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Abstract

BEM is a well-established technique in computational
acoustics, thanks to its inherent properties such as boundary-
only meshing and intrinsically solving unbounded problems.
When solved in the frequency domain, as commonly used to
understand component dynamics, the characteristic rules for
mesh refinement require a good approximation of the
geometry and a good approximation of the response
dynamics, which is driven by the “6 linear elements per
acoustic wavelength” rule. The latter can become problematic
when solving for multiple frequencies: this rule must be based
on the maximum solving frequency, making the model
needlessly heavy for the lower frequencies.

The Boundary Element Method with Adaptive Order
(BEMAO) proposes to work around this challenge by using
the non-isoparametric concept: classical Lagrangian spaces
are used for mesh definition, which makes the method
compatible with the state-of-the-art meshers. For the field,
high-order Lobatto polynomial shape functions are deployed
whose order is determined adaptively and automatically by
the solver for each element and at each frequency. A single
lean mesh can then be used for the full frequency range of
interest and an optimal model size is obtained per frequency.
This paper gives an overview of the BEMAO technology and
presents some practical application cases.

Introduction

In computational acoustics, engineers are used to the classical
opposition between Finite Element Method (FEM) and
Boundary Element Method (BEM) when solving for small- to
mid- and large-size problems. Both techniques present
advantages, such as the ability to handle non-uniform media
in FEM or the inherent Sommerfeld radiation condition for
exterior noise in BEM. One of the assets of BEM over FEM
is the possibility to maintain a reduced model size for models
with large volumes of fluid, which FEM requires to fill with
three-dimensional elements. BEM is therefore recognized as
an established solution for exterior and interior noise
propagation.

However, several challenges are faced by BEM, each of
which has some current ways to go around it. First, large
models often translate into high computational costs. A
classical option to mitigate this consists in using acceleration
or model compression techniques such as the H-Matrix BEM
[1] or the Fast-Multipole BEM [2]. Another alternative is of
course to use more performant hardware, but this obviously
turns to have a prohibitive price. Second, frequency sweep
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analyses require appropriate meshing. Using a single mesh
fine enough to solve for the full frequency range requires less
preparation efforts but results being inefficient at the lower
frequencies. On the contrary, multiplying the number of
meshes to fit several frequency bands can be computationally
more effective but necessitates high hands-on time to prepare
the meshes. Third, the geometry discretization needs to be
uniform to guarantee a good accuracy everywhere. But
meshers might not always produce homogeneous meshes, and
users must accept either a loss of accuracy for those under-
refined areas or a loss of performance if they chose to refine
the mesh for a better precision.

Instead of these classically accepted solutions, the authors
propose a different answer, the Boundary Element Method
with Adaptive Order (BEMAO). Thanks to BEMAO, the first
aforementioned challenge is alleviated using high-order
Lobatto polynomial shape functions, whose orders are
determined automatically by the solver based on the local
edge dimension, the speed of sound and the solving
frequency. A fast-multipole acceleration of the matrix
assembly phase completes the answer to reduce the high
computational costs with large models. Then, for frequency
sweep analysis, a single coarse mesh combined with the high-
order adaptivity rule allows to solve for the full frequency
range with an optimal computational cost. As for the non-
uniformity of the geometry discretization, it becomes a non-
problem with the AO approach, since the mesh is, on purpose,
made inhomogeneous with large elements on flat surfaces and
fine elements in the more complex areas. As a result, better
accuracy and performance are achieved.

In the following, the BEMAO technique is described the
Theory section. Then, examples of Applications are given to
illustrate the pertinence of the proposed solution.

Theory
The proposed BEMAO solves time harmonic acoustic
problems. It employs an indirect boundary integral

formulation, where the unknowns of the method are defined
as double-layer and single-layer potentials on the boundary of
the target problem. There are several numerical aspects that
have been considered in this new solver. More details on the
method can be found in [3].

Non-Isoparametric Approach

In a conventional BEM implementation, the same shape
functions are typically used for both mapping the quadrature
points to the surface and interpolating the primary unknowns
of the system. Despite the simplicity, this isoparametric
approach requires re-discretization of the problem at each
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frequency for the optimal performance. For a frequency
sweep simulation, the mesh valid at the highest frequency is
typically used in practice, which limits the efficiency of the
entire solution. In BEMAO, a non-isoparametric approach is
considered instead. The orders of the geometry and
interpolation shape functions are separated — the geometry
shape function is kept the same in a frequency sweep, thus the
same mesh can be used for the frequency spectrum, whereas
the orders of the interpolation shape functions are
automatically adjusted to the frequency per element/edge.

High-Order Shape Functions and Adaptivity

To empower the solver intelligence and autonomy, robust
adaptivity rules are needed. In BEMAO, an a-priori error
estimator is considered to determine the corresponding order
for each element based on their size, input acoustic
wavelength, and target accuracy. The optimal order is selected
based on a precomputed table which covers intensive
numerical experiments with various case configurations.
Considering their successful application to FEM [4], the
Lobatto shape functions have been selected as the
interpolation functions in BEMAO. They yield a hierarchical
nature and orthogonality which are considered beneficial for
system conditioning.

