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Introduction

Low-noise design is important in the development of new
aircraft, vehicle, or building concepts due to negative
health effects of noise on passengers and residents. Thus,
the assessment of cabin noise and building acoustics is al-
ready important in early design stages using virtual pro-
totypes. The Finite Element Method (FEM) is a com-
mon numerical tool for sound field computations of vir-
tual prototypes as its wave-resolving modelling approach
yields local sound field information. However, increas-
ing demands on virtual prototypes - e.g. investigations
in large frequency bands, implying a finer discretisation
of the domain due to shorter wavelengths, and detailed
geometry representations - result in unfeasibly large com-
putational requirements for the numerical solution; par-
ticularly during parameter studies, e.g. testing different
geometry and material configurations. [7]

Time- and memory-exhaustive computations can be
avoided by using Model Order Reduction (MOR), which
replaces the large-scale model by a model of sufficiently
smaller size but comparable accuracy. While MOR
is well established for creating Reduced Order Models
(ROMs) in the frequency domain, the aim of evaluat-
ing parameter-dependent sound fields over the entire fre-
quency range poses additional challenges. Consequently,
a parametric ROM (pROM) is needed which covers the
frequency and parameter domain. [2]

This contribution examines the pROM construction
of a generic vibroacoustic system using Multi-Moment
Matching (MMM) MOR. A common challenge encoun-
tered during MMM is the rapidly growing number of
multi-moments (cross-moments), in particular for sys-
tems with many parameters (curse of dimensionality).
Therefore, we will employ global Sensitivity Analysis
(SA) to identify non-influential parameters and reduce
the required number of multi-moments - this will enable
a more efficient pROM construction.

Vibroacoustic Model

The subsequently analysed vibroacoustic model com-
prises a bounded fluid domain and a plate coupled via
an coupling interface, see Figure 1. Here, the fluid is
modelled as a Helmholtz fluid, depending on the speed of
sound c¢ and the fluid density p,. The parametric depen-
dency of the Helmholtz equation is then reduced to the
fluid temperature T, using Boyle-Mariotte’s equation and
the assumption of small pressure changes due to acoustic
waves. Next, the plate is modelled as a Kirchhoff plate,
depending on Young’s modulus Y, Poisson’s ratio v, the
density p, and the thickness h. So, pu = [Y,v, ps, h, T|T
spans the physical parameter space €,,.
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Figure 1: Exploded view of the generic vibroacoustic model.

The generic vibroacoustic model represents the vibroa-
coustic chain in the context of assessing cabin noise and
building acoustics in the simplest way: the excited plate
oscillates and radiates sound waves into the bounded fluid
domain. Vice versa, the acoustical pressure acts as an
external load on the plate’s surface. Due to the mutual
influence, fluid and plate are strongly coupled.

Now, investigating the vibroacoustic model in the fre-
quency domain, the coupled FE-formulation reads [7]:

(K(w’ ll‘) - WQM(Wv /1’)) X(w’ H) =d, (1)
where w is the angular frequency, K(w, ) and M(w, )
the stiffness and mass matrix, x(w, p) the state vector,
and d the load vector. Damping will be considered by
assuming a complex Young’s and bulk modulus with the
damping loss factor n - resulting in a complex stiffness
and mass matrix. In the following, all system descrip-
tions are derived from the vibroacoustic FE-formulation.

Multi-Moment Matching
MMM is a projection-based MOR, approach, which re-
alises an orthogonal projection of the FOM of size N,

S = (K(wv /’l’) - sz(wa H’)) X(UJ, /’l’) = Gu (2)
y(w, u) = LTx(w, p) 7
onto a subspace where it is represented by a ROM of size
n << N,
) (Kg(w, p) —w?Mg(w, p)) xg(w, p) =Gru
Sp= T . (3)
YR(w7 ”) :LRXR(W7 l'l’)
G and L denote the input and output matrix, u and
y(w, ) the input and output vector. The projected
ROM matrices and vectors are denoted with subscript
R. [2]
The used projection framework relies on the Galerkin
approach, i.e. the projection basis is V. € RN*" [7].
Consequently, the state vector x(w, p) needs to be ap-
proximated by x ~ Vxp and the projection of the ap-
proximated residual yields [2]:

Kr=VTKV, Mp=VMV (4)
Gr=V?'G, LL=LTV.
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In Equation (4), the parameter dependency was dropped
for reasons of readability; however, the stiffness, mass,
and projection matrix are parameter-dependent.

