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Introduction

The absorption of airborne sound plays an important
role in various applications, e.g. in the targeted influ-
encing of reverberation in room acoustics. Compared
to porous absorbers, classic Helmholtz resonators (HR)
have the advantage of improved narrow-band absorption
behaviour in low frequency ranges. In addition, HRs for
low-frequency absorption have comparatively smaller di-
mensions than porous absorbers, which is also an advan-
tage for lightweight applications, e.g. in aviation. Due to
the complex interactions of the parameters in the model,
the effects of the individual parameters and their interac-
tions on the acoustic behaviour of HRs can be quantified
by a global sensitivity study. The identification of key pa-
rameters is crucial for the effective design of absorbers,
as the manufacturing and environmental conditions must
be linked to them.

This paper is organised as follows: An analytical
model based on the transfer matrix method is presented
and validated both experimentally and by finite element
method. A global sensitivity study using the polynomial
chaos expansion is then carried out and the results are
summarised with an outlook for future work.

Classical Helmholtz resonator

Acoustical model of the Helmholtz resonator
Under the assumption of a plane wave excitation, the
transfer matrix method (TMM) is used to describe the
1D acoustical behaviour of a Helmholtz resonator (see
Fig. 1). The acoustic system is divided into several lay-
ers with different local coordinate systems (0 < z; < [;).
However, different fluid properties are assigned to each
layer. The transfer behaviour between the layers is de-
termined using the Helmholtz equations for pressure p
and particle velocity v as well as the equilibrium condi-
tions of pressure and volume flow V' = vS at the layer
boundaries. This results in the following matrix-vector

product:
p p
=T, (1
(V> =0 (V) x=l; )

7

The overall transfer behaviour for a classical HR (see
Fig. 1) is then described by a series connection [],_; T;
of the individual layer matrices T;:

() =(3) @

with the overall transfer matrix T:
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where k, [, Z denote the wave number, the length of the
layer and the characteristic impedance of the neck (in-
dex n) and the resonator cavity (index ¢). In addi-
tion, j describes the imaginary unit. The characteristic
impedance Z = pc/S describes the ratio of the multi-
plication of the speed of sound ¢ and density p to the
cross-sectional area S.

Figure 1: Schematic representation of the air volume of a
classic Helmholz resonator and the mechanical replacement
model, excited by a loudspeaker

As already mentioned, each layer has different ma-
terial properties. It is assumed that the waveguide and
the resonator cavity have the same fluid properties with-
out attenuation effects. Therefore, the temperature-
independent ambient density (isochoric condition) is set

to po = 1.19% and the temperature-dependent wave ve-
locity results in [1]:

co = V%To (3)
where v denotes the heat capacity ratio, Ry, the gen-
eral gas constant, M the molar mass of air and T the
absolute ambient temperature. The wave number can
be calculated by k = /¢, where Q) is the excitation an-
gular frequency. The attenuation effects of the HR are
only taken into account in the neck area due to effective
material properties. The effective bulk modulus, which
describes the effect of thermal exchanges with the frame,
is described as follows [2, 8]:
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The quantities pg, Pr, ¢o describes the ambient pres-
sure, the Prandtl number and the porosity-weighted flow
resistivity, which is defined for a circular hole as ¢o =
32n/d2 [2]. The functions Jy and J; are first kind Bessel
functions of the zeroth and first order. For circular holes,
the shear wave number s is defined as follows [2, 14]:

—dn (7
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where 7, pg, d, denote the air dynamic viscosity, the
ambient density and the neck diameter. Since the influ-
ence of pressure on dynamic viscosity is negligible, the
temperature dependence is described by the Sutherland
equation as follows [5]:

~ 291.15K + 120K Ty
T To+120K 293.15 K

3/2
) 18.27 pPas  (8)

Assuming an ideal gas, the Prandtl number is also only
a temperature-dependent quantity whose relationship is
determined by a polynomial approximation of the mate-
rial data in [6]:

Pr =2.487-10"3t8 — 6.707 - 107 %3
+6.08-107"t2 — 1.569 - 10~ ¢y + 0.7108

where ty describes the ambient temperature.