Accelerated System Assembly

Assembly costs contribute a major cost to BEM calculations,
which yields an O (N 2)-complexity with N being the number
of degrees of freedom (DOFs). With high-order interpolation
shape functions, the DOFs of the model can be greatly
reduced in practice. On the other hand, the assembly cost may
become high as the model size grows. To accelerate the
assembly, a multi-level diagonal fast-multipole method is
employed to approximate the far-field integrals [5]. This
method is applied merely to the system assembly step. The
contributions are eventually inserted back to the system
matrix to be solved by a robust dense solver. This approach
works well with the aforementioned high-order method.

The introduction of the new BEMAO solver brings numerous
advantages compared to the state of the art. It greatly
simplifies the solver usage, reducing the meshing efforts for
wide frequency simulations through adaptive high-order
capabilities, and reducing the overall simulation time through
a multi-level fast multipole method and efficient
parallelization strategies.

Applications

A couple of applications are discussed in the following. To
start with, an academic example is presented showing the
acoustic field inside a vibrating sphere. Then, the example of
a wind turbine noise radiation is shown. Finally, a
loudspeaker array scenario is described to illustrate a direct
field acoustic testing setup. Note that in all cases the fluid is
air at 15 °C, with mass density 1.225 kg/m? and sound speed
340 m/s.

Vibrating Sphere

In this section, the sound pressure level inside a vibrating
sphere is computed. The sphere of radius R = 1 m is excited
with a normal velocity of constant amplitude v, = 1 m/s on

20

its entire surface. The solving frequencies are between 20 Hz
and 1000 Hz, with a step of 5 Hz (hence 197 frequencies). The
results are compared with the analytical solution for this
problem, whose pressure field p is given by the following
formula:

ey

(rw) = jpcv, kR (5) sin(kr) [Pa]
PR, @) = kRcos(kR) — sin(kR) \r
Where j2 = —1, r is the distance from the centre of the

sphere, w is the angular frequency, p and c are the fluid mass
density and speed of sound, and k = w/c is the acoustic wave
number.

In this example, two types of meshes are used: a fine linear
mesh with triangular elements is associated with a standard
BEM approach, and a coarse quadratic mesh also with
triangular elements is used with BEMAO. The fine mesh is
composed of 10936 elements and 5470 nodes, whereas the
coarse mesh contains 296 elements and 594 nodes. The
characteristic element size is 50 mm with the fine mesh,
corresponding to 7 elements per acoustic wavelength. For the
coarse mesh, the element size is 325 mm, sufficient to
accurately approximate the curved geometry of the sphere and
to capture 1 acoustic wavelength. Figure 1 shows the two
meshes. Note that with the coarse quadratic mesh, most of the
elements have shape functions of polynomial order 4 at the
maximum solving frequency. The corresponding number of
degrees of freedom (DOFs) at 1000 Hz is 2481, hence a
reduction of the number of DOFs by a factor 2.2 with respect
to the standard BEM approach with the fine mesh.

Figure 1: Vibrating sphere — Fine linear mesh (left) and
coarse quadratic mesh (right).
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Figure 2: Vibrating sphere — Sound pressure level —
Analytical solution at the centre (red) and on the surface
(blue) of the sphere. “0”: BEMAO. “+”: Standard BEM.
The sound pressure level over the full frequency range is
reported in Figure 2. The analytical results are plotted in solid
lines: in red for the solution at the centre of the sphere (r =



0 m) and in blue for the solution on the surface of the sphere
(r =1m). The BEMAO results are displayed with “0”
symbols and those with the standard BEM approach are
shown using “+” symbols. All results match very well at all
frequencies, confirming for this application the validity of the
BEMAO approach. In terms of computational cost, the
solution with BEMAOQO was solved in 6 min 7 s, whereas it
took 45 min 47 s with standard BEM, meaning a speed-up
factor of 7.5 with BEMAO. Note that both solutions were run
on a laptop Intel(R) Xeon(R) W-11855M CPU (3.20 GHz)
with 64 GB of RAM, using 3 threads and 4 processors.

Wind Turbine

The second example considers an 80 m high wind turbine with
three blades of 28 m, and a nacelle of dimensions 9 m x 5 m
x 18 m. Unit strength acoustic monopole excitations are
placed at the tip of each blade, as three separate load cases. In
addition, to damp the numerical internal resonances inherent
to the BEM formulations, a characteristic impedance is
applied on the interior side of 20% of the elements of the
acoustic mesh. Finally, the reflections by the ground are
accounted for through a symmetry plane placed at the bottom
of the wind turbine. The 297 solving frequencies range
between 20 Hz and 150 Hz, with a step of 0.2 Hz. Like the
previous models, two acoustic meshes are generated, to be
used by the different methods. The fine linear triangular mesh
associated with the H-Matrix BEM solver is composed of
77996 elements and 39034 nodes. The coarse quadratic
triangular mesh used with BEMAO contains 2440 elements
and 4893 nodes. A spherical microphone mesh of radius 50
m, centred on the nacelle, and composed of 216 elements and
218 nodes, completes the model. The model setup and the
coarse quadratic mesh are represented in Figure 3.

