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Modeling cut-out resonators as mass-spring oscillators for plate-type metamaterials
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Introduction

Meta-materials show dynamic behaviors that natural ma-
terials can not provide. Acoustic meta-materials offer
new possibilities for the control of sound waves and have
great potential, particularly for attenuating the propa-
gation of noise [1]. Plate-type meta-materials represent
a highly promising class of acoustic meta-materials due
to their combination of structural simplicity, versatility,
durability, and enhanced acoustic properties. These ma-
terials are typically composed of thin, flat plates embed-
ded with or patterned by sub-wavelength resonant el-
ements, enabling them to exhibit unique characteristics
such as negative effective mass density and negative mod-
ulus [1, 2, 3]. The resonant elements can be formed by ad-
ditional mass-spring oscillators or can be created directly
on the panel by cutting [4]. Moreover, those resonant el-
ements can used for sound absorption. It is known from
the previous studies that increasing the mode density of
a panel absorber lead better absorption characteristics
[5]. Therefore, the cut-outs are considered to be good
candidates for generating additional resonances into the
panels that will deliver sound absorption peaks.

This study focuses on designing cut-outs for sound ab-
sorption applications. Specifically, a mass-spring oscil-
lator modeling approach for cut-out resonators is inves-
tigated. Theoretical derivations were performed to ac-
count for cut-out shapes of several geometries, allowing
for greater design flexibility in different acoustic appli-
cations. In addition, finite element models were created
to simulate these cut-outs. Important parameters, in-
cluding the size and shape of the cut-outs, were system-
atically adjusted to analyze their effect on the resonant
frequencies of the mass-spring oscillator approach.

Methodology

The shape of cut-out resonators can be designed in dif-
ferent ways. In a general perspective, such a resonator
can be considered as a mass-spring oscillator, a system
consisting of a spring counteracting the displacement of a
mass which is suspended from it. In this study, cut-outs
are assumed to be connected to the panel by a single
beam as shown in Figure 1. When an incident sound
wave approaches this system, the cut-out starts oscillat-
ing. The beam acts as the spring, while the geometry at
the free end of the beam represents the mass as shown in
2.

The equivalent spring stiffness of the beam section (b -

lesr) can be described as follows [6]:

where E is the material’s Elasticity Modulus, I is mo-
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Figure 1: Schematic representation of cut-out resonator on
a plate with dimensions apiate and bpiate-
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Figure 2: Assumptions for the mass-spring oscillator model
of a cut-out.

ment of inertia and lcrf is the length between root and
the center of mass block. The equivalent mass part can
be represented by:

Meq = ptad

(2)

where p is the density, ¢ is the thickness of the plate, a
and d are the dimensions of the top shape in horizontal
and vertical directions. Using the above equations the
resonant frequency of the system can be written as:
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After some arrangements, the mass-spring oscillator
equivalent natural frequency of the cut-out can be shown
as follows:
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The second square-root definition in the above equation
represents the geometrical parameters that should be de-
fined for the desired cut-out resonance frequency to be



added to the panel vibration. This approach can also be
applied with different cut-out shapes introducing several
coefficients. For constant thickness and uniform mate-
rial properties, the amount of mass is defined with the
area of a - d. This definition can be generalized to in-
clude other shapes as A = Csad. Here, C'4 is named
the shape factor, and the values for different shapes are
given in Table 2. The ratio controlling the stiffness con-
tribution in Eq. 4 is b/lgff. leys can be described by
geometrical parameters as lops = | + lcom. Here, [ is the
length of the physical beam part and I, is the distance
between the end of geometrical beam and the center of
mass. Using [y, definition, the mass part can also be
written as meq, = ptﬁZCOM. This kind of formula-
tion is advantageous for generalizing the analysis process
of different shapes and can therefore enable easy com-
parison between them. For curved shapes, such as circles
and ellipsoids, as well hexagonal shapes, which ”connect”
with a corner (e.g. rhombus, etc.) the calculation of A
should be changed, as part of the beam cuts into the
mass, which makes the actual mass area dependent on
the beam width b, as illustrated in Figure 3. Considering
this terms, the fundamental resonator frequency can be
written as follows:
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Figure 3: Left; Cut off mass by beam connection, A = A(b).
Right; detail of trapezoid.
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Calculation of trapezoids can be simplified by introduc-
ing an aspect ratio between the parallel sides as shown
in right hand side of Figure 3 and can be generalized as
well. All shapes considered as the cut-out mass, their
shape factors and certain assumptions taken during the
simulation process are summarized in Table 2. It should
be noted that trapezoids were tested in three different
cases. One setup connects beam and mass with the large
parallel edge, while the others connect with the small
parallel edge. While one’s small edge equals to b, the
other two were fixed to an aspect ratio of 3. Addition-
ally, it was assumed,if part of the co-linear component is
cut by the beam connection, that Cc,ps is unchanged.
This decision was made for stable results, when com-
paring analytical and numerical results. Furthermore, a
double trapezoid model was also considered, which simi-
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larly to one trapezoid formation is dependent on the cho-
sen b value. These considerations are used to adjust the
analytical approach with the goal to reduce the depen-
dency of the natural frequency on multiple parameters
to, ideally, one parameter.