The viscosity attenuation effect inside holes is taken
into account by an effective complex density [2]. Oku-
zono et al. [12] derive the density - based on models by
Guo [14], Maa [11] and Allard [2] - by adapting Cran-
dall’s [13] transfer impedance model:

Z; = @ = jQnpo (1 + M) +2arRs +jQpod (10)
T J2po
:]anpeff (11)
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where [, Rs, 0 describes the length of the neck, the
surface resistance and the mass end correction. The sur-
face resistance Ry = 1/24/21po€) describes the frictional
losses due to the tangential flow over the plate and apg is
a correction factor for different hole shapes and surface
properties (here: ap = 4) [8]. The mass end correction
describes the increasing of the kinetic energy due the flow
distortion in the vicinity of the opening and is described
by [7, 8]:

8 = Sodn/2(1 — 133277 — 0.072; + 0.467/%)  (13)
/4 e12108(0.13) | () g9 o 1.210g(2ln/dn)
e1.210g(0.13) + el.2log(2ln/dn)

o = (14)

Since the mass end correction at both ends of the neck
are different, the total end correction is the sum of these
corrections & = §1 + d2, but with different perforation
ratios €1,2.

To calculate the frequency-dependent absorption co-
efficient, the surface impedance of the Helmholtz res-
onator is first determined, as the reflection depends on
an impedance change at the medium boundaries. The
surface impedance is defined as the ratio of sound pres-
sure p; to sound particle velocity vy:

p1_ Tups+ TV, Tn
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Since the volume flow V3 must be zero at the end of the
HR cavity, the surface impedance is a ratio of the matrix
entries of the overall transfer matrix T. The absorption
coeflicient can then be determined taking into account
the mechanical equilibrium and the continuity condition
at the boundary between the impedance tube medium
and the medium of the HR [1]:

1- 2o |?
Zsurface
a=1- (16
1 + Zsli(f)ace )

where Zy = pgcy describes the characteristic impedance
of the ambient air, the waveguide medium.

Experimental and numerical model validation
The analytical model is validated to show that the results
are very similar to those of an FE model - but with signif-
icantly less computational effort - and that both models
accurately capture the physical behaviour.

For the experimental validation, the absorption co-
efficient is measured using the two-microphone method
according to ISO 10534-2 and compared with the ana-
lytical HR model. The determination of the absorption
coefficient [3]:

Hyy — efFoae o2ikow ’

ejkOAz _ H12 (17)

Qmeas. = 1 —
based on the measurement of the amplitude and phase
corrected transfer function Hjs between the two mi-
crophone positions (see Fig. 1) and the ambient condi-
tions [3]. Since the standardised estimators for the trans-
fer function Hys only suppress the noise on one of both
signals, a total-least-squares frequency response estima-
tor H, is used [4]:

H, = % [(822 —s11) + /(511 — 522)2 + 4|812\2] (18)
S21

with s;;, s;; for the auto and cross spectrum of the mea-
sured sound pressure level p,, and p;, _A,. The valida-
tion is based on defined HR nominal values (see Tab. 1);
one of the HR samples made of aluminum is shown in
Fig. 2. The uncertainties of the manufacturing process
and the measuring method are taken into account by
measuring 5 manufactured neck samples. The Python-
based SciPy library is used to estimate the cross-power
spectrum and the power spectral density based on Welch
method’s. The selected frequency resolution is 1Hz, the
segment length is 22 500 with an overlap of 66.67 %. The
specified frequency range is between 100 Hz and 1347 Hz,
with a selected sampling rate of 22500Hz and a total
measurement time of 20s.

