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Introduction

Viscous and thermal losses are an object of study since the
establishment of acoustics as a branch of science [1,2]. More
recently, acoustic losses have become an important issue in
the design of both phononic crystals (PnCs) and acoustic
metamaterials (AMTs) [3-9]. These improved designs in-
clude periodic corrugations or perforations [10], PnCs with
gradient [11-12], and the use of optimization [13-15]. It has
also been noted that viscous losses constitute in most cases
80% - 90% of the total viscothermal losses [6, 11, 16].

Different homogenization approaches exist that can obtain
effective parameters (mass density, compressibility modulus
and effective decay coefficient) of periodic distributions of
rigid cylinders embedded in fluids [7,16,17,18]. By selecting
and studying the effect of the homogenized parameters it is
possible to understand and optimize their overall behavior.

In this work, we show how the selection of the lattice pa-
rameter ay and the viscosity of the medium affects the ab-
sorption of broadband sound in a PnC. We present both slab
PnCs systems and finite PnC clusters of cylinders arranged
in an isotropic hexagonal lattice. In both cases we demon-
strate the existence of an optimal value of the filling fraction
f for which a maximum wide-band absorption is obtained.
This value varies in a range close to the maximum packing.

Theory

Decay coefficient in a phononic crystal

We describe the acoustic wave propagating in a homoge-
nized 2D PnC as p(x) = pye’»h*e!*k*=®8 where y,, is the
decay coefficient [7]. At the low frequency limit, it is shown
to be
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where k is the unit vector in the direction of propagation, L,
is the circumference of the disperser, 7 the dynamic viscosi-
ty coefficient, p the density of the fluid, A, is the area of the
unit cell and M(k) and N(k) are functionals of the form
factors in reciprocal space [7]. The effective speed of sound
can be calculated as in [18, 19]. Eq. (1) is valid under some
assumptions: the thickness of the viscous boundary layer
8§ =+/2n/pw K A and no overlapping of boundary layers.
For a given frequency and value of the lattice parameter a,,
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this condition determines the maximum filling fraction

21 (R \? . .
frhex = \/—g(a) , which, for a hexagonal network of rigid
cylinders with radius R, is 0.9069. Additionally, the limit of
maximum operating frequencies is determined by the first
gap of firbidden frequencies [18].

Absorbance in a homogenized PnC slab

A homogenized PnC slab can be studied in one dimension,
and the viscous absorbance can be deduced from the expres-
sions of the transmission and reflection coefficients 7(w)
and t(w) as

R(w) = |r(w)?, (2)
T(w) = [t(w)?, 3)
a(w)=1-R(w) — T(w). 4

The coefficients r(w) and t(w) are given by the expressions
in [19,20], which are functions of the frequency and y,,.

Quality factor Q
We define the absorption quality factor as

Q4 = o= [f a(w)dow, )

where w, and w, are the lower and upper frequencies, and
Aw = w; — w,, is the bandwidth. This parameter averages,
in a single value, the absorption of the sample within a fre-
quency band.

Model of an effective slab

A COMSOL model is prepared where losses are represented
by the Boundary Layer Impedance (BLI) condition with only
viscous, and no thermal, effects are activated [21]. The width

of each layer of cylinders is 4/ (3)a,/2. The setup is shown
in Figure 1.

With equations (4) and (5), it is possible to determine the
amount of low-frequency absorption and characterize finite
structures much faster and efficiently than using the Finite
Element Method (FEM). The FEM (COMSOL) has, howev-
er, been employed to validate the analytical expressions.

Model of an effective cluster

We can homogenize circular clusters composed of N, rigid
cylinders into a single homogenized cylinder with an effec-
tive radius R,;r and effective acoustic parameters (Cefy,
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Perr and yerr) [18]. The effective radius of the cluster is
1/2 .
Resr = (NC\/§/21T) for a hexagonal lattice [22].
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Figure 1: (a) COMSOL mesh of a PnC slab with 10 layers
of rigid cylinders embedded in air. Floquet periodicity con-
ditions are set on the y-axis and PML terminations on the
sides. A plane wave arrives from the left. (b) The same
structure after homogenization. The cylinders are distribut-
ed in a hexagonal network with a filling fraction of 0.8.
Lgy is the effective length and x4 and x; are the measure-
ment positions.

The calculation of the reflectance, transmittance and absorb-
ance is performed using the Boundary Element Method
(BEM) with viscous losses [12,23,24]. Using a single fluid-
like cylinder and the BEM, we can explore the influence of
the filling fraction for circular clusters, as done on slabs.

Results and discussion

Results for PnC slabs

We define PnC slabs made with a fixed value of L., = 254
mm. We consider three lattice periods a,= 7.5 mm, 11.6 mm
and 15.46 mm which correspond to 30, 25 and 19 layers of
cylinders respectively. The calculation considers three dif-
ferent background viscous media: air, glycerin and water. It
is therefore necessary to use different frequency integration
intervals, as shown in Table 1.

Table 1: Parameters in Fig. 2, limited by homogenization.

Viscous | w,/27w | w./21 | Aw/21 MHw
medium (Hz) (Hz) (Hz) (m s17?)
Air 580 3400 2820 8.872x107°
Water 2000 11500 9500 1.263x1073
Glycerin 4400 25800 21400 2.336x1074

We can observe a peak value of QF in Fig. 2 in all cases,. It
can be explained in terms of the balance between the in-
crease in viscous loss when the filling fraction increases and
the decrease in the acoustic energy available for dissipation
due to the increase in reflectance of the slab. Each narrow
channel has viscous layers that absorb sound by the Kon-
stantinov effect [2]. The energy reflected by the sheet in-
creases for values close to the dense packing condition, al-
lowing less sound to pass through and resulting in a smaller
transmittance [5].

