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Introduction

Simulating the interaction between guided waves and ar-
bitrarily shaped defects is highly complex and often very
time consuming. A significant challenge in this area of
research is that the wavelengths associated with guided
waves are typically significantly smaller than the in-plane
dimensions of the model, i.e., where waves propagate.
Consequently, it is infeasible to compute a full plate
model, which would be computationally prohibitive.

This study proposes a framework for investigating local
guided wave-defect interaction to address this issue. The
proposed framework utilises a quadtree decomposition
method, which provides a specialised discretisation tech-
nique that facilitates the simulation of wave interactions
with arbitrary shapes.

A quadtree is a hierarchical structure that can decompose
an image and capture geometrical features. In principle,
it recursively splits the image into quads until some crite-
ria are fulfilled. Afterwards, the obtained discretisation
can be extruded to generate a plate geometry in 3D.

The main challenge when deploying quadtrees is the ap-
pearance of hanging nodes which in 3D is a challenging
problem to solve. To tackle this issue, the modelling tech-
nique employs transfinite shape functions that allow cou-
pling bigger elements to smaller ones, they act as transi-
tion elements between the bigger and the smaller cells.

The first part of this contribution shows the theoreti-
cal background related with the main derivations of the
scaled boundary finite element method (SBFEM) equa-
tions, then the use of high-order blending to construct
the transfinite shape functions is explained. Also, non
reflecting-boundary conditions in the system (that are
crucial to avoid unwanted reflections) based on a mod-
ified Lysmer—Kuhlemeyer (MKL) viscous boundary are
presented. Examples show the applicability of the ap-
proach.

Theoretical background

This section briefly describes the equations related to the
solution of the SBFEM for polyhedral domains in the
frequency domain. First, the problem is stated using
the equations of motion, then, the solution based on the
SBFEM for bounded cells is presented, afterwards, the
formulation of the high-order transition shape functions
is summarised and finally the MKL boundary conditions
are briefly described.

Elastodynamics
We solve the equations for linear elasticity in the fre-
quency domain. First, we recall the equation of motion:

Lo = w?pu, (1)

where L is the differential operator:
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the vector o corresponds to the stress amplitudes, w is
the frequency, p is the density and the vector 11 contains
to the displacement amplitudes.

By using the Hooke’s law, and the strain-displacement
relation, € = Lu, where € corresponds to the vector of
strains, it is possible to express Equation (1) as a set of
partial differential equations.

The Scaled Boundary Finite Element
Method

The SBFEM is a numerical method that can handle elas-
todynamics problems and it is suitable for high frequen-
cies. The first step consist in considering a coordinate
transformation from a Cartesian system (&, §, 2) to one
system that consists in one radial coordinate (§) and two
tangential coordinates (1, ¢). The geometry is interpo-
lated using the set of shape functions N(7, () associated
with the nodal positions x, y, z. See Equation (3).

#(&,m,¢) = EN(n, O)x, (3a)
9(€,m,¢) = EN(n,Q)y, (3b)
2(§,m,¢) = EN(n, ()z. (3¢)

The displacements are interpolated only at the boundary
using the matrix N(7, ()

u(&,m,¢) = N(n, Qu(&). (4)
By introducing these equation into the equations of mo-
tion, and by deploying the virtual work principle it is
possible to obtain the SBFEM equation for the displace-
ments which is a second order ODE.
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Eoc?u(6) ¢ + (2Bo — By + ET ) €u(€) ¢
+(Ef — E2)u(§) +w?*Mou(¢) =0, (5)

where My, Eg, E; and E; are coefficient matrices arising
from the discretisation scheme, the reader is referred to
see [1] for details on the calculation of these matrices.

After considering the relation for the nodal forces, the so-
lution of the system is done by approximating a dynamic
stiffness S(w) at the boundary of the cell.

It is important to notice that the SBFEM allows the use
of polyhedral cells but the surfaces of these cells have to
be conforming and the cells have to be star convex, see
Figure 1.

