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Introduction
Low-reflecting or anechoic duct terminations are essential
in aeroacoustic test rigs, e.g., for assessing the in-duct
sound radiation of centrifugal or axial fans. These termi-
nations are designed to smoothen the impedance jump
between the in-duct wave propagation and the exterior
field. Thus, they mitigate the impairing effect of reflecting
waves traveling back into the test rig. One key design
aspect for an anechoic termination is that it must not
obstruct the flow field. Hence, they are usually realized
in a housing that is steadily widening towards the outlet
and is filled with porous material to provide damping to
the outgoing wave. The literature suggests various design
concepts, e.g., horns and funnels that may be shaped
after catenoid, exponential, or tapered functions. De-
sign suggestions and measurement procedures for their
quality assessment are also treated in the DIN EN ISO
5136:2003 [1]. Today, most of the available concepts are
still based on experimental studies, e.g., [2, 3].

Numerical simulations such as the Finite Element Method
(FEM) are widely used to gain insights into the physical
fields. The FE simulation of acoustic absorbing materials,
however, is still a topic of ongoing research. In most cases,
it is not feasible or reasonable to remodel and mesh the
fine pores of the material, which would allow us to solve
for the viscous-acoustic equations or the much more ex-
pensive flow equations directly. In contrast, modeling the
damping behavior via an impedance boundary condition
solely considers the behavior on the incident sound wave
and misses out on all non-local reactions. The impedance
boundary may thus be valid only at high frequencies and
if sufficiently high damping is provided. A remedy to
include the non-local reaction is modeling the sound ab-
sorption properties via an equivalent fluid, i.e., a fictitious
homogenized medium that mimics impact of the porous
material on the undamped propagation domain (usually
air). This approach has been successfully applied for
time-harmonic FE simulations of an anechoic termination
in [4] and [5].

The main challenge for a time-harmonic simulation is to
determine suitable equivalent-fluid parameters for the ab-
sorbing domain. The equivalent fluid can be characterized
via a frequency-dependent, complex-valued equivalent ma-
terial density and compression modulus or directly via
the characteristic impedance. The literature provides

multiple models that aim to relate the acoustic properties
of porous materials to fixed, identifiable properties of the
natural material. Such models are often developed un-
der the assumption of a sufficiently low phase-decoupling
frequency so that the material represents an open-pored
rigid skeleton that is filled with air. One of the most
commonly employed rigid-skeleton models is based on
the works of Johnson et al. [6], Champoux et al. [7], and
Lafarge et al. [8] and is known as the Johnson-Champoux-
Allard-Lafarge (JCAL) model.

In many cases, a time-harmonic simulation is likely to
provide sufficient information for design considerations of
an anechoic termination. However, the prevailing number
of aeroacoustic problems involves transient effects such as
moving sources or rotating regions. Hence, simulations of
these problems are often only feasible in the time domain.
Additionally, the application of the anechoic termination
in an aeroacoustic test rig may bring up coupled effects
that may not be seen in individual simulations. A com-
plete simulation of the test rig, including the termination,
may be helpful for troubleshooting purposes. Thus, pro-
viding a validated transient simulation of the anechoic
termination alone is meaningful as a first step toward
simulating a complete test rig.

Transient numerical simulations of absorbing materials
remain considerably more challenging compared to the
time-harmonic case, as the inverse Fourier transform turns
the multiplication of the frequency-dependent variables
into a convolution operation. In recent years, a few ap-
proaches have been developed to deal with time-domain
equivalent fluid (TDEF) computations. Next to the work
of Bellis and Lombard [9], we like to point out the recently-
presented TDEF formulation [10, 11] that exploits the
auxiliary differential equation (ADE) method [12] and
is implemented to our in-house open-source FEM code
openCFS.

This paper describes the procedure of simulating and
classifying an anechoic termination using the TDEF for-
mulation of [10, 11]. For this purpose, we model the setup
for measuring the reflection coefficient after [1] for the
termination depicted in fig. 1. The upcoming sections
describe the fundamental equations, how to retrieve the
equivalent material properties, and the setup of the FE
model. Finally, results are compared to a time-harmonic
simulation.
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Figure 1: Housing of the anechoic termination under test.

Device Unter Test
The anechoic termination considered in this paper is de-
picted in fig. 1. The housing has the shape of a tapered
funnel with outer measures 1.5 m×2.25 m×0.3 m (l×b×h)
and is made of wood. The six chambers are filled with
rock wool to provide acoustic damping. The duct is made
of aluminum, where the inner part has a porosity of 51 %
to allow sound waves to expand into the chambers. In
application, the left end of the duct is connected to an
aeroacoustic test rig. The outlet on the right end com-
prises a chute to slow down the outflow velocity.