Figure 3: Wind turbine — Model setup and coarse mesh.
The results displayed in Figure 4 show the sound pressure

levels obtained at the extreme-left-side microphone to the
wind turbine, for the top and left acoustic monopole loads. A
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very good match is observed between BEMAO (solid lines)
and H-Matrix BEM (“0” symbols). Similar results are
observed at other microphones and for the other acoustic
monopole load. In terms of performance, the solutions are
obtained in 15 h 45 min with H-Matrix BEM, and in 2 h 46
min with BEMAO (speed-up factor 5.7), using 20 threads.
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Figure 4: Wind turbine — Sound pressure level — Results at
the extreme-left-side microphones. Solid lines: BEMAO.
“0”: H-Matrix BEM. Red: top acoustic monopole load. Blue:
left acoustic monopole load.

Figure 5: Loudspeaker array — Model setup of 6
loudspeakers equally distributed on a circle and pointing to
the centre.

Figure 6: Loudspeaker array — Fine linear mesh (left) and
coarse quadratic mesh (right) of a single loudspeaker.

Loudspeaker Array

The third application is a configuration of 6 small
loudspeakers placed on a circle of radius 1 m, and equally
distributed along that circle. The loudspeakers are identical
boxes of dimensions 0.332 m x 0.200 m x 0.300 m. Each
loudspeaker is excited with an acoustic panel normal velocity
loading onto the surface of its diaphragm. The problem is
solved for frequencies ranging from 500 Hz to 5000 Hz, with
a step of 50 Hz (hence 91 frequencies). Two meshes with
triangular elements are used: a fine mesh with linear elements,
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and a coarse mesh with quadratic elements. The fine linear
mesh is composed of 234774 elements and 117486 nodes,
whereas the coarse quadratic mesh contains 9936 elements
and 20010 nodes. Furthermore, a 4 m x 4 m planar
microphone mesh is added to the model to visualize the
contours of the acoustic field. This mesh is composed of
160000 elements and 160801 nodes. Figures 5 and 6 illustrate
the setup as well as the two acoustic meshes.

Fine Mesh - FvBem NN 40541
Fine Mesh - H-Matrix BEM _ 14023

Coarse Mesh - BEMAO Standard - 6070

Coarse Mesh - BEMAO Coarse . 3952

0 10000 20000 30000 40000 50000
CPU Time (s)

Figure 7: Loudspeaker array — Total computational time.

Figure 8: Loudspeaker array — Sound pressure level —
Colormap at 1050 Hz, ranging from 32 dB to 92 dB. Top left:
FMBEM. Top right: H-Matrix BEM. Bottom left: BEMAO
Coarse. Bottom right: BEMAO Standard.

The solutions are run on the same machine as for the vibrating
sphere scenario, with 3 threads and 4 processors as well. The
computational times are reported in Figure 7, for four
solutions: BEMAO is used with the coarse mesh for two
levels of accuracy, coarse (10% target error) and standard (1%
target error); for comparison, an H-Matrix BEM solution and
a Fast-Multipole BEM (FMBEM) solution are used to solve
for the fine mesh (a standard BEM technique would be
inappropriate for this model with 100000 DOFs). It can be
observed that the FMBEM iterative solver is, by far, the
slowest for this application. The H-Matrix BEM solver gets
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the solution in less than 4 hours. And the BEMAO results are
obtained in 1 h 42 min and 1 h 6 min for the standard and
coarse accuracy levels, respectively, i.e. speed-up factors of
2.3 and 3.5, proving the efficiency of the BEMAO approach
over more classical accelerated BEM techniques.

Figure 8 displays the colormaps of the acoustic field in dB at
1050 Hz. The symmetry of the contours is visible, and the
patterns all look very similar. The sound pressure levels at the
centre of the array are shown in Figure 9. A good comparison
between the different solutions is observed at all the solving
frequencies, except for some frequencies (notably 3100 Hz
and 4000 Hz) at which BEMAO with the coarse accuracy
level deviates more from the other solutions. The BEMAO
standard level of precision seems to provide the best
compromise between computational time and precision.
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Figure 9: Loudspeaker array — Sound pressure level —
Results at the centre of the circular array. “0”: FMBEM. “+”:
H-Matrix BEM. Red: BEMAO Coarse. Blue: BEMAO
Standard.

Conclusion

A novel high-order adaptive Boundary Element Method has
been described in this paper. BEMAO allows to alleviate the
classical challenges of BEM through a smart algorithm
assigning elements with high polynomial orders, guaranteeing
a given target accuracy at each frequency. Examples of small
and large problems illustrate the applicability of this
technique.
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