Moreover, the analytical results in Fig. 2 indicate that a re-
duction in the value of a, produces an increase in viscous
losses. For a given frequency, absorption takes place mainly
in the narrow channels between cylinders. For a fixed slab
length, the number of layers forming the sheets and, conse-
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quently, the number of channels between cylinders grow in
number as the lattice parameter a, is reduced, leading to an
increase in absorption. Additionally, there is a displacement
effect, possibly because of a stronger reflectance for larger
a, values.
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Figure 2: Variation of QF, as a function of the filling frac-
tion of a homogenized slab for a fixed effective length Legf
and three different background media. The frequency range
Aw is different as shown in Table 1. Absorption maxima
are marked with arrows.

Another important aspect to analyze in the results shown in
Fig. 2 is the dependence of Q7 on the background viscous
medium. An interesting detail is the smaller absorption of
water as compared with air. Water is more viscous than air,
but its viscous layers are thinner than those in air (see Table
1). This is a result of the density of water being three orders
of magnitude greater than that of air.

The existence of Fabry-Perot resonances caused by the finite
thickness of the slab is the main mechanism that leads to
viscous absorption. Therefore, we must be careful in select-
ing low frequency intervals such that the integral in Equation
(5) contains several Fabry—Perot peaks.

The results reported here allow us to conclude that there is
an optimal filling fraction f,,, rendering a maximum of
absorption, represented by QF. In addition, for a given vis-
cous background medium and for a fixed integration inter-
val, a decrease of the lattice parameter a, leads to an in-
creased overall Q7.

Results for finite PnC clusters

Fig. 3 presents results of Qf as a function of the filling
fraction f for homogenized clusters of cylinders with circular
external shape and a fixed effective radius R.rr= 0.748 m.
The limits of integration for Equation (5) are w, = 2w X
580 Hz and w; = 2m X 3400 Hz, giving Aw = 2m X 2820
Hz.

We notice again the same phenomenon observed in slabs:
the A cluster containing the largest number of cylinders
provides the maximum viscous absorption in broadband
despite having the same dimensions as the others. Clusters B
and C, with 161 and 85 cylinders, respectively, provide



lower broadband absorption. The number of narrow channels
for different lattice constants is, as in slabs, the plausible
explanation of the observed behavior. This conclusion is
supported by the maximum of @} exhibited by the clusters.
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Figure 3: Variation of Q% with f for three hard cylindrical
clusters with the same effective radius and different number
of internal cylinders. The frequency range used in Equation
(5) is the same for all three structures. The arrows indicate
the fraction with the highest absorption. The clusters are
depicted alongside the curves.

Experimental validation

The results for a homogenized setup have been compared
with simulations containing the cylinder lattices and meas-
urements in a transmission tube, as shown in Fig. 4 [19]. The
measured sample was 3D printed and has a cylindrical shape
that fits in the transmission tube. The hexagonal lattice has
a, = 11.1 mm and f = 0.8496. The homogenization in this
case is valid for frequencies below 5000 Hz.

The lower section of Fig. 4 contains (a) the comparison of
analytical, homogenized results with 2D FEM simulations,
all in 2D and semi-infinite. In (b) the measurements are
compared with an ad hoc simulation in 3D that represents
the setup as it was measured. There are differences between
the 2D and 3D results: the lattice contains now finite cylin-
ders of different lengths, which is different from the 2D
semi-infinite 2D version. The measurement system presents
uncertainties as well and is sensitive to mounting conditions
and dimensional tolerances. However, there is good agree-
ment with measurements up to 5 kHz, the homogenization
limit. The homogenization method is considered validated.

Conclusions

A semi-analytical model that allows the calculation of vis-
cous absorbance in semi-infinite slabs of PnC, as well as in
clusters of rigid cylinders with an external circular shape is
presented. The structures are interesting because their ab-
sorption can be precisely controlled by varying its geomet-
rical parameters. This is not the case with regular absorbing
materials, subject to large uncertainties and only amenable to
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empirical and statistical descriptions. Simulations and exper-
iments support the results presented here.

\
=== RFEM 2D \,
=== TFEM2D \V\,
--- aFEM2D

|” =R Theo. 2D
T Theo. 2D
- —— aTheo. 2D

RT «a

RFEM3D \%,, &
TFEM 3D
--- GFEM3D

o
o TExp.
K 04F © abw

0.0 L ; e
1000 2000 3000 4000 5000 6000

Figure 4: Above: Photographs and depictions of the PnC
sample measured in the transmission tube of 30 mm diame-
ter (AED AcoustiTube®). Below: (a) comparison of analyt-
ical homogenized calculations and FEM simulations in 2D,
(b) Comparison of experimental and FEM results for a 3D
sample with cylindrical shape. All results except those
measured include viscous loses only.

The first relevant conclusion from the results is that there is
an optimal value of the filling fraction, for each lattice, that
achieves maximum absorption. This conclusion is demon-
strated and discussed.

Secondly, it is shown that the amount of broadband dissipa-
tion is related to the density of narrow channels or necks
within the PnC of finite or semi-infinite clusters. For cases
with the same external dimension, greater dissipation is
achieved for larger numbers of cylinders inside.

These results and conclusions are believed to be relevant for
future research on the design of highly absorbent materials
made of fibers.
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