The parametric dependency of the projection matrix
poses one of pMOR’s major challenges; two solutions
are available that use local projection matrices V; at
sampled parameter space points u; € ,, ¢ = 1,2,...,[:
first, projection matrices at arbitrary points are built
using manifold interpolation of the local projection
matrices V;, which poses further challenges. Second, the
local projection matrices are simply concatenated into a
global projection matrix V = orth(Vy, Vy,...) € RV*"
representing the reduced space. Subsequently, global
projection matrices are used. [2]

The local projection matrices V; are computed using
MMM, which is conceptually equal to moment-matching
MOR: the system’s Frequency Response Function’s
(FRF), i.e. the input-output-behaviour, is approximated
by matching mathematical moments of the FREF’s
Taylor series expansion around an expansion point in
the frequency domain up to a certain order. [2]

MMM enables the treatment of a multi-parameter
model-order reduction problem as the expansion point
lies in the physical parameter space §2; spanned by
fo = [w, )" [3]. Also, the assumption of affine system
matrices M(w, p) and K(w, p) is made (see [1], [3]):

M
K(w,p) =Ko + Zfi(% K, (5)
i=1
where f;(w,p) is a scalar function defining the - pos-
sibly nonlinear - parametric dependency and K; is
a parameter-independent matrix [2]. If M(w,p) and
K(w,pu) are affine, so is the dynamic stiffness matrix
Kayn(w, p) = K(w, p) —w?M(w, ) [3]. Then, the vi-
broacoustic system can be rewritten as:

o _ JE(x(i) = Gu
y(i) = LTx(f)
E(f1) represents the affine decomposition of the dynamic
stiffness matrix:

E(f)=Eo+ /i B+ /By +fisEs+ /By +sEs5,  (7)
where [i;,7 = 1,...,5, are the affine parameters combining
the physical parameters fi = [w, u]” - see [5] for details
on the vibroacoustic system’s affine decomposition.
Now, a Taylor series expansion around an expansion
point fiy = [fio,1, -, flo,5)7 in the affine parameter space
2, describes the state vector [1]:

e ~
x() =Y [o1Mi+ -+ 05Ms]" Gu,  (8)

m=0

where o; = fi; — fig, M; = —(]::)([L()))_ll:]i7 and G =
(E(fty))"'G. All coefficients arising from Equation (8)
are moment vectors; moments if L7 is multiplied from
the left. Those moment vectors are then used to con-
struct the local projection matrix V,;. Nevertheless, in
practice, the moment vectors are computed implicitly -

the respective algorithm can be found in [1].

(6)

The moment vector computation in Equation (8) under-
lies the power rules of Pascal’s 5-simplex - the resulting
subspace is [1]:
span(G, MG, ..., M5G, M2G, ..., M2G,

(M;M,+M,M,;)G, ...) C colspan(V).  (9)
Herein, the moment vectors are partially pre-
sented up to the second order: the columns in
G are the zeroth order moment vectors, those in
M;G,...,M;G the first order moment vectors, and
those in M3G,.., M2G, (M;M, + MyM;)G, ... the
second order moment vectors. Evidently, the second-
order moment vectors, e.g. (M;My + Mng)é, do
not necessarily depend on one affine parameter but
two. Hence, they are called multi-moment vectors or
cross-moment vectors; multi-moments or cross-moments
if LT is multiplied from the left. [1]

As the multi-moment vectors arise from Pascal’s
5-Simplex, the number of multi-moment vectors, conse-
quently the number of columns in the projection matrix
V € R¥*"  and therefore the ROM size n increases
rapidly - several studies are made in [5]. Large ROM
sizes contradict MOR’s main idea since n <« N is
demanded. Moreover, the ROM matrices are dense,
wherefore computations with large ROM matrices
possibly require even more computational resources as
these with sparse FOM matrices. Consequently, the
number of multi-moment vectors needs to be reduced to
construct a sufficiently small subspace.

