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Introduction

Modern structural dynamics make use of a range of anal-
ysis and investigative approaches of different types such
as: analytical, numerical, experimental or the combina-
tion of the three. The investigation in the laboratory, in
particular, is crucial but unfortunately laboratory exper-
iments present some limitations mainly imposed by the
size. Dealing with large experimental structures can be
time consuming and expensive. The concept of simili-
tude is widely applied in the engineering vibroacoustic
applications since it is particularly useful when applied
to the testing of models with increasing complexity. The
similitude schemes allow predicting the dynamic response
of an original system by using the information obtained
from a similar one, which is called avatar or replica ac-
cording to the partial or complete degree of similitude,
respectively defined as parent the original structure, a
replica will be the physical system in complete similitude
with the parent, an avatar will be the physical system
in incomplete similitude with the parent. The proto-
type is called replica when the similitude is complete, all
the geometrical parameters of the prototype are exactly
scaled by the same factor. On the contrary, an avatar
is the result of a distorted similitude when not all the
geometrical parameters are scaled by a unique parame-
ter. Using the Energy Distribution Approach [1] for the
study of the similitude is possible to demonstrate that
when the damping between the model and the prototype
is different, a replica cannot be obtained. There are dif-
ferent types of similitude: kinematic, dynamic, energetic
and geometric similitude. [2]-[4] The geometric simil-
itude is particularly helpful because it allows avoiding
measurements on original structures with big, or small,
geometric sizes which can make laboratory experiments
impractical or too costly. In addition to the geometric
similitude, the focus on damping similitude has increased
in recent years: this because the damping represents a
highly relevant property during the design phase of any
structure. There are different models of damping: the
viscous damping is related to the dissipation of vibratory
energy in solid mediums and structures over time and
distance. It occurs whenever there is any type of friction
that diminishes movement and disperses the energy and
its corresponding force results to be proportional to the
velocity. A contribution to the total damping of the sys-
tem is also provided by the material itself, where energy
dissipated in a vibrating material due to the intersec-
tions occurring at the molecular level: this contribution
is described by loss factor 5. This work presents an in-
vestigation on how to predict the frequency response of
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a system with a different structural damping (for this
reason it will be an avatar) compared with the original
one (parent). Such responses are determined retrieving
a scaling law that includes this crucial dynamic charac-
teristic 7. This paper, after these remarks, in Section 2
a summary of the analytical study which will be consid-
ered as the starting point for defining the accuracy of the
scaling law derived.

Analytical study and Frequency response
of a simply supported plate

The study will be focused on rectangular simply sup-
ported plates with different structural damping 7 as
shown in the Figure 1 [6].

z

Figure 1: Simply supported rectangular plate with punctual
loading

The Kirchhoff equation for a plate for which the third
dimension h << a, b with h thickness (along z), a length
(along z), b width (along y) is:

O*w(w,y,t)

DV* t
w(z,y,t) +m—p

+p(z,y,t) =0
(1)

where w(z, y, t) is the unknown displacement of the plate
along the z direction, x and y are the spatial coordi-
nates, t is the time, ps is the structural density, h is
the thickness, D is the flexural stiffness, p(z,y,t) is the
pressure load acting on a point, m = psh is the mass.
The response of a generic linear system can be always
expressed in terms of Njs eigensolutions through a sum-
mation. Considering a pressure load or a force applied
in a source point Ps = (xg,ys), the response in terms of
displacement at a receiver point Pr = (xg,yr) is given
by:

Nm

Fw))

=1

;(R)®;(9)
pil(w? — w?) + jmiw?]
(2)

where ®;,w;, n;, u; are, respectively, the ith mode shape,
natural frequency, modal damping and generalised mass.

w(Pr, Ps;w)



F(w) is the force amplitude, j the imaginary unit and i
the mode index. The force f(Ps,t) is considering as a
punctual load acting at the source point Pg through the
Kronecker delta function § f(Ps,t) = F(w)d(So—S)el*t.
The frequency responses in terms of velocity and accel-
eration can be simply obtained considering the first and
second derivative of the displacement in the frequency
domain w .

v(Pr, Ps;w) = jww(Pg, Ps;w) (3)

a(Pr, Ps;w) = (jw)? w(Pg, Ps;w) (4)

Equation (4) will be compared with the results obtained
from the scaling law described in the next section.

