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radius and are given in [4], (·)H denotes the conjugate
transpose operator, and λL is a (NL + 1)2 × 1 vector
containing the SLA weighting coefficients represented in
SH assumed to control the array’s radial velocity.

Introduction
Spherical microphone arrays (SMAs) and spherical loudspeaker arrays (SLAs) have been studied separately for
directional sound recording and radiation, respectively,
and for room acoustic analysis [1–5]. The use of configurations comprised of both a SLA and a SMA, referred
to as acoustic multiple-input multiple-output (MIMO)
systems, can potentially facilitate an additional spatial
analysis of room acoustics due to the added spatial diversity they provide [6–8]. When using spherical arrays,
robustness to errors such as mismatch in the frequency
response of the transducers and spatial aliasing is an important design requirement [9, 10]. This has been studied for the separate SMA and SLA systems but not for
a MIMO system in which both arrays operate simultaneously. This work discusses a joint design method for a
SMA and a SLA as part of a MIMO system. A MIMO
system model is formulated, which includes mismatch errors. Based on an analysis of mismatch errors and spatial
aliasing, a definition of a matched MIMO system is proposed and demonstrated on two examples that only vary
in one parameter, the SMA radius.

To formulate a MIMO system, a rigid-sphere SMA with a
SH order of NM and a radius of rM is considered, centred
at a distance of r0 and spatial angles θ0 with respect to
the centre of the SLA. Using a simplified far-field model
[11], the sound field surrounding the SMA can be written
as a single plane-wave. Following this, the output of the
SMA, after applying beamforming, is given by:
y(k)

The formulation of an acoustic MIMO system in free-field
conditions is presented. First, a rigid-sphere SLA with a
spherical harmonic (SH) order of NL and a radius of rL
is considered. The sound field radiated by the array is
given by [4]:
=

ejkr
s(k)yL (θ)H BL λL ,
r

=

[Y00 (θ), Y1−1 (θ), ..., YNNLL (θ)]H

(1)

BL

=

λH
M BM Ψ(k)BL λL ,

λL
λM

(4)

= BL γ L ,
H
= BM
γM .

(5)

Substituting these in eq. (4) yields the normalised system
transfer function, given by:
y(k)

(2)

H
= γM
BM Ψ(k)BL γL

= λH
M Ψ(k)λL .

is a (NL + 1)2 × 1 steering vector in which Ynm is the SH
function of order n and degree m,
L
L
diag[bL
0 (krL ), b1 (krL ), b1 (krL ), ...
L
L
..., b1 (krL ), ..., bNL (krL )],

=

In the last step of the formulation, normalisation is applied to the SLA and the SMA as to remove effects associated with the use of rigid arrays [3, 4]. This is done
using normalised directivity vectors, defined as:

where pL is the pressure radiated with respect to the origin of the SLA, k is the wavenumber, r is the measuring
distance, assumed to be in the far field, s(k) = 1 is the
input signal for the radial velocity of the SLA, θ are the
spatial angles with respect to the origin of the SLA,
yL (θ)

L
λH
M BM yM (ξ0 )p (k, r0 , θ0 )

where y(k) is the SMA output, λM is a (NM + 1)2 × 1
vector containing the SMA weighting (i.e., beamforming) coefficients in the SH domain, BM is a (NM + 1)2 ×
(NM + 1)2 diagonal matrix, similar to BL from eq. (3),
in which the coefficients on its diagonal depend on frequency and the SMA radius [2], ξ0 are the spatial angles with respect to the origin of the SMA that indicate the direction of arrival of the single plane-wave, i.e.,
the SLA position with respect to the SMA. yM (θ) is
a (NM + 1)2 × 1 steering vector, similar to yL (θ) from
eq. (2), which contains SH functions calculated at the
jkr
angle ξ0 , and Ψ(k) = e r yM (ξ0 )yL (θ)H .

System Model

pL (k, r, θ)

=

(6)

Model Mismatch Errors
The robustness of a system against mismatch errors is essential in the design of an array. This motivates a study
of these errors. Model mismatch errors are caused by uncertainties in the positions and responses of loudspeakers
or microphones comprising each array, inaccuracies in the

(3)

is a (NL + 1)2 × (NL + 1)2 diagonal matrix in which the
coefficients bL
n (krL ) depend on frequency and on the SLA
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values of BL and BM (which may arise, for example, if
a sphere, of either the SLA or the SMA, is not perfectly
rigid even though assumed to be), and errors caused by
computation with finite numerical precision (such as in
sound cards, etc.). These considerations motivate the
definition of:
B̃L

= BL + EL ,

B̃M

= BM + EM ,

coefficient vectors and is thus a good candidate for designing a MIMO system. Moreover, the way it is modelled, it can also represent other errors such as sensor
noise. However, this bound by itself is not enough for
designing a system; as will be seen later, the mismatch
error of an array is generally a monotonically decreasing function of frequency, and thus it implicitly imposes
a low-frequency bound for the operating frequency range
of an array (i.e., one can set a low-frequency bound given
an application/user-dependent error threshold). For the
arrays’ high-frequency bound, spatial aliasing is also considered. A system design method is thus proposed based
on these two considerations. In general, a system is designed by choosing all the system parameters. However,
to reduce the complexity, in this section we only consider
a single system parameter, the SMA radius.