Examining Equation (8) again, three factors influencing
the ROM size n can be identified: first, the expansion
order (subspace order) m; second, the input number
(number of columns in G); and third, the number of
affine parameters. Here, a single-input single-output
system will be investigated which is why the input
number is already minimal. Furthermore, the subspace
order is a decisive factor determining also the accuracy
of the ROM. Therefore, the choice of an appropriate
subspace order is a trade-off between accuracy and the
ROM size n - using multiple expansion points and a
small subspace order is a common solution instead of
using a single expansion point and a high subspace order.
Consequently, the last adjustment - not yet investigated
- is the affine parameter reduction to reduce the number
of multi-moment vectors and so the ROM size n.

Multi-Moment-Vector Reduction

In general, non-influential system parameters can be
identified by SA, which mathematically measures the
influence onto the system caused by a parameter pu;
and its interaction with other parameters p;, ug,....
SA methods are categorised into local and global
methods - here, the global methods Morris screening
and Sobol analysis will be used, since global methods
are able to derive sensitivity information in a defined
parameter range. Moreover, two methods are used
since both bring advantages and disadvantages: while
Morris screening is computationally cheap but may yield
ambiguous sensitivity information about a parameter,
Sobol analysis is computationally expensive but yields
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precise information about the parameters’ sensitivities
and higher-order interactions with other parameters.
Hence, Morris screening is used as a cheap estimator
and Sobol analysis for final decision making. [4]

Based on the identification of non-influential affine
parameters, two concepts of Multi-Moment Vector
Reduction (MMVR) are presented: general and specific
MMVR, which are exemplarily explained in Figure 2.
On the left side, a three-dimensional affine parameter
space is shown where 27 expansion points (orange
points) are sampled on a full grid. Subsequently, the
Taylor series expansions around the expansion points
P, and P; shall be investigated. As an initial step, SA
identified fi3 as non-influential; thus, fig is fixed to a
certain value and 18 expansion points describing the
variation of fi3 are deleted, which is indicated on the
right side by the grey coloured points. The remaining
9 expansion points describe the variation of fi; and
fio (orange coloured). Examining expansion point
P; that is deleted since it describes the variation of
[13, also the Taylor series expansion and therefore all
associated (multi-)moment vectors are deleted, i.e. the
local projection matrix - this is referred to as general
MMVR. Investigating the Taylor series expansion at
expansion point P,, it can be seen that Mj is deleted
from the Taylor series expansion since it is associated
with the non-influential fixed affine parameter fi3. As
a consequence, all (multi-)moment vectors arising from
Mj3 are deleted in the local projection matrix, which
then only contains (multi-)moment vectors due to M;
and My - this is referred to as specific MMVR.

General Multi-Moment Vector Reduction
x = > [01M; + 0oMs + 03 M3]" Gu

X = Z[UIMI + oMy + UgMg]mGu

3 i3
H | ‘\ P
‘ | SA
VAl »
Ve A i
/
/ Py
f2 f2

X = Z[UlMl + O'QMQ —+ UgMg]méu

Specific Multi-Moment Vector Reduction
X = Z[UlMl + o0aMy + U:;l\’[;;]mGu

Figure 2: Principle of specific and general MMVR visualised
in a three-dimensional affine parameter space where SA re-
vealed [iz as non-influential.

Here, only general MMVR will be investigated since
SA will be conducted in the physical parameter space
Q; and there is no connection between the physical
and affine parameters’ sensitivities. Nonetheless, iden-
tifying non-influential physical parameters fi reduces
the number of expansion points as they are initially
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defined in the physical parameter space €); before the
computation of the moment vectors takes place in the
affine parameter space Q.

Application to a Vibroacoustic Model

In the following, the damped (n = 0.01) vibroacoustic
model (cf. Figure 1) with a fluid cavity of size 1 x 1 x 1
m coupled to a plate of 1 X 1 x h m will be investigated
in the frequency range f = [100,300] Hz. Table 1 lists
the physical parameters, where the nominal values of Y,
ps and v describe aluminium. The physical parameter

Table 1: Physical parameter ranges.

Physical Value
parameter | Nominal Minimum Maximum
f in Hz — 100 300
Y inPa | 70-10° 66.5 - 10° 73.5 - 10°
vin [—] 0.3 0.285 0.315
ps in kg/m3| 2700 2565 2835
h in m 0.003 0.00285 0.00315
TinK 290 275.5 304.5

space is spanned by a 5%-variation around the nominal
values and the frequency range. Next to this, the
vibroacoustic model is discretised with 0.1 x 0.1 m 2D
linear Kirchhoff elements and 0.1 x 0.1 x 0.1 m 3D linear
fluid elements - resulting in N =1815 degrees of freedom
(dof). Tt should be noted that the discretisation is not
suitable to resolve waves in the considered frequency
range. Therefore, the following statements regarding
the parameter sensitivity have no physical but only a
mathematical meaning. Lastly, the input and output
dof are placed on the plate at x = 0.1 m and y = 0.1 m.

