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Abstract
This paper investigates and compares three methods for the identification of the flexural wavenumbers in thin
laminated wood panels. Laboratory measurements are performed on a plywood panel, an inhomogeneous and
orthotropic plate, and the propagation characteristics of flexural waves are characterized along five radial di-
rections. The methods considered for the analysis are the inhomogeneous wave correlation method, the Prony
method and the Time-of-Flight (ToF) method. The first two methods are implemented using the same data: a
dense line of points obtained with a scanning Laser Doppler Vibrometer (LDV) and a piezoelectric transducer
as an exciter. The ToF method uses a different data set, gathered using four accelerometers and an instrumented
impact hammer. The results show a remarkable match between the first two methods, while the third method
requires a precise time-domain filtering operation to provide accurate results. Nevertheless, the third method
provides a simple and low-cost alternative to the use of the LDV that can be more suited to in situ measurements.
The accuracy limits of each method, especially in terms of targeted frequency bandwidth are discussed.
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1 INTRODUCTION
The dispersion curve of a propagating wave into a medium relates the group and phase velocities to the fre-
quency. The wavenumber k, inversely proportional to wavelength λ (k = 2π/λ ), depends on the angular fre-
quency ω and the phase velocity cp following the relation k = ω/cp. Accessing the wave propagation character-
istics can thus be achieved by performing wavenumber identification or phase speed measurement as a function
of frequency.
Wavenumber measurements in a one- or two-dimensional structure can be used for estimating material’s proper-
ties [1, 2], structural loss factor [3, 4], or for damage quantification [5]. Wavenumber estimations can be further
used for calculating a large number of vibroacoustic indicators (sound transmission loss, modal density, radia-
tion efficiency). Wavenumber analysis is also of great interest when highly complex structures like sandwich [6]
or ribbed panels [7] are under consideration. Another example is cross-laminated timber [2] which is made of
several successive layers, each usually perpendicular to the adjacent one (contrarily to glued-laminated timber
that has laminations all oriented in the same way).
Among the numerous existing wavenumber identification methods, few examples are (1) the iterative method
relying on sparse measurements [8]; (2) the use of laser-ultrasonic technique [9]; (3) the maximum likelihood
method [10]; (4) the spatial Fourier transform, SFT [11]; (5) the inhomogeneous wave correlation, IWC [1,
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12]; (6) the Prony analysis [13]; (7) the spatial Laplace transform [14] and (8) the Time-of-Flight (ToF) or
phase difference method [15, 16]. Existing methods can be classified according to their frequency range of
applicability, as was proposed in [17], to their robustness to test conditions, their ability to distinguish angle-
dependent wavenumbers and finally with the final result they provide (real part of the wavenumber, imaginary
part or both). In [18], the SFT and IWC methods were compared in the case of the measurement of dispersion
curves in a beam made of cross-laminated timber and a polyamid beam with periodically varying thickness.
In this paper, the respective performances of IWC, Prony analysis and TOF method are compared in the case
of a wooden plate (an inhomogeneous and orthotropic plywood panel). Each method is briefly introduced in
Sec. 2, and their pros and cons are then discussed in Sec. 3 in terms of setup, post-processing complexity and
results precision as a function of a target frequency bandwidth.

2 TESTED WAVENUMBER IDENTIFICATION METHODS
2.1 Inhomogeneous Wave Correlation Method
The inhomogeneous wave correlation (IWC) method compares the signal acquired along a mono-dimensional
array with the propagation of an inhomogeneous wave travelling in the same direction õ(x,k) = eikx, k being
an unknown complex wavenumber with values that can be varied between the limits defined by the distance
between the measurement points [1].
The IWC function is defined as:

IWC(k) =
|
∫

s̃( f ,x) · õ∗ (x,k)dx|√∫
|s̃( f ,x)|2dx ·

∫
|õ(x,k)|2dx

(1)

where s̃( f ,x) is the transfer function measured at different points, and õ∗(x,k) is the complex conjugate of the
inhomogeneous plane wave described in the frequency domain. The integral in Eq. 1 is approximated by a
summation for implementation purposes. For each frequency, the IWC function will reach a maximum when
the measured signal better correlates with the inhomogeneous wave and therefore the estimated wavenumber can
be read at this point.