(7)

where B̃L and B̃M correspond to the real, physical entries of the SLA and SMA, respectively, represented as
the sum of the model-evaluated matrices, BL and BM ,
with error matrices EL and EM for the SLA and SMA,
respectively. Substituting these matrices in eq. (6) gives
a normalised system transfer function, ỹ(k), that includes
mismatch errors:
ỹ(k)

Spatial aliasing results from the use of a finite SH order in
spherical array processing, which depends on the number
of transducers (i.e. microphones and loudspeakers) and
their spatial distribution. Given the radius, r, and the SH
order, N , of an array, the upper frequency is limited to
around kr < N due to spatial aliasing [12]. Considering
a MIMO system, the upper frequencies of both SMA and
SLA are each calculated, given by:

−1
−1
= λH
M BM B̃M Ψ(k)B̃L BL λL
−1
= λH
M BM (BM + EM )Ψ(k) ×
−1
×(BL + EL )BL
λL

= y(k) + eM + eL + eJ

(8)

where
eM

−1
= λH
M BM EM Ψ(k)λL ,

eL

−1
= λH
M Ψ(k)EL BL λL , and

eJ

−1
−1
= λH
M BM EM Ψ(k)EL BL λL

(9)

are the SMA error, the SLA error, and the joint SLASMA error, respectively, and (·)−1 denotes the matrix
inversion operator. The energy of the error contributions,
(k), is bounded by:
(k)

=

y(k)−ỹ(k)
y(k)

≤

eM
y(k)

+

=
eL
y(k)

eJ
y(k)

,

=

−1
λH
M BM EM Ψ(k)λL
λH
M Ψ(k)λL

≤

−1
BM

BM

=

κ(BM )

EM
BM

EM
BM
= M (k),

=

(13)
(14)

The dependence of the system mismatch errors and f u
on rM is demonstrated using an example of two MIMO
systems that vary only in this parameter. The first system, system 1, is comprised of a SMA and a SLA with
SH orders or NM = 8 and NL = 4, respectively. The
SLA radius is set to rL = 0.20m, and the SMA radius is
chosen such that the upper frequencies imposed by both
SLA and SMA are identical; following eqs. (13) and (14),
the SMA radius that yields equal upper frequencies for
both arrays is given by:

(11)

in which κ(BM ) is the 2-norm condition number and
M (k) denotes the energy bound for the first error contribution. Similarly, eL /y(k) and eJ /y(k) from eq. (10) are
bounded by L (k) = κ(BL ) EL / BL and J (k) =
M (k)L (k), respectively, and the overall energy of the
error is bounded by the following sum:
(k) ≤ M (k) + L (k) + J (k) = T (k).

fLu

NM c
,
2π rM
NL c
,
2π rL

This definition is motivated since spatial aliasing of at
least one of the arrays in a MIMO system introduces an
error to system transfer functions, u(k), formulated using
the system. In the context of the system design, rM is
shown to affect the system aliasing frequency in eqs. (13)(15), and thus both the upper frequency and mismatch
errors are considered for setting its value.

(10)

Each term from this equation can be bounded separately;
for example, the error of the SLA is bounded using:
eM
y(k)

=

where c is the speed of sound. A global, upper frequency
for the MIMO system can be defined as the minimum of
these frequencies, i.e.:

u
, fLu .
(15)
f u = min fM

eM +eL +eJ
y(k)

+

u
fM

r̃M

(12)

=

NM
rL .
NL

(16)

By substituting NM , NL , and rL into the last equation,
the SMA radius is calculated at rM = r̃M = 0.40m.
Fig. 1 presents the two separate bounds, M (k) and L (k),
for system 1. The total mismatch error bound, T (k), is

Joint Design of SMA and SLA
The mismatch error bound, formulated in the previous
section, is independent of the SMA and SLA weighting
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not plotted as it is expected to be dependent on these
errors. Moreover, equal energies of the initial SLA and
SMA errors are set to ||EL ||/||BL || = ||EM ||/||BM || =
−25dB; for simplicity, these are assumed to be equal at
all frequencies. The SMA and SLA upper frequencies,
u
fM
, and fLu , respectively, are depicted as vertical lines
in the figure. The frequency ranges to the left of the
u
vertical lines fM
and fLu are shaded as to demonstrate
that the SMA and SLA can operate in these ranges, respectively, without introducing significant aliasing errors.
The second MIMO system, system 2, has the same system parameters as system 1 except for the SMA radius
which in this case is set to rM = r̃M /5 = 0.08m. Fig. 2
presents the mismatch bounds for system 2. Consider-

frequencies are excluded from the MIMO system operating frequency range. Thus, we can define a “matched
MIMO” system as a system in which the operating frequency ranges of the SMA and SLA overlap, achieved by
“matching” the upper frequency limits of both the SMA
and the SLA, as in the case of system 1.

Conclusions
An approach for designing an acoustic MIMO system was
presented, based on considerations of mismatch errors
and spatial aliasing, and a definition of a matched system
was proposed. Future work includes demonstrating the
superiority of matched systems over unmatched systems
in applications of room acoustic analysis or directional
room impulse response synthesis. Moreover, in the formulation presented here spatial aliasing has been taken
into account by manually inserting the aliasing frequencies of the arrays. A more general system model that
explicitly incorporates aliasing errors in the model is left
open for future work.
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