Finite Similitude Theory and Scaling Law
The approach to retrieve the response of a structure,
known the response of another which differs from the
first one for geometrical dimensions, for damping char-
acteristics or for both of them results to be very com-
plex if it is referred to a dimensional analysis because in
presence of scale effects the invariance principle breaks
down. To overcome the problems related to the dimen-
sional analysis, a new theory, called finite similitude, has
recently emerged: with this approach the scaling process
can be seen as a process in which the space itself is con-
tracted or expanded. The starting point of this theory is
that the space can be distorted and through space dis-
tortion objects can be scaled or expanded. For the finite
similitude theory the transport equation in their integral
form, which involve immediately geometrical measures,
e.g. volume and area, are considered. [5]-[8]

Scaling law for the damping

To retrieve a scaling law which involves the damping n
and from which the frequency response of the parent can
be retrieved from the one of the avatar (or wiceversa)
the starting point has been considered as the balance
equation for the conservation of the momentum which
has the following general form:

D
Dt/deV /S[J]~nd5+

—/va(v—v*)dV—/Vpde:0 o

where p is the mass density, v is the material veloc-
ity, [o] is the stresses tensor, b [[K;] is the source term
or excitation term per unit mass. In the Equation (5)
the first term represents the non-stationary term, the
second one is the stresses-tensor term, the third one is
the convective-flux term and the last one is the excita-
tion/source term and it is evaluated per unit mass. In the
finite similitude field it is possible to neglect the convec-
tive flux term since the mechanical velocities are usually
very small for the magnitude order of the excitation in-
volved and the product of two velocities v(v — v*) will
result an infinitesimal of the second order. From the last
consideration the Equation (5) can be written in a sim-
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pler way:
D
—/pvdV—/[a}-ndS—/pdezO
Dt Jy s v
(6)

The second integral related to the stress temsor can be
divided in two different integrals since it results to be
the sum of the conservative term related to the pressure
p and the dissipative term linked to friction phenomena

[7]:
(7)

The Balance Equation for the conservation of the mo-
mentum can be re-written as:

D
Dt/deV+/ plI] -ndS+

—/S[T]-ndS—/vpdezo

Gauss’s Theorem , through the divergence operator, al-
lows all terms in the equation to be written as volume

integrals.
D
d
Dt/ pv V+/ V-

—/V(V-[T])dV—/Vpdezo

Removing the integral operation through the Fundamen-
tal Theorem of calculus the general equation obtained is:

(8)

plI]) dV+
)

Dv

Py =V ll+eb=V-[p]

(10)
Dimensionally all the terms result to be a force per unit
volume X5. The Equation (10) can be written both for
the parent and for the avatar (the a index will be used for
the avatar and the p index will be used for the parent):

Dv,

Paﬁ*v'[Ta]ijaba*V’[ al (11)
Dv

po g2 = V-l +bp =V Il (12)

The crucial point of the study is to make explicit the
dissipative term [r]: in solid mechanics this dissipative
term ca be seen as the term related to the damping or
loss factor 1 and it can be modeled as the dynamic ma-
trix of damping. The Rayleigh model of damping can
be used but a simpler way is to define the complex stiff-
ness matrix that can be written, defining the complex
Young’s Modulus E* = E(1+ jn), for the avatar and for
the parent plates, in this way:

[Ta] = (1 + jna) [Kad]

[Tp] = (1 + jnp) K]
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with 7, and 7, the parent and avatar damping, respec-
tively. The stiffness matrix has the following expression:

1 v O
ER?
( _V) 0 0 151/

So, if the geometry of the parent and avatar is the same,
also the flexural stiffness matrix will be the same [K,]
[Kp]. It is possible to project the general Equation 10
along the z-axis, so the vector equation will be a scalar
equation in which the last term, related to pressure, will
be zero.