A rotationally symmetric 2D finite element model of
the impedance tube air (see Fig. 2) is created in COM-
SOL Multiphysics 6.3 for the numerical validation. In
the frequency domain, the Helmholtz equation is solved
under harmonic excitation by an incident pressure field
with an amplitude of 1Pa. Instead of considering vis-
cosity losses and heat conduction effects with linearised
Navier-Stokes equations, the previously presented effec-
tive material properties (Eq. 4 and Eq. 12) are used in
the neck domain. The mass end corrections J are ne-
glected as they are implicitly taken into account in the
FEM solution by the discretisation of the field problem.
Therefore, the selected discretisation in the neck area is
finer than in the remaining area (max. element length
d,/6). The discretisation of the rest of the structure
is based on the resolution of the airborne sound wave
at maximum frequency and the requirement of 9 nodes
per bending wavelength. The selected ansatz function
of the quadratic elements is of the quadratic serendipity
type and the considered frequency range and its resolu-
tion corresponds to that of the experimental validation.
The numerical calculation of the absorption coefficient
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a=1-— % is based on the calculation of the incident

sound inteﬁsity I; and the reflected sound intensity I,. at
the radiation boundary.

—> Pressure field

Axial symmetry ®Sound hard

Figure 2: Left: Test sample with the nominal values and
right: Schematic representation of the 2D FE-model

Fig. 3 shows the experimentally determined
frequency-dependent absorption behavior, the numer-
ically and the semi-analytically calculated behaviour.
The low standard deviation shows the accuracy of the
manufacturing process and the measurement method.
In addition, the analytical model and the FE-model
describe the acoustic behaviour very accurately. The
relative deviation of the resonance frequency between
experiment and the TMM-model is &, = 0.93 %
and the relative deviation of the maximum absorption
is € = 0.64 %. The comparison between FEM and
measurement shows eg_ = 0.62 % for the comparison of

the resonance frequency and e, = 0.29 % for the relative
deviation of the maximum absorption.

- Exp., mean Exp., std FEM - TMM X PCE

1.0 = I

S 05 —

0.0 =
0.1

Figure 3: Experimental and numerical validation of the
TMM; standard deviation based on 5 measurements

Sensitivity analysis

The term sensitivity analysis refers to a collection of
methods for determining the sensitivity of model output
variables to their input parameters. This contribution
conducts a Sobol analysis, which is a global method to
quantify the influence of uncertain input parameters on
target model quantity of interest. The Sobol analysis is
a varianced based method in which the variance of the
model output is decomposed into a sum of parts that re-
late to individual inputs or groups of inputs [9]. The vari-
ance decomposition can be performed because the model
output of each square integrable function Y = M (X) can
be described with respect to independently distributed
input parameters X = (X1, Xo, ..., X4) with a PDF as a
sum of elementary functions [9]. The ratio of the par-
tial variances to the total variance Var(Y’) describes the
”Sobol indices” [9]:

d d
1= ZSZ + Z S—;j + ...+ S12...4 (19)
=1

1<j
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where S; describes the first-order indices and S;; the

second-order indices. A further index is the total Sobol
index, which describes the total variance of the model
output that can be attributed to the effect of a single
input parameter [9]:

Sr,=1-— 7Var%§§§_l)] (20)

where Var[E(Y|X_;)] denotes the total amount of vari-
ance without taking the i-th input parameter into ac-
count. If the sum of the first-order Sobol indices is equal
to 1, then the input parameters exhibit additive model
behaviour and it follows that the total Sobol indices S,
are equal to the first-order indices S;. This also means
that all parameters show no interaction effects. On con-
trary, models with interaction effect, directly indicate a
non-linear behaviour.

Estimating the Sobol indices via sampling based
methods, requires a high number of model calls, an effi-
cient surrogate modelling method, the polynomial chaos
expansion (PCE), is used [9]. The truncated PCE surro-
gate model results in [9]:

Y=MX)~ Y caVa(X), a=(a1,..,a0), @ €N (21)

acNd

where a, c,, ¥, describes the multi-indices, the coef-

ficients and multivariate orthonormal polynomials with
respect to the distributions X [9]. Based on a PCE sur-
rogate, the Sobol indices of any order are determined by
a combination of the squared coefficients of the surro-
gate [9].

