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Introduction

A very common method for sound power determination
is the substitution method. It works by replacing a sound
source of unknown sound power by a sound source with
known sound power output. By measuring both sources,
the sound power of the unknown source can be deter-
mined. This procedure is described in ISO standard 3741,
3743-1 and 3747. These standards also detail uncertain-
ties associated with the determined sound power level.
Specifically, the term σRO describes the uncertainty that
is due to the measurement procedure itself and includes
attributions such as different sound emission patterns of
the two sources. Upper bounds for σRO are given in the
ISO standards for sources with a ”relatively flat” spec-
trum. However, being a term that lumps together differ-
ent uncertainty contributions, the influence of individual
factors is not quantified. For this reason, a numerical
study was conducted that focused on the two uncertainty
contributors directivity of sound emission and spectral
content of the two sources. The goal was to assess the
uncertainty in the determined sound power of the un-
known source that is due to differing characteristics of
these two factors in the two measured sources. A study
focusing on sources with different directivities has been
performed previously by the German Federal Institute
for Occupational Safety and Health [4]. However, this
study focused on the comparison of sound power levels
determined using different ISO standards.

The Substitution Method

As mentioned previously, the substitution method in-
volves two measurements. First, the sound pressure lev-
els (Lp,RSS) of a source with known sound power output
(reference sound source) are measured on an enveloping
surface. Then, the reference sound source (RSS) is re-
placed by a source with unknown sound power output
(device under test). The sound pressure levels (Lp,DUT)
of this device under test (DUT) are then measured on the
same enveloping surface as the one used for the RSS (see
Fig. 1). After averaging the measured sound pressure
levels over the measurement surface, the sound power
level of the DUT is calculated (Eq. 1) [3], where LW,DUT

denotes the sound power level of the device under test,
LW,RSS the known sound power levels of the reference
sound source and Lp sound pressure levels averaged over
the measurement surface.

LW,DUT = LW,RSS + Lp,DUT − Lp,RSS [dB] (1)

Figure 1: Schematic of the measurement for the application
of the substitution method. Sound pressure levels of both
sources are measured on an enveloping surface and the sound
power of the DUT calculated (Eq. 1).

Reference Data

In order to apply the substitution method to the different
numerically modeled devices under test reference data
from a PTB reference sound source were needed. These
data were obtained from a measurement on a RSS in the
PTB hemi-anechoic room using a hemi-circular arc. This
arc with 2 m radius had 24 microphones attached to it
and was moved from the floor to an elevation angle of
84◦ in 1◦ steps. Measurements were performed in one-
third octave bands, where the 1 kHz third octave band
was used in the subsequent directivity analyses. Hence,
the reference data from the RSS were comprised of the
sound power level (LW ) as well as 84x24 sound pressure
levels (Lp) of the RSS for every one-third octave band
between 20 Hz and 20 kHz.

Figure 2: Histogram of the distribtuion of sound pressure
levels for the reference sound source in the 1 kHz one-third
octave band.

Directivity

The directivity of sound emission (Eq. 2) was used to
develop models for devices under test that show sound
emission patterns that are different from the one of the
reference sound source.

DI = max(Lp,i) − mean(Lp,i) [dB] (2)
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1000 models each were developed for directivity indexes
of 0, 2, 4, 6, 8 and 10 dB. Each model consisted of 84x24
sound pressure level values to match the reference data
(Fig. 3). Within each model these sound pressure lev-
els corresponded in a first run to normally distributed
sound pressures (p). In a second run p2 values followed
a uniform distribution.

Figure 3: Samples of histograms for distribtuions of sound
pressure levels for devices under test.

In a real life measurement setting obtaining more than
2000 sound pressure levels is of course not realistic.
Hence, subsets with 2 to 200 points were chosen at ran-
dom from each modeled DUT. This process was repeated
1000 times per subset size, corresponding to a Monte
Carlo method with 106 variations per subset size and di-
rectivity index (Fig. 4).
Using the substitution method (Eq. 1) sound power lev-
els (LW,i) for the modeled devices under test were then
calculated for each one of the 106 variations per sub-
set. These values were compared to the sound power lev-
els (LW,84x24points) calculated using the complete 84x24
point model under the assumption that the sound power
calculated with the complete model is the correct sound
power level, i.e. that the sound field is sampled com-
pletely with those 2016 points. The standard deviation
of the difference in sound power levels between the under-
sampled and completely sampled sound fields was used
as indicator for the uncertainty contribution of the direc-
tivity of sound emission on sound power levels calculated
using the substitution method (Eq. 3).

Figure 4: Schematic representation of the Monte Carlo
method used, where each rectangle represents a matrix or vec-
tor of specified size. For each directivity index 1000 models
were developed and from each model 1000 different combina-
tions per subset size generated.

u = std(LW,i − LW,84x24 points) [dB] (3)

Results indicate that the uncertainty of the substitution
method that is due to a difference in directivity between
the two sources used decreases exponentially with an in-
crease in measurement microphones. Furthermore, de-
vices under test whose sound fields show small values
in directivity indexes have a smaller uncertainty contri-
bution from their directivity than DUTs whose sound
emission show large directivities (Fig. 5). There was no
significant difference in results for models that assumed
normal distributions for sound pressures, p, and models
that assumed uniform distributions for p2.