Governing Equations
In the frequency domain, the sound field within an inhomo-
geneous medium is described by the Helmholtz equation

∇ ·
(
1

ρ
∇p(ω)

)
+

ω2

K
p(ω) = 0, (1)

where K is the material’s bulk modulus and ρ the den-
sity. Within air, these two quantities are K = K0 ∈ R,
ρ = ρ0 ∈ R. For an equivalent fluid, damping and dis-
persion effects are modeled via the fictitious complex-
valued and frequency-dependent K = Keq(ω) ∈ C and
ρ = ρeq(ω) ∈ C, where the imaginary part models the
damping behavior.

In the time domain, the inverse Fourier transform with
respect to time yields convolution operations acting as a
filter that maps the frequency-dependent damping of the
equivalent fluid

∇ ·
(
veq(t) ∗ ∇p(t)

)
− Ceq(t) ∗

∂2p(t)

∂t2
= 0, (2)

where Ceq(t) = F−1
{
K−1

eq (ω)
}

is the equivalent com-

pressibility and veq(t) = F−1
{
ρ−1
eq (ω)

}
the equivalent

specific volume. These time-domain quantities are ob-
tained in two steps. First, a rational-function approxima-
tion is performed so that

1

Keq(ω)
≈ C∞ +

NC∑
k=1

AC
k

αC
k − jω

, (3)

1

ρeq(ω)
≈ v∞ +

Nv∑
l=1

Av
l

αv
l − jω

, (4)

where C∞ and v∞ resemble the high-frequency limits and
will become the zeroth bins of the time-domain functions.
The real poles (α− jω) weighted by residues A represent
the filter functions that approximate the frequency course
of the variables. NC and Nv denote the amount of poles
used for the approximation.

In the second step, it is straightforward to calculate the
inverse Fourier transform analytically to

Ceq(t) = C∞δ(t) +

NC∑
k=1

AC
k e−αC

k t H(t), (5)

veq(t) = v∞δ(t) +

Nv∑
l=1

Av
l e−αv

l t H(t), (6)

with δ(t) and H(t) being the Dirac delta and Heaviside
functions, respectively. To obtain the final system of
equations, (5) and (6) are inserted into (2), introducing
auxiliary variables for the scalar and vectorial convolution
operations, i.e.,

ΦC(t) = e−αCt ∗ ∂2p(t)

∂t2
, (7)

Φv(t) = e−αvt ∗ ∇p(t). (8)

Additionally, the convolution operations are transformed
to auxiliary ordinary differential equations by taking tem-
poral derivatives [12] and introducing a scalar potential
∇ζv(t) = Φv(t). This results in

C∞
∂2p

∂t2
+ACΦC −∇ ·

(
v∞∇p+Av∇ζv

)
= 0, (9)

∂ΦC

∂t
+ αCΦC − ∂2p

∂t2
= 0, (10)

∂ζv
∂t

+ αvζv − p = 0, (11)

where NC = Nv = 1 is assumed. Note that every pole
adds one additional degree of freedom to the system of
equations.

Material Characterization
The JCAL model combines the semi-empirical model of
Johnson et al. [6] to describe visco-inertial dissipation
effects via

ρeq(ω) =
α∞ρ0
ϕ

(
1 +

σϕ

jωρ0α∞

√
1 + j

4α2
∞µρ0ω

σ2Λ2ϕ2

)
, (12)

and the works of Champoux et al. [7] and Lararge et.
al. [8] to include thermal effects via

Keq(ω) =
γp0/ϕ

γ − (γ − 1)

(
1− j ϕκ

k′
0Cpρ0ω

√
1 + j

4k′2
0 Cpρ0ω
κΛ′2ϕ2

)−1 .

(13)

Six qualities θ = [ϕ, σ, α∞,Λ,Λ′, k′0]
⊤
are related to the

porous material and need to be characterized. These are
the material’s open porosity, the static air-flow resistivity,
the high-frequency limit of the tortuosity, the viscous
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Figure 2: Real and imaginary parts of the rational-function
approximation after (3) and (4); solid black: inverse JCAL
material properties.; dashed blue: zero-pole approximation;
dotted red: one pole; dashed yellow: two poles;

characteristic length, the thermal characteristic length,
and the static thermal permeability, respectively. The
other five parameters, i.e., the ambient mean density
ρ0, the dynamic viscosity µ, the thermal conductivity κ,
the ambient pressure p0, and the isobaric specific heat
capacity Cp are related to gaseous filling of the pores.
These may thus be taken from the surrounding air.

