ (θw, φw) the solid angle in-
cluding elevation θw and azimuth φw. Y m

n denotes the
spherical harmonics [1] of order n and mode m, and jn
the spherical Bessel function of the first kind [1]. These
two functions solve the angular or the radial portion of
the Helmholtz equation in a spherical coordinate system.
In practice, similar spatial Fourier coefficients could be
delivered from microphone arrays [2], room simulation
tools [3] or higher-order ambisonics (HOA) [4] decoders
for instance. As the entire sound field in a source-free
spherical volume can be expressed in terms of superim-
posed plane waves [1], the expression of a single plane
wave can be generalized for the description of arbitrary
complex sound fields. In order to enable binaural play-
back, directional information is extracted from P̊nm by
applying plane wave decomposition and a subsequent
weighting with far-field HRTFs as proposed e.g. in [5] or
[6]. The adaptation is conductible in a mathematically
closed form using a spherical HRTF set and involving ap-
propriate spherical quadratures [7] serving as a discrete
domain base in the spherical wave spectrum. The do-
main base quadrature with specific nodes Ωc and node
weights βc is referred to as composite grid in the fol-
lowing. Thus both the plane wave decomposition and
the spherical HRTF set need to be defined on identical

nodes Ωc, c ∈ {c, 1, ..., C-1, C} of a common composite
grid. The normalized plane wave decomposition for a
node Ωc yields

Pc(ω,Ωc) =
1

(Nd + 1)2

Nd∑
n=0

n∑
m=−n

Y m
n (Ωc)

P̊nm(ω)
injn(ω

c r)
, (2)

where Nd denotes the maximum modal order of the de-
composition that is basically determined by the coeffi-
cient’s source. In a next step, appropriate HRTFs are
multiplied to the decomposed field at each node and fi-
nally all nodes are summed. Thereby the HRTF angles
need to match the nodes Ωc of the composite grid which
can be achieved by measuring HRTFs for the respective
node angles. Alternatively a common high density HRTF
set can be used performing a high-order HRTF interpola-
tion in the spherical wave spectrum domain [8] for spatial
resampling. This approach is more comfortable, as only
one common HRTF set is required for any possible choice
of composite grids. Thus in a first step the full HRTF
set denoted by H l,r(ω,Ω) (l left, r right) is transformed
to the spherical wave spectrum [1] using

H̊ l,r
nm(ω) =

G∑
g=1

H l,r(ω,Ωg)Y m
n (Ωg)∗ βg, (3)

with Ωg describing the HRTF angles and βg the corre-
sponding node weights. Of course, the HRTF set must be
captured on a closed and sufficiently dense grid, allow-
ing for high-order spherical harmonic interpolation. In
a next step the specific HRTF corresponding to a com-
posite grid node Ωc is obtained applying the high-order
inverse spatial Fourier transform [1] given by

H̃ l,r(ω,Ωc) =
Ni∑

n=0

n∑
m=−n

H̊ l,r
nm(ω)Y m

n (Ωc). (4)

In a last step the decomposed wave field and the resam-
pled HRTF set are merged, yielding a frequency domain
binaural signal Y l,r(ω) using

Y l,r(ω) =
C∑

c=1

Pc(ω,Ωc) H̃ l,r(ω,Ωc)βc. (5)

As a native spherical HRTF set at high temporal frequen-
cies comprises substantial information in higher modal
orders, it is not directly compatible to low-order wave
field signals. Generally two systems of different modal
resolution can be matched using spatial resampling in
the space-frequency domain. The term resampling indi-
cates different options; either upsampling the low-order
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system or downsampling the high-order system. Depend-
ing on the context, both options can be reasonable. For
the binaural reproduction of order-reduced plane waves,
downsampling the high-order system (thus the HRTFs)
to the lower wave order is the appropriate option. If not
properly adapted, i.e. by truncating the HRTF wave or-
der in the spherical wave spectrum domain or upsampling
the wave order to the HRTF order in the space-frequency
domain, the high frequency components get lost and se-
vere low-pass characteristics arise, which can be observed
in Figure 1 (intercepted curves). Spatial downsampling
of the high density and high-order HRTF set to the low-
order wave conserves the high frequency information in a
best possible manner for most of the incidence directions,
cf. Figure 1. Nevertheless, for some specific incidence di-
rections the result is less satisfying. In this context, the
specific choice of the composite grid is of particular im-
portance. First of all, the composite grid should match
the order of the plane wave decomposition for minimizing
the deviation between RHRTFs and HRTFs, cf. Figure 2.
Furthermore the distribution of the nodes influences the
properties of the resulting RHRTFs, cf. Figure 2.
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Figure 1: Two exemplary original HRTFs (black) versus
their RHRTF counterparts at the wave order N5 for differ-
ent incidence directions, i.e. approximately 10◦ (left) and
approximately 35◦ (right) in the horizontal plane. The in-
tercepted curves represent the result without any appropriate
adaptation, either truncating the HRTF order or upsampling
the decomposed wave. The expected low-pass characteristics
is clearly visible. The gray curve is achieved using a Lebe-
dev composite grid that matches the wave order. The results
improve considerably for most incidence directions, whereas
especially at low orders the RHRTFs still differ considerably
from the original HRTFs. The left plot shows an example
that achieves very good approximation and the right one an
example with considerably higher deviations.
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Figure 2: Mean spectral deviation between RHRTF sets of
different modal order and the corresponding full resolution
HRTF set used as indicator for the reconstruction perfor-
mance averaged over 974 wave incidence directions involving
different composite grid types (Lebedev, Gauss) and orders.
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Figure 3: Block Diagram

Conclusions and Outlook

The adaptation of HRTFs to plane waves with reduced
modal order was discussed. At rising wave order the re-
sulting RHRTFs converge to the original HRTFs. At low
wave orders, spatial downsampling of the HRTF set to
the wave order minimizes the differences substantially.
Nevertheless the RHRTFs are not identical to the full
resolution HRTFs. At that point the question arises,
to what extent these differences are perceived by a hu-
man listener and which factors mainly influence the per-
ception. These aspects are discussed in a subsequent
more detailed publication [9] that is closely related to
the present one.
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