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Only sources emitting strongly directional sound beams
can separately excite the distinct specular wall reflections
of a room. If the reflection of a beam was diffuse enough,
it would be the origin of a secondary spherical wave at the
point of impact, similarly as the diffuse optical reflection
utilized for the projection of images on cinema screens.
A musical utilization of specular acoustic reflections was
impressively demonstrated in concerts using IEM’s Icosahedral loudspeaker (ICO) using third-order spherical harmonic beamforming [1, 2]. Neither has the ICO been
exploited for exciting diffuse reflections nor would its
directivity be sufficient to produce loud-enough diffuse
sound, compared to the direct sound reaching a large
audience.
The interesting range of directions for sound projection
Figure 1: Principle of the sound projector exciting diffuse
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are limited to the acoustic screen, i.e., the diffusely rewall reflections
flecting wall. According to recent work of Pausch and
Pomberger [3, 4], sound hard boundaries can be inserted
to narrow down the angular beamforming range and to
get an increased spatial definition within.
Pursuing the novel idea of sound projection to a diffusely
reflecting acoustic screen, this contribution presents a
prototype tailored to the goal. In particular, the design
of the layout, the derivation of underlying mathematical
functions and their optimal sampling are presented in this
work.

Resulting prototype
Our novel loudspeaker array creates highly directive sound
radiation on a spherical section. This section is flanked
by sound hard boundaries that confine radiation to this
angular area. Limiting possible radiation to a spherical
section strongly increases the spatial resolution employing
the same number of loudspeakers. Fig. 1 shows the functional principle, fig. 2 the design of the sound projector.
Figure 2: Design of the loudspeaker cabinet

Angular projection range
The azimuth and zenith opening angles (ϕ, ϑ) were chosen
Length of bounding surfaces
to match the typical screening ratio for video projection of
4 : 3. Choosing the spherical equator to be equivalent with
Ideally the bounding surfaces should be of infinite length,
the lower boundary the array only radiates to a sector on
because they guarantee no radiation of sound beyond
the upper half space. Therefore it is best positioned close
them. Obstacles bigger than half of the wavelength λ
to the floor in front of the audience. A reasonable distance
cause shadowing rather than diffraction (lb = λ/2).
to the reflecting wall demands an azimuthal opening angle
So the boundary element’s length corresponds to the
of about 90◦ which leads to a zenith opening angle of 67.5◦ .
lower frequency boundary for directed sound radiation.
A big benefit of this design is the reduced complexity of
Due to transportation issues the length was chosen
boundary shapes. The lower azimuth boundary is flat,
with lb = 550 mm, yielding a lower frequency boundary
!"#$%&#%'$()*"+%,-.,/0)1)#2,34"+)-*$%4,*%11*
only the upper azimuth boundary is a cone.
fl,b = 320 Hz.
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The Spherical Sector Harmonics (SSH), as depicted
m
in figure 3, are composed as Ynm (ϕ, ϑ) = Θνµnm
(ϑ) Φµm (ϕ).
They form an orthonormal basis on the spherical sector.
On the spherical sector, restricted by the boundary, the
SSH are orthonormal, i.e.
Z ϕ2 Z ϑ2
0
Ynm (ϕ, ϑ)Ynm0 (ϕ, ϑ) sin(ϑ) dϑ dϕ = δnn0 δmm0 .

Achievable resolution & number of loudspeakers
The upper frequency limit for spatial aliasing fu,alias decreases with increasing array radius according to N > ka
[5], where N denotes the array’s maximum order of modal
decomposition , k denotes the wave number and a the
array’s radius. W.r.t. spatial aliasing a small radius a
with a high number of loudspeakers is required. On the
other hand, directed radiation and a small array radius
requires large membrane excursions at low frequencies.
The maximum linear excursion of a loudspeaker becomes
the limiting factor here - a larger array radius brings relief.
A set of 20 powerful, yet small loudspeakers (membrane
diameter = 37 mm) with a maximum linear excursion
xmax = ±4 mm were chosen. The array radius was chosen to be as small as possible: a = 235 mm.

ϕ1

ϑ1

(3)

Solution of the Helmholtz equation
The beam pattern of radiation is composed of harmonic
functions especially derived for this spherical section.
Therefore the Helmholtz equation needs to be solved
for the geometry. In spherical coordinates it writes as
(∆ + k 2 ) p(r, ϕ, ϑ) = 0, where ∆ is the Laplace operator,
p(r, ϕ, ϑ) is the sound pressure and k is the wave number
[5, 6]. It is solved using a product ansatz and separation
of variables p(r, ϕ, ϑ) = R(r)Φ(ϕ)Θ(ϑ). General solutions
can be found in [5].
Figure 3: A set of 20 Spherical Sector Harmonics for values µm and νnm fulfilling the arrays geometrical boundary
conditions

Angular Solutions - Spherical Sector Harmonics
Sound hard bounding surfaces force the perpendicular
particle velocity to vanish. Further it is proportional
to the derivative of the pressure functions. Physical angular solutions can therefore be found using two-point
Neumann boundary conditions. The azimuth Neumann
dΦµ (ϕ)
boundary condition writes as dϕ
= 0 and yields

Radial Solutions
The sound projector is an exterior problem under the
simplifying assumption of infinite-length boundaries. As
a consequence only the spherical Hankel functions of
(2)
second kind hn are solutions to the radial differential
equation, [5], the pressure at projection radius r is
XX
m
p(r, ϕ, ϑ) =
cnm h(2)
(4)
νnm (kr) Yn (ϕ, ϑ),