The unknown JCAL parameters of the porous material
were here determined as in [13]. The method exploits
a genetic optimization algorithm to fit a 1D analytical
simulation to optimally reproduce the complex reflec-
tion coefficient of an impedance tube measurement for
a h = 0.1 m thick material sample. The reflection
coefficient can then be found via

rfit(θ, ω) =
T11 − T21Z0

T11 + T21Z0
, (14)

with T11 = cos (kfith) and T21 = −1
jZfit

sin (kfith) being the

respective entries of the transfer matrix. Zfit =
√

ρeqKeq

is the specific acoustic impedance, kfit = ω
√
ρeq/Keq the

acoustic wave number, and Z0 =
√
ρ0K0 the charac-

teristic impedance in air. h specifies the height of the
probe. Given the measured reflection coefficient rref , the
objective function can be defined as the sum of squared
distances over all considered frequencies Nf , i.e., the opti-
mization task is to find

min
θ∈χ

Nf∑
n=1

(rref,n − rn(θ))
2. (15)

To obtain the transient equivalent fluid properties Ceq and
veq, the rational function approximation in (3) and (4) was
performed using Matlab’s rationalfit function in the de-
fault settings. Figure 2 shows the real and imaginary parts
of the approximation over frequency. One can anticipate
that one pole NC = 1 leads to a sufficient approximation
of Ceq. In contrast, a single-pole approximation Nv = 1
leads to a significantly higher deviation. Here, a choice of
Nv ≥ 2 could be beneficial.

Simulation Setup
The FE model represents the setup of a classification
measurement after [1]. The sound-propagation domains
were formed out of fig. 1 for this purpose, where the
pipe volume was extended by 1.5 m to the left. An
additional volume surrounded by a 0.2 m thick PML
was added to account for the exterior sound field. The
porous part of the duct was anticipated to be acoustically
transparent and was thus omitted. All other boundaries
were considered sound-hard. The domain was meshed
with ≈ 5.2 million isoparametric linear elements, sampling
a propagating wave in the duct with at least 20 elements
for up to f = 1300 Hz. An image of the setup is depicted
in fig. 3.

In all simulations, a plane-wave excitation was applied at
the duct’s left end in the form of a force density that is
constant over the cross-section. The time-harmonic case
was simulated at 76 frequencies in a logarithmic spacing
between 20 Hz and 1500 Hz. A constant magnitude of
overall frequencies was set for this case. Two transient
simulation runs were performed, one using NC = Nv = 1
poles for the rational-function approximation and one
with NC = 1, Nv = 2. The simulations were run at
2086 time steps, with ∆t = 3.786 · 10−5 s. A sine-burst
excitation was employed similar to [9], i.e.,

3∑
n=0

αn sin(βnωct), (16)

where αn ∈ {1,− 21
3 , 63

768 ,−
1

512} and βn = 2n. We chose
the center frequency relative to the time-step, ωc =

2π
40∆t .

This parametrization produces a broadband excitation
signal that has a magnitude decay of ≤ 20 dB in the range
of 50 Hz-1800 Hz.

The reflection coefficient was determined following the
two-microphone approach of [1], i.e.,

r =
H12 − e−jks

ejks −H12
e2jkL, (17)

where H(ω) = p1(ω)/p2(ω) is the transfer function be-
tween the observers that are directly simulated in the
harmonic case or obtained after Fourier transformation of
the transient result. The receiver positions were chosen

Figure 3: Cross-section cut of the transient finite element

simulation with NC = Nv = 1, at t = 26.426 · 10−3 s.
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Figure 4: Comparison of simulated real parts (continuous
lines) and imaginary parts (dashed lines) of the determined
reflection coefficients; black: harmonic; orange: transient,
NC = Nv = 1; blue: transient, NC = 1, Nv = 2;

at L = 0.75 m apart from the anechoic termination, at
a relative distance of s = 0.04 m. An over-resolved sim-
ulation with ≈ 52.3 million cells was utilized to validate
the harmonic simulation at high frequencies, yielding an
absolute deviation of r between 1.15 % at 1000 Hz and
3.68 % at 1500 Hz.