2.2 Prony Analysis
Prony Analysis (PA) is a parametric method that fits a sum of damped complex exponentials to a signal sam-
pled at equally spaced data points. While Fourier series model a signal with undamped complex exponentials,
this method allows the estimate of the damping coefficients, besides frequency, phase and amplitude [19]. The
Prony’s method was implemented using the built-in Matlab R© prony function, that computes the z-transform of
the matrix of the input signals s̃( f ,x) as a ratio of polynomials. The numerator and denominator coefficients
are first calculated, the ratio of the two polynomials is then converted into a partial fraction expansion and the
residues and the poles are finally used to compute amplitude, complex wavenumber and damping of propagating
modes (each mode is described by different coefficients in different frequency ranges). The following proce-
dure was followed: (1) the dispersion relations are calculated using Prony’s method; (2) a theoretical model
is used to identify the mode of interest, namely Rindel’s approximation to Mindlin’s theory for acoustically
thick plates [15]; (3) the points belonging to the target mode are selected though the definition of a tolerance
range; (4) for each point of the vector k, the point that lies closer to the theoretical model is selected and the
associated coefficient is stored; (5) the same coefficient is used to select wavenumber, amplitude and damping.

2.3 Time-of-Flight (ToF) or phase difference method
When the ToF method is applied in the time domain [2], cross-correlation analysis between impulse responses
measured at a couple of receivers is typically used. The use of the Fourier transform of the cross-correlation [15,
16], the Cross-Power Spectral Density (CPSD), is generally preferred and will be used in this work (the imagi-
nary part of the CPSD of signals measured at two locations corresponds to their unwrapped phase difference).
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Figure 1. (a) Global view of the measurement setup; (b) Laser Doppler Vibrometer (LDV) measurements; (c)
Impact hammer measurements.

Using an impact hammer as a transient source, and two accelerometers spaced by a distance r, the impulse
responses measured at the accelerometers are first windowed in the time domain so as to separate the direct
field contribution from reflections on the panel’s edges. Applying the CPSD and dividing the unwrapped phase
difference by r provides the real part of the bending wavenumber. The Matlab R© built-in cpsd function has been
used, implementing Welch’s method. Compared to other methods for the ToF estimation, this method has the
advantage that it can be applied to impulse responses suitably windowed, and does not require the generation
of single frequency bursts, which would require the use of a shaker or a piezo as an excitation source [2].