Figure 1: Polyhedral cell

Quadtree decomposition

The quadtree decomposition is a technique that allows
splitting into quads a 2D representation of the domain of
interest. If the representation is extruded, a plate geom-
etry is generated, see Figure 2.

Figure 2: Extrusion of the quadtree decomposition

The recursive decomposition of the plate structure into
quads is done by following three criteria like minimum
cell size, maximum cell size and the intensity range (range
of values of the intensity of the pixels present into the
cell). If the decomposition enforces a ratio of 2:1, i.e one
cell can only have two neighbours at one edge, the do-
main will be decomposed in a limited number of regular
patterns, see Figure 3.

These patterns allow the possibility of exploiting similar-
ity of the cells in the whole plate domain, the dynamic
stiffness of similar cells is the same and can be re used
without necessity of re-calculating. The re-use of the dy-
namic stiffness matrix speeds up the calculation.

High-order transition shape functions
When deploying a meshing algorithm like the one pro-
posed in the previous section, problems related with the

Figure 3: Cell patterns possible when using a balanced de-
composition

conformity of the mesh may arise. The problem is the
presence of hanging nodes in the computational domain.

Hanging nodes can be resolved in different ways, one pop-
ular approach to do it is to generate a triangulation on
the surface of the hexahedron. These triangulations may
cause an excessive amount of degrees of freedom.

Instead, in this contribution, the hanging nodes are re-
solved by using transition shape functions. These shape
functions are based on the work of [2] and just the basics
are presented here. The main idea is to define a projector
operator that allows interpolating a function in several
points across the domain, in this case, the parametric
space € : [—1,1] x [-1,1].

The projector operator P of the function f(n, () consists
in a sum of three individual projections, two parallel to
the main axis of the parametric space, P, and P; and
one mixed operator P,:

Pf(n, Q) = Pyl f (0, O+ Pelf (0, O] + Pocl £ (0, )] (6)

Each operator contains a set of blending functions that,
in the current application, are standard Lagrange polyno-
mials and allow the construction of the internal functions
inside the parametric space.

Finally, the one-dimensional shape functions are defined
at the edges of the parametric space. These shape func-
tions can be piece-wise polynomials, allowing to couple
directly to smaller elements, see Figure 4. The coupling
is illustrated in Figure 5.
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Figure 4: Piecewise shape functions with 3rd order interpo-
lation on half of the edge and quadratic interpolation on the
other half
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Figure 5: Coupling between different elements using the
transition shape functions seen from the top

Modified Lysmer-Kuhlemeyer boundary
conditions

The MKL boundary conditions were developed in [3] and
here just a brief description of the methodology is illus-
trated. These boundary conditions exploit the fact that
lamb-waves arise as a superposition of bulk modes, and
they are defined similar to dashpot dampers at the top
and bottom surface and the end of the domain. The
dampers are tuned to match the bulk wave speeds. In
the case of the current contribution, the damping is inte-
grated at the surface instead of defining dashpots, still,
the concept remains the same as the one presented in [3].

The stresses read

Oge = 1w - apcpuy, Tey = 1w - bpegug, (7)
where 0, and 7, corresponds respectively to the normal
and shear contributions on the surface of interest, a and
b are functions to avoid an abrupt change of the acoustic
impedance, ¢, and ¢, are the bulk wave speeds. The
vectors u; and uy correspond to the amplitudes of the
out-of-plane and in-plane displacements, respectively.

These stresses are integrated at the top and bottom sur-
faces and at the end of the plate discretisation to ensure
that non reflections are coming from the far-field.

Numerical implementation

To simulate the interaction of guided waves with an ar-
bitrary shaped inhomogeneity it is required to combine
the previously mentioned strategies. For that, first, a
high resolution image containing all the geometrical de-
tails is decomposed into quads. The hexahedral cells are
constructed by extruding the quads and using transition
elements where required and the MLK boundary con-
ditions are defined out of the region of interest. The
implementation strategy is summarised in Figure 6.