In this paper, the sensitivities of the resonance fre-
quency and the maximum absorption coefficient are de-
termined. For this purpose, two PCE surrogate mod-
els are designed for a defined parameter range using the
python library UQpy [10]. Based on the defined nominal
values of the HR (see Tab. 1), the parameter range is de-
fined by +20% deviation from these values. In addition
to the ambient temperature, the lengths and diameters
of the neck and cavity are also taken into account. Since
the behaviour of the HR in the defined parameter range
is to be investigated and not the influence of uncertain
input parameters, e.g. through measurements, a uniform
distribution U is assumed for all parameters.

Table 1: The range of variability of the Helmholtz resonator
parameters (input values)

Parameter Unit Nominal value Bound
t °C 20 U(16,24)
le mm 50 U (40, 60)
de mm 26 U(20.8,31.2)
Iy mm 5 U4,6)
dy mm 3 U(2.4,3.6)
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The PCE surrogate models for both acoustic quanti-
ties are based on a total polynomial basis with a polyno-
mial degree of 3 and a selected number of 112 training
samples. This is based on a total Sobol index conver-
gence study in a frequency range from 1Hz to 1500 Hz
with a resolution of 1 Hz. The accuracy of the surrogate
model is also shown in Fig. 3, where the resonance fre-
quency has a relative deviation of e, = 0.81 % to the
measurement. The relative deviation for the maximum
absorption is €,,45(a) = 0.17 %.

In Fig. 4 the Sobol indices of the total order St,
and the first order S; are shown for the resonance fre-
quency fres and the maximum of the absorption coeffi-
cient max(a)). The Sobol indices (S;, St,) are approxi-
mately the same for both acoustic variables, which means
that the parameters of the acoustic variables almost do
not interact (3..S; =~ 1). It can also be seen for both
acoustic quantities that the temperature ¢ has the least
influence in relation to the other variables in the consid-
ered parameter range. The resonance frequency shows
a sensitive behaviour due to the cavity diameter d. and
the neck diameter d,,. In contrast, the lengths of the neck
and the cavity have a much weaker influence. Of all the
parameters, the neck diameter has the greatest influence
on the maximum absorption behaviour.

Jres m St m 5 max(«)
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Figure 4: First and total order Sobol indices for left: reso-
nance frequency and right: maximum absorption level

Summary and outlook

This conference paper first presents the analytical de-
scription of a classical Helmholtz resonator. In order
to validate the analytical model, a Helmholtz resonator
made of aluminium was designed and the absorption be-
haviour was measured according to ISO 10534-2. In ad-
dition, a 2D simulation model was designed for valida-
tion, which is based on the same constitutive laws in the
neck domain as the TMM model. The semi-analytical
model (TMM) shows a high degree of accuracy compared
to the measured and numerically calculated absorption
behaviour. To determine the parameters that have a sen-
sitive influence on the resonance frequency and the maxi-
mum absorption behaviour, an efficient global sensitivity
approach is chosen. Instead of calculating the variance-
based Sobol indices via sampling based methods, a surro-
gate model based on polynomial chaos expansion is used.
For both acoustic variables, the model shows almost ad-
ditive behaviour. While the resonance frequency depends
mainly on the diameter of the neck and the cavity, the
absorption depends almost exclusively on the neck diam-
eter. The temperature has a negligible influence on both
acoustic quantities in the defined parameter range.

An extension of the model to multi-neck HR can con-
tribute to the robust development of acoustic metamate-
rials. In this context, additive manufacturing processes
could also play an important role due to their great de-
sign flexibility. Consequently, the model would need to be
extended and thoroughly analysed to evaluate the effects
of the process parameters on the acoustic properties.
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