3 MEASUREMENTS
Measurements were performed at the laboratories of the Groupe d’Acoustique de l’Université de Sherbrooke
(GAUS), Canada. The test plate is a 5-layer red spruce plywood panel, with dimensions 0.6 m x 1.22 m, 16 mm
thickness and mass density ρ = 480 kg/m3. The low quality of the panel does not ensure the single layers
having a homogeneous thickness or mechanical parameters from section to section (the respective thicknesses
of the layers are approximately 2.5/4/3/4/2.5, in mm). The orthotropic factor, calculated as the ratio of the
rotational inertia along the two principal directions, is 4.6. The surface layers have a high quality while the
inner layers can have missing and non-missing knots. This low homogeneity can be reasonably overcome when
the measurement mesh spans a dense line, while it can become critical when only a few measurement points
are considered.
A global view of the setup is provided in Fig. 1(a). Measurements were performed along five radial directions
uniformly distributed between 0 and π/2 radians. In the following, ‘0’ angle refers to the direction parallel to
the grain of the outer ply, having the highest rotational inertia, while ‘π/2’ angle will refer to the direction
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characterized by the lowest rotational inertia, perpendicular to the first. The panel was kept in place using a
supporting frame with three clamps, and the panel’s edges were covered with a damping paste to minimize
reflections.
Two different measurement setups were used. Prony’s method and the IWC method are implemented on a set
of data measured along lines. The acquisition of the out-of-plane velocity of the plate was made using a 3D
Polytec Laser Doppler Vibrometer. To enhance the Signal-to-Noise Ratio (SNR), small strips of reflective tape
were attached to the panel. Flexural waves were generated using a rectangular piezoelectric actuators embedded
in a resin mould with magnetic clamps [20], that helped the correct positioning on the plate (see Fig. 1(b)).
Measurements were performed in the frequency domain (resolution of 6.25 Hz, 70 averages) using a pseudo
random excitation. The measurement points were equally spaced (∼3 mm) spanning an overall length of 30
cm, corresponding to 101 measurement points.
A parallel set of measurements was conducted using an instrumented hammer for the generation of pulses and
four accelerometers as receivers, which were fixed on the plate at a distance of 0, 0.025, 0.125 and 0.30 m
from the origin of the measurement array used for the laser vibrometer (Fig. 1(c)). The sampling frequency
was set to the highest available (65,536 Hz) so as to obtain the smallest time resolution. The real part of the
wavenumber was then calculated using the ToF method previously described. Particular attention was paid to
the choice of the suitable time window that should be used to isolate the direct field from reflected waves.
Two different time windows were tested: (A) a Blackmann-Harris window with a length corresponding to the
span in which the signal keeps the same sign; (B) a force-exponential window (a flat portion spans the time
lag between the beginning of the impulse response and the first change of sign occurring after the first local
maximum; a steep exponential then damps the signal).

4 RESULTS AND DISCUSSION
Figure 2 reports the results obtained using the three methods in the 300-10,000 Hz frequency range. It should be
noted that the Prony analysis revealed that only the A0 mode propagates in the frequency range 0-20 kHz. The
lowest frequency considered in the analysis is 300 Hz, due to the limitations arising from the finite dimensions
of the measurement mesh that leads to largely biased results (see zoomed sub-picture in the 0-500 Hz frequency
range in Figure 2 for the π/4 angle). The results obtained with the IWC and the Prony’s method give consistent
results over the whole considered frequency range. Besides a spurious dip displayed for the IWC method in
along the π/8 direction around the 2,000 Hz frequency, the two methods provide similar dispersion curves.
For the ToF method and for each radial direction, six dispersion curves are calculated that relate to the different
distances that can be obtained using the four measurement points. For each combination, the two time windows
were used, and their effect was monitored on all the data available. Therefore, a total of twelve dispersion
curves are obtained per each radial direction. In order to provide a first comparison among all data, the results
of Prony’s method were taken as a reference and, for each dispersion curve, the relative error between the
analyzed curve and Prony’s reference curve was calculated and averaged in frequency. This operation was
repeated for each direction of propagation and the results were sorted out so as to identify the combination of
factors (distance, window) that returned the lowest error in a selected frequency range. It is also noted that
in this preliminary study, only a single measurement is considered for each method even if several consecutive
tests were performed. The repeatability of each measurements will be studied in a subsequent study as well as
a comparison of mean relative error between Prony’s and IWC methods.
The results are reported in Table 1. The cells filled in green represent the lowest value of the average absolute
error, while the yellow cells contain values that are ≤ 5%. The miniature impact hammer is designed to have
a linear response up to 20,000 Hz, but in the presented case, most of the spectral energy lies below 5,000 Hz.
For this reason, the metrics discussed above are evaluated over two different frequency ranges and the last one,
300-5,000 Hz, gives consistent results for all the analyzed distances. The largest deviation from the reference
results are found for the the measurements performed along the 0 radians direction, see Table 1. Nevertheless,
it appears that provided a large separation is used between the two sensors, the phase difference method can
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Figure 2. Comparison between the results along the five considered angular directions obtained using Prony
Analysis, the IWC method and the ToF method (a separation distance of 0.275 m and a force-exponential time
window were used in this case).
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Table 1. Mean value of the relative error (%) calculated between results obtained with ToF analysis and Prony’s
method in two frequency ranges: 300-10,000 Hz and 300-5,000 Hz. Separation distances are sorted by increas-
ing values: 0.025, 0.100, 0.125, 0.175, 0.275 and 0.300 m. The green cells indicate lowest frequency-averaged
relative errors values, while yellow cells the values the lie within a 5% tolerance.