Final scaling law

The Equation (12) can be written in a different way such

as is possible to retrieve an equation of this form:
ap,z = f(aa,z) (16)

The final equation obtained assumed the same density

material for both the parent and the avatars (p, = pq)
is:

Up,z = YnGa,z = Ynba + bp (17)
where the quantity v, is equal to:
L+ jnp
=_—" 18
77] 1 +j77a ( )

Considering previous studies about mainly geometric
similitude [5]-[8] a scaling law, which better approxi-
mates the response of the parent starting from one of the
avatars, is obtained considering as multiplication number
for the Equation (17) the scaling factor for the damping
ry. It is defined as follows:

_a

" (19)

Ty

Introducing this parameter, Equation (17) can be written
as:

apz = Tn[Yn@a,z — Tnba + bp) (20)
where a, ., and a4, are the accelerations of the parent
and the avatar along the z axis, respectively.

Results

Different rectangular plates with same geometry but dif-
ferent damping 1 have been considered for the analy-
sis. The material is Aluminum 6069 T3 whose mechani-
cal characteristics are listed in the Table 1. The parent
and avatars considered to carry out the study with their
damping characteristics are listed in the Table 2.

The geometry between parent and avatars is kept: a =
0.870 m, b = 0.620 m, h = 0.005 m.
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Table 1: Mechanical properties Aluminum 6069 T3

Mechanical Properties Value
Al 6069 T3
Density p 2810 kg/m?
Young Modulus £ 69 - 10° Pa
Poisson Modulus v 0.33

Table 2: Parent and Avatar Plates

Plate Damping Damping Scale
Factor
Parent n=2%
Avatar 1 n1=3% ry =15
Avatar 2 n=4% Ty =2
Avatar 3 n=>5% Ty =25
Avatar 4 n=1% ry = 0.5

The Equation (20) has been applied for the parent plate
comparing the results with the analytical one:

Ny . )
(P P = =3P Y

(21)

In the following images the comparison is shown.
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Figure 2: Frequency Response - Analytical acceleration of
the parent and acceleration with Scaling Law from avatar 1
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Figure 3: Frequency Response - Analytical acceleration of
the parent and acceleration with Scaling Law from avatar 2
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Figure 4: Frequency Response - Analytical acceleration of
the parent and acceleration with Scaling Law from avatar 3
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Figure 5: Frequency Response - Analytical acceleration of

the parent and acceleration with Scaling Law from avatar 4

From the figures, it can be seen that by gradually consid-
ering avatars with a higher damping value, the curve ob-
tained for the parent from the scaling law moves further
and further away from the analytical one. In particu-
lar, the peaks of the acceleration values in the frequency
response find a good correspondence in an increasingly
smaller range in frequency and also the shape of the fre-
quency response turns out to be less and less equal to
the analytical one. The reason for this deviation can
basically be attributed to two different things: firstly,
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the scaling law used to calculate the parent’s response
from the avatar is a linear law whereas the damping phe-
nomenon is a strongly non-linear phenomenon; secondly,
the damping phenomenon used could also cause a devia-
tion between the curves by considering increasing values
of the damping. The two causes of error can be bet-
ter clarified and separated by comparing the theoretical
study with experimental tests. In fact, surely the choice
of a different damping model from the one used, through
the definition of the complex Young’s modulus, i.e. the
complex stiffness matrix, could lead to more accurate re-
sponses of the prototype replicated from avatars. The
attention in the next study will be focused on both the
points but more in particular on the first point, so on
the development of a more accurate similitude method
since the goal of the analysis of similitude structures with
damping is to push forward, precisely, with similitude
methods.
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