Numerical examples

This section shows two examples of the proposed strate-
gies, the first part deals with a benchmark problem of
a cylindrical hole, and the second part shows an exam-
ple of an ellipsoid to demonstrate the potential of the
methodology.

Cylindrical hole

For the first case scenario, consider a cylindrical hole of
10 mm radius in an 1 mm aluminium plate (Young’s
modulus 70 GPa, Poisson’s ratio 0.3 and density of 2700
kg/m?3). Consider the first antisymmetric guided wave
mode (AO0) at a frequency of 100 kHz. The first step
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Figure 6: Top view of the numerical implementation for the
simulation of local interactions in a 3D plate

for the determination of the discretisation parameters is
to obtain the dispersion properties of the plate, i.e., the
wavelengths. The Figure 7 shows the wavelengths of the
two fundamental modes for a certain frequency range.
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Figure 7: Wavelengths of the two fundamental modes for
the 1 mm aluminium plate

At the particular frequency of interest, the wavelengths
of the fundamental modes A0 and SO are A 49 = 9.5 mm
and Agg = 54 mm respectively.

Using the wavelengths it is possible to determine the dis-
cretisation parameters of the model. The extent of the
absorbing region has to be at least two times the longest
wavelength present in the system, and a rule of at least 10
nodes per shortest wavelength has to be considered. The
Table 1 summarises these parameters for the considered
case.

Table 1: Parameters of the discretisation for the first exam-
ple

Name Value
Length of the absorbing 110 mm
region
Maximum element size 3.2 mm
Maximum order of the 4th
interpolation

The Figure 8 illustrates some details of the resulting
mesh.

To excite the A0 mode, a Gaussian pulse with a centre
frequency of 100 kHz is used as a distributed force on
a circular surface also included into the high resolution
image.

In the Figure 9 it is possible to observe the propagation of
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Figure 8: Detail of the discretisation of the cylindrical defect
seen from the top

the AQ mode after excitation and the eventual interaction
with the cylindrical defect in the time domain. Also it
is worth noticing that the waves are effectively absorbed
where the MLK boundary conditions are defined.

Absorbed waves Interaction of the

wavefront with the defect

Reflected wavefront

Figure 9: Interaction of the out-of-plane wavefront with the
cylindrical defect. Out of the box delimited with the dashed
lines, the MKL boundaries are defined

Also, if a monitoring point is placed in front of the source,
it is possible to observe the contribution of the reflection
to the incident wavefield compared to a pristine struc-
ture, which is the same plate without the hole, see Figure
10.
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Figure 10: Out-of-plane motion at a monitoring point lo-
cated in front of the source, 13 mm away from the centre of
the cylindrical defect

Elliptical defect

The second study case regards an ellipsoidal defect. Con-
ceptually the intention is to reproduce a typical scenario
where several sensors are placed around a defect and a
pulse echo test is used. The idea is to rotate the input
image to obtain the different responses of the different
sensor positions, this is an advantage compared ot com-
mercial software, where a CAD model for every incident
angle has to be considered. The strategy is illustrated
in Figure 11. The envelope of the signals obtained using
the different angles for the defect are shown in Figure 12.
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Figure 11: Rotation of the image to obtain the different
responses at different angles
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Figure 12: Envelope of the obtained signals

It is important to notice how the reflection is influenced
by the angle of the defect varying from a very strong
reflection at 0° to very little at 90°.

Conclusions

An efficient way of modelling the interaction of guided
waves with defects in 3D plates has been shown. Strong
emphasis has been done in the meshing strategy exploit-
ing the ability of the SBFEM to represent polyhedral
cells. High-order transition shape function have been
used to ensure correct coupling between cells of differ-
ent sizes arising from the quadtree representation of the
plate. Moreover, MLK boundary conditions have suc-
cessfully applied in the current framework. The validity
of the proposed approach has been demonstrated using
numerical examples.
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