ϕ1,2

the following azimuth solutions [4]
Φµm (ϕ) = Nµm cos (µm ϕ) ,

(1)

where degree µm = |ϕ2πm
−ϕ1 | for m = 0, 1, 2, . . . , ∞. Note:
µm is generally q
of non-integer value. The normalization
q
2
4
factor Nµm is
for
µ
=
6
0
or
m
|ϕ2 −ϕ1 |
|ϕ2 −ϕ1 | for

n

m

where cnm denotes the wave spectra. For large projection
−jx
radii the far field approximation lim hν (x) = j ν+1 e x

µm = 0 to yield an orthonormal basis for ϕ ∈ [ϕ1 , ϕ2 ].

x→∞

can be used [8], simplifying eq. 4
XX
lim p(r, ϕ, ϑ) =
cnm j νnm +1

The physical zenith solution is a combination of the
associated Legendre functions of first and second kind
m
m
Pνµnm
and Qµνnm
with order νnm and degree µm using two
scalar weighting factors αnm and βnm [7].

r→∞

n

e−jkr
kr

Ynm (ϕ, ϑ).

m

(5)
The particle velocity is controlled by the surface of the
array at r = a, which defines cnm . In SSH it is

m
m
m
Θµνnm
(ϑ) = αnm Pνµnm
(cos ϑ) + βnm Qµνnm
(cos ϑ),

(2)
ζnm =

For every µm , all corresponding νnm ≤ N , αnm , and βnm
fulfilling the Neumann boundary conditions at ϑ1 and ϑ2
are calculated hnumerically using a zero-finding
algorithm
i
dΘµ
∂Pνµ (cos ϑ)
∂Qµ
ν (ϑ)
ν (cos ϑ)
= α
+β
= 0.
dϑ
∂ϑ
∂ϑ
ϑ1,2

j
m
cnm h0(2)
νnm (ka) Yn (ϕ, ϑ).
ρ0 c

(6)

So-called radial steering filters Hnm (ka) are used to control the particle velocity in order to achieve the desired
directivity pattern in the far field ψnm

ϑ1,2

Orthonormality is achieved by suitable scaling of αnm
and βnm .

Hnm (ka) =
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ρ0 c
jν
.
0
k hνnm (ka)

(7)
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Figure 4: Radial filters for calculated orders ν and radius a, gain limit, upper frequency limit for spatial aliasing

Figure 4 shows the resulting filter weights, a common
limit for the gain is 30 dB. The array radius and the
maximum spatial resolution of order N = 10.6 provide an
upper frequency limit for aliasing of fu,alias = 2.47 kHz.
Further, a gain limit of 30 dB has to be introduced due
to positioning precision errors and noise (or else small
errors are amplified enormously). The gain limit yields
lower frequency boundaries for orders νnm . For example
the harmonic of order νnm = 1.97 can only be used fully
for frequencies flow,1.97 > 150 Hz. Below this frequency
the order dependent gain has to be limited.

al (ϕ, ϑ) and the 20 SSH Ynm (ϕ, ϑ) that should be controlled are sampled by a grid of 22500 HEALPix points
[9], yielding the 22500 × 20 matrices A and Y. We expressPEq. (8) discretized, as well as the SSH expansion
z = nm Ynm ζnm as matrix equations
z = A v,

ζ = Y −1 A v.

s(t)

Radial filters Decoder
ζm
Hν1 (ka) n

Ynm (ϕ, ϑ)

YCap = Y−1 A.

v1

(Y+ A)−1
v20

Hν20 (ka)

(10)

(11)

We assume the loudspeaker’s aperture can be approximated by a spatial Dirac δ at its center position. A proof
is done via condition number κ after optimizing the center positions via the corresponding SSH transformation
matrix Yδ .

(20 lspkrs)

(20 SSHs)

(9)

The sampled cap functions are visualized in figure 6.
All spherical cap functions YCap , transforming 20 loudspeaker areas to 20 SSH, calculate as

Fig. 5 shows the diagram of signal processing
Beam encoder
ψnm

z = Y ζ.

Figure 5: Block diagram of signal flow for modal beamforming

Optimization

Spherical cap model and layout

The aim is to sample the sphere such that the transformation matrix Yδ is well conditioned. Approximating a
system by considering a wisely chosen subset is a standard
procedure in mathematics. The sector is covered with a
fine grid of HEALPix points [9]. The SSH transformation matrix is a short-and-fat matrix. Two promising
algorithms [10] for the subset selection were examined:

For simplicity, driving the array’s loudspeakers can be
modeled as controlling the membrane velocities. The
corresponding surface particle velocity z(ϕ, ϑ) is described
by superimposing cap-shaped aperture functions al (ϕ, ϑ)
representing the loudspeaker membranes by 1 inside the
lth membrane and 0 elsewhere, cf. [6]:
(8)

• Greedy removal : In each step the column whose
deletion yields the lowest condition number is deleted
until we end with a square matrix.

To get the surface velocity in the SSH domain, the equation is transformed. To this end, the 20 aperture functions

• Greedy selection: Starting with one suitable column,
in each step the one column that yields the lowest

z(ϕ, ϑ) =

20
X

al (ϕ, ϑ) vl .

l=1
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Further, membrane velocity measurements using a
LASER-Doppler-Vibrometer (LDV) will yield MIMOequalization filters to flatten the frequency response and
cancel speaker cross-talk for each loudspeaker in the
shared volume [12].
However, the most interesting question is what kind of
wall properties we need for diffuse reflections on a wide
frequency range.
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Impulse response measurements of every single loudspeakers directivity, similar to [11], will validate the beamforming capability over the frequency spectrum.
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