Discussion of the Results
Figure 4 shows the real and imaginary parts of the re-
flection coefficient r for all three simulation runs. Both
transient simulations fail to meet the harmonic case be-
low 50 Hz, which is due to the low magnitude in the
excitation signal in combination with a poor frequency
resolution due to the constant ∆t. Above the 50 Hz
margin, both transient simulations yield a good overall
agreement to the harmonic case. As expected, the ad-
ditional pole for the equivalent specific volume leads to
improved results, especially in the high-frequency and
low-frequency regimes. No significant difference is visible
between 400 Hz and 1100 Hz. The comparatively small
deviation of the Nv = 1 case is interesting, considering
the poorer approximation in 2 and the large chamber
volumes containing about 4.2 million cells of the total 5.2
million. This may be a hint that the reflection coefficient
is more strongly influenced by the termination’s geometry
than by the choice of absorption material. The slightly
increased performance due to the additional pole comes
at the cost of an increased computation time by a factor
of three.

Conclusion
This work demonstrates the applicability of the time-
domain equivalent fluid model to simulate an anechoic
duct termination in a transient FE simulation. The work-
flow makes use of fitted rational functions to transform
the frequency-dependent material properties to the time
domain. Two transient simulation runs are considered,
using different amounts of poles for the transient material
modeling. The two cases are compared to a harmonic
simulation regarding the determined complex-valued re-
flection coefficient. The results yield a generally good
agreement, while the more accurate approximation leads
to only slightly superior results, coming at a considerably
higher computational cost.
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maschinen in Kanäle abgestrahlten Schallleistung-
Kanalverfahren. 2009. doi: 10.31030/1545135.

[2] J. Roland. “Evaluation of the Errors in the Mea-
surements of Silencer Characteristics”. In: J. Sound
Vib. 75.4 (1981), pp. 549–558. issn: 0022460X. doi:
10.1016/0022-460X(81)90441-7.

[3] W. Neise. “Application of Similarity Laws to the
Blade Passage Sound of Centrifugal Fans”. In: Jour-
nal of Sound and Vibration 43.1 (Nov. 1975), pp. 61–
75. issn: 0022460X. doi: 10.1016/0022-460X(75)
90205-9.

[4] B. Xin, J. Yang, X. Jing, and X. Sun. “Experi-
mental and Numerical Investigation of Anechoic
Termination for a Duct with Mean Flow”. In: Appl.
Acoust. 139 (2018), pp. 213–221. issn: 0003682X.
doi: 10.1016/j.apacoust.2018.05.009.

[5] K. Glattfelder. “Simulation and Validation of Ane-
choic Terminations for Acoustic Ducts”. MA thesis.
Graz University of Technology, 2022.

[6] D. L. Johnson, J. Koplik, and R. Dashen. “Theory
of Dynamic Permeability and Tortuosity in Fluid-
Saturated Porous Media”. In: J. Fluid Mech. 176
(1987), p. 379. issn: 0022-1120, 1469-7645. doi: 10.
1017/S0022112087000727.

[7] Y. Champoux and J.-F. Allard. “Dynamic Tortu-
osity and Bulk Modulus in Air-Saturated Porous
Media”. In: J. Appl. Phys. 70.4 (1991), pp. 1975–
1979. issn: 0021-8979, 1089-7550. doi: 10.1063/1.
349482.

[8] D. Lafarge, P. Lemarinier, J. F. Allard, and V.
Tarnow. “Dynamic Compressibility of Air in Porous
Structures at Audible Frequencies”. In: JASA 102.4
(1997), pp. 1995–2006. issn: 0001-4966, 1520-8524.
doi: 10.1121/1.419690.

[9] C. Bellis and B. Lombard. “Simulating Transient
Wave Phenomena in Acoustic Metamaterials Us-
ing Auxiliary Fields”. In: Wave Motion 86 (2019),
pp. 175–194. issn: 01652125. doi: 10 . 1016 / j .

wavemoti.2019.01.010.
[10] P. Maurerlehner, S. Schoder, and M. Kaltenbacher.

“Time Domain FE-formulation for the Equivalent
Fluid Model”. In: Fortschritte Der Akustik. DAGA.
2023.

[11] P. Maurerlehner. “Aero- and Vibroacoustics of Con-
fined Flows”. PhD thesis. Graz University of Tech-
nology, 2023.

[12] D. Dragna, P. Pineau, and P. Blanc-Benon. “A Gen-
eralized Recursive Convolution Method for Time-
Domain Propagation in Porous Media”. In: JASA
138.2 (2015), pp. 1030–1042. issn: 0001-4966, 1520-
8524. doi: 10.1121/1.4927553.

[13] F. Kraxberger, E. Kurz, W. Weselak, G. Kubin, M.
Kaltenbacher, and S. Schoder. “A Validated Finite
Element Model for Room Acoustic Treatments with
Edge Absorbers”. In: Acta Acust. 7 (2023), p. 48.
issn: 2681-4617. doi: 10.1051/aacus/2023044.

DAGA 2024 Hannover

1198