Results

In order to evaluate and validate the mass-spring oscil-
lator modeling approach for cut-out resonators, Finite
Element analysis was performed. Accordingly, compara-
tive results were presented in this section. The numerical
simulations were performed with Ansys Mechanical us-
ing the modal analysis. The cut-outs were modeled with
shell elements with an element size of about 0.6 mm,
which results in about 450 elements depending on the
shape of the cut-out. A clamped support was selected to
simulate the connection of the cut-out to the host plate.
In general, the ratios are used continuously throughout
the process by placing two parameters in meaningful re-
lationships with each other, reducing the number of iter-
ation steps required. In the first of these iteration steps,
the influence of I, is analyzed, as this parameter influ-
ences both MSO components. The lc,ps is proportional
to colinear dimension a, the ratio of dimensions was fixed
for the first analysis to:

d

d CS
(a)760 (

—= Jrec — 4.8
a CCOM)

(6)
for the rectangular shape as a first reference. Ten differ-

ent values were chosen for both A and l.f¢, whereas b is
fixed to 3.5 mm.
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0.98 T T
Afleom
— A/ radient
0.97 /ler @ ]
—e—24
©—288
336
098 1 384 b
o —6—432
2 48
"-:2 0.95 52.8 B
T —&—576
4= —o—624
672
0.94 - 1
0.93 -
5
0.92 : :
0 1 2 3 4 5 6 7 8
Wleom

Figure 4: Influence of lconr on difference between predicted
and numerical value of cut-out frequency.

The precision of the predicted values depends on the ra-
tio 1/lconm and also on the ratio A/lcon, i.e. on the
dimensioning of beam and mass in relation to lgops. The
black line with the crosses indicates a permissible design
margin that allows the area values A to be set to the
respective effective lengths [.¢¢. This ratio basically de-
termines how close the center of mass to the end of the
beam and therefore how large is lgons. These defined
values are used to analyze the influence of the dimension
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Table 1: Shape factors, red lines = the co-linear dimension a, the blue line perpendicular component d. Beam is connected
from the lefthand side. Cconm = lconm/a, Cs = Ca/Ccom.
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ratio in the second iteration step. For the set A values,
loonm is influenced solely by the size ratio. In the second
iteration, b is varied across six different values, while the
shape-independent mass aspect ratio (gcgﬁ)m is ad-
justed across three values. Since the mass aspect ratio
chosen in the first iteration already yields stable results, Table 2: Deviation of the results for different cut-out shapes.
increasing this ratio in the second step further enhances (% 2% Vhepa = 7.5, for ellipse & = 2.09, for circle ¢ = 1.
the accuracy of the predicted value. This outcome was 4 TeeM : ‘
anticipated, as the spring model assumes a point mass
at the lofy position. Ultimately, this implies that the Shapes ©
shorter lo,ps s, or the more mass distributed transversely
rather than longitudinally along the beam, the better the
prediction. Consequently, (%ﬁ)rec is fixed 7.5 for the fFEM 0.98 + 0.004]0.97 + 0.005| 0.98 + 0.01
further evaluations. The effect of b, which serves as a fuso

tuning parameter, was investigated in details. The ana-
lytical natural frequencies were calculated for the beam

width in a margin of 2.5 to 5 mm. The results are pre- Shapes < > E

sented in Figure 5.

It can be seen from this figure that, for larger A/l.ss FrEM {008+ 0.004] 0.94 % 0.03 |0.97 = 0.004
values, the frequency values are lower. Furthermore, the fuso

results indicate that an increase in the beam width leads

to an increase in the natural frequency. The same steps

were also performed for other shapes. The simulation Shapes | <> @
models were created and compared with the analytical

approach. The results are summarized in Table 2 and
reveal that within the selected margins, the analytical frem 1.00 + 0.02 10.99 + 0.004 [0.92 + 0.003
approach leads to very similar results with FE calcula- fyso
tions. The lowest accuracy were obtained for circular
shape. Nevertheless, there is a strong correlation be-
tween the analytical and numerical results, showing that
the analytical approach can be effectively used as an ini-
tial step in designing cut-out resonators for plate-type
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Figure 5: Predicted natural frequencies for a fixed ratio of
mass to length of beam with a varying beam width

meta-materials.

Conclusions

Modeling cut-out resonators using a mass-spring oscilla-
tor approach was investigated in this study. Theoreti-
cal derivations were conducted to accommodate various
cut-out geometries, enhancing design flexibility for dif-
ferent acoustic applications. The analytical results were
compared with finite element models that are simulating
these cut-outs. Several ratios were introduced to evaluate
the size and shape of the cut-outs. Thus, the effects of ge-
ometrical parameters on the resonant frequencies within
the mass-spring oscillator framework were investigated.
It was observed that if the area of the cut-out was dis-
tributed in a transversal direction (perpendicular to the
beam direction), the accuracy of the approach improved.
It has been also shown that by using the proposed ratios
and the factors, the fundamental frequency of the cut-
outs with different shapes can be easily calculated with
high precision.
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