Figure 5: Results on the behavior of the uncertainty due to
directivity differences in the sources used in the substitution
method.

Spectral Content

A second numerical investigation was concerned with the
question whether sound power levels that are calculated
by applying an A-weighting (Eq. 4) after the use of the
substitution method are different from sound power lev-
els calculated by applying the substitution method to
A-levels. Specifically, two approaches to calculate sound
power levels for modeled DUTs were followed. One was
to apply the substitution method to every one-third oc-
tave band and then post-calculate an A-weighted sound
power level (Eq. 5). The thus calculated sound power
level was regarded as reference sound power level (LW,ref)
as it describes the proper data analysis procedure. Sec-
ondly, a sound power level (LW,DUT) was calculated by
first calculating A-levels and then applying the substitu-
tion method to these A-levels (Eq. 6). The difference, ε,
of the two calculated sound power levels gives a rule for
the validity of LW,DUT (Eq. 7).

LW,A = 10 lg

[
n∑

i=1

10
LW,i+Ai

10 dB

]
[dB] (4)

LW,ref = (LW,i,DUT)A

= (LW,i,RSS + Lp,i,DUT − Lp,i,RSS)A [dB] (5)

LW,DUT = LW,A,DUT

= LW,A,RSS + Lp,A,DUT − Lp,A,RSS [dB] (6)
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ε = LW,DUT − LW,ref [dB] (7)

The reference data used for this analysis were introduced
before. However, those data sets only included values
from PTB’s hemi-anechoic room. To model acoustic
environments corresponding to more diffuse rooms, the
sound pressure levels of the reference sound source on
a hemispherical surface with radius r=2 m were var-
ied through the introduction of a room correction coeffi-
cient, K2. For every one-third octave band, i, this cor-
rection coefficient was multiplied by a random number
with mean 0 and standard deviation 1, denoted as N[0,1].
Through the use of room correction coefficients K2=0
dB, K2=7 dB and K2=12 dB three different acoustic en-
vironments were modeled (Eq. 8).

Lp,RSS,K2,i = LW,RSS,i − 10 lg(2πr2) +K2N[0,1] [dB]
(8)

Three different types of models were developed for de-
vices under test.

1. Tolerance levels of 1 to 20 dB were defined around
the one-third octave band sound pressure levels
of the RSS. Within these tolerance levels modeled
sound pressure levels followed a uniform distribu-
tion. 5x105 models per tolerance level were devel-
oped (Fig. 6).

2. A tonal DUT was modeled by defining a base sound
pressure level of 70 dB which was modified for one
randomly chosen third octave band so that this sin-
gle one-third octave band was assigned a sound pres-
sure level between 75 and 120 dB. 5x105 such models
were developed (Fig. 7).

3. Broadband DUTs were modeled by prescribing
the sound pressure level for the first third octave
band and sequentially calculating all other third
octave band sound pressure levels through addi-
tion/subtraction of a constant value in the range of
±5 dB (Fig. 8).

Figure 6: Examples of modeled DUTs where a tolerance
level was defined around each one-third octave band sound
pressure level of the RSS.

Figure 7: Examples of modeled DUTs where a single one-
third octave band shows tonality.

Figure 8: Examples of modeled broadband noise DUTs.

Results reported here show the value ε which describes
the difference between the sound power levels calculated
performing A-weightings prior or post to the use of the
substitution method (Eq. 5-7). Furthermore, results
were separated for each of the three types of modeled
DUTs in free-field (K2=0 dB) vs. non-free field (K2=7
dB and K2=12 dB) results.
The results agree for all types of modeled devices un-
der test. Namely, in free field conditions the value of
ε is not significant. For approximated free and diffuse
fields (K2=7 dB and K2=12 dB), however, this does not
hold. For these environments ε becomes significant (Figs.
9-11). This means that for these environments correct
sound power levels are obtained only by applying the
substitution method to each one-third octave band and
then post-calculating an A-weighting (Eq. 5).
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Figure 9: Results for DUTs modeled by defining tolerance
levels. Top: K2 = 0 dB

Figure 10: Results for tonal DUTs. Top: K2 = 0 dB

Conclusion

This paper presents two investigations on uncertainties
associated with the substitution method. The first dealt
with numerical models describing devices under test that
display directivity patterns which are different from the
one that the reference sound source emits. Results show
that the uncertainty of the calculated sound power de-
creases exponentially with an increase in measurement
microphones used.
The second investigation showed that it is possible to
calculate a correct sound power level for a device un-
der test by applying the substitution method to A-levels.
This does not hold for approximated free or diffuse fields,
where sound powers have to be calculated by using the
substitution method on each one-third octave band with
subsequent A-weighting.

Figure 11: Results for broadband noise DUTs. Top: K2 =
0 dB
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