Beginning with the identification of non-influential
physical parameters using Morris screening as a cheap
estimator, the fluid temperature T is identified to be
non-influential in the considered parameter range, which
is evident since the input and output dof are placed on
the plate. However, the influence of Poisson’s ratio v
needs further investigations. Subsequently, Sobol anal-
ysis indentified Poisson’s ratio also as non-influential.
Thus, the fluid temperature and Poisson’s ratio are fixed
to their nominal value, reducing the physical parameter
space to [w, Y, ps, h]T C Q.

Now, the pROM is computed using MMM with gerneral
MMVR - the expansion points in the physical parameter
space are documented in Table 2. Discussing the results,

Table 2: Expansion points in the physical parameter space
Q.

Physical parameter Expansion Points
fin Hz [120, 200, 280] Hz
Y in Pa [68.25 - 10%,71.75 - 107]
ps in kg/m3 [2632.6,2767.5]
hin m [0.00295,0.003075]

the accuracy of the ROM will be assessed by comparing
the ROM and FOM FRF, that is:

H(w, p) = L7 (K(w,p) — «*M(w,p)) ' G, (10)
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while Hg follows with the respective ROM matrices. It
is interesting to review the FRFs along the parameters
that are fixed to their nominal value and therefore not
considered during the pROM construction. Certainly,
the FRF's describing the variation of the influential pa-
rameters are also interesting, but it should be expected
that MMM with general MM VR is able to accurately rep-
resent these parameter variations as they are considered
during the pPROM construction. Examining the FRF over
the frequency and fluid temperature in the following, Fig-
ure 3 shows the FOM FRF and Figure 4 the ROM FRF.
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Figure 3: FOM FRF over the frequency f and fluid temper-
ature T (N = 1815, computation time t..rom = 72 s).

ROM FRF
=z
~
=

- 100 o
=
T -115 m
o
- 130 .8
=
=
&3
300
100 | L 200 &
200 280
i 2% 300 &
H_A%

Figure 4: ROM FRF over the frequency f and fluid temper-
ature T (n = 144, computation time tc.rom =5 s).

Evidently, the ROM FRF represents the FOM FRF with
sufficient accuracy. Thereby, the global relative error be-
tween the FOM FRF H and ROM FRF Hg,

IEL — Ho
11
Z A ()

evaluated at p = 4824 grld points (f,T);, i = 1,...,p, is
€r,global = 10 %. Furthermore, the ROM size n = 144
is 8 % of the FOM size N = 1815; yielding a compu-
tation time t. grons = 5 s that is 7 % of t.rom = 72
s. The ROM FRFs concerning the remaining parameters
can be found in [5] - these are also able to represent the
FOM FRF with sufficient accuracy. In contrast, applying
MMM without general MMVR yields a ROM FRF with
the global error €, giobar = 22 % and size n = 1789, which

€r,global =

is 99 % of the FOM size. Due to dense ROM matrices,
the computation time t. ror = 995 s is approximately
13 times of ¢, ronr - see [5] for more detailed results.

Conclusion

This contribution introduced two approaches based on
identifying non-influential parameters to reduce the num-
ber of multi-moment vectors arising in MMM: general
and specific MMVR. While the first approach deletes
local projection matrices at expansion points describing
the non-influential affine parameters’ variation, the sec-
ond approach reduces the size of local projection ma-
trices by deleting (multi-)moment vectors corresponding
to non-influential affine parameters. Here, only general
MMVR was applied to a generic vibroacoustic model and
yielded an accurate pROM that is also able to represent
the variation of the non-influential physical parameters
neglected during the pROM construction. In contrast,
MMM without general MMVR is unable to construct a
pROM that allows computations of comparable accuracy
and efficiency.

Future research can target the realisation of specific
MMVR as well as the assessment of other methods to
identify non-influential parameters, e.g. the active sub-
space method.
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