Direction Window Distance 1 Distance 2 Distance 3 Distance 4 Distance 5 Distance 6
(radians) 0.025 m 0.100 m 0.125 m 0.175 m 0.275 m 0.300 m

300-10,000 Hz

0 A 31 13 12 12 8 6
B 21 14 14 13 7 5

π/8 A 8 11 9 7 2 2
B 6 10 9 6 1 1

π/4 A 24 12 14 3 5 7
B 26 15 17 2 6 7

3π/8 A 11 15 14 2 5 6
B 12 7 7 2 3 3

π/2 A 17 41 36 15 7 7
B 26 44 40 17 6 7

300-5,000 Hz

0 A 45 11 15 23 12 9
B 35 14 17 22 10 8

π/8 A 10 4 4 3 2 2
B 9 4 4 3 1 1

π/4 A 6 4 5 3 1 1
B 12 4 5 2 1 1

3π/8 A 6 5 5 2 2 2
B 7 5 5 2 1 2

π/2 A 5 13 11 9 1 1
B 7 10 9 7 1 1

provide very similar results to Prony’s method with reduced instrumentation.
The dispersion relations calculated considering separation distance no. 5 and the time window type B are
plotted in Fig. 2 together with the results estimated with Prony analysis and the IWC method. Though the
best fit between the three methods is clearly found up to 5,000 Hz, the results are shown in a wider frequency
range, from 300 to 10,000 Hz. Note that a zoomed plot is provided in Figure 3b in the ‘0’ radians direction
and in the 2,500-5,000 Hz frequency range, in which it appears that some localized differences can be found
between the three methods. When identified wavenumbers are plotted as a function of angle and frequency, the
anisotropy of the plywood panel is clearly visible (see Figure 3a). The larger propagation speed (i.e. smaller
wavenumber values) might partly explain the large errors seen in this direction for the ToF.
Concerning computational time, the Prony analysis and the IWC method were implemented on the same set of
data, and the calculation times were respectively 5 s and 366 s. Prony analysis is thus way much faster and
directly provides information concerning all propagating modes in the structure, estimating k as a complex value.
For the IWC, estimating the imaginary part of the wavenumber can be troublesome especially for materials with
small structural loss factor [1]. The computational time required for the computation of the CPSD is based on
a different set of signals, and therefore cannot be directly compared to the two other methods, but the time
required to evaluate the 6 dispersion relations (derived from the combination of source and receivers) is 0.8 s.
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Figure 3. Comparison between wavenumber identification results along the five considered angular directions
obtained using the three tested methods; (a) polar representation of the results at 2,500 and 5,000 Hz and (b)
zoomed plot on the 2,500-5,000 Hz frequency range of the dispersion curves for the ’0’ radians direction.

5 CONCLUSIONS
The analysis presented in this work aims at evaluating three different methods for the identification of the
flexural wavenumber in a plywood panel, and under which conditions they could be considered consistent. The
analysis was carried out through measurements performed in five radial directions. Two different measurements
setup were implemented: the first, using a piezoelectric actuator and a Laser Doppler Vibrometer scanning an
array of 101 points, and processing the data using the Inhomogeneous Wave correlation method and Prony
analysis. The second, using an impact hammer and four measurement points, and computing the ToF from the
calculation of the cross power spectral density of the signals, previously time-windowed.
Results show that the inhomogeneous wave correlation method and Prony analysis are generally in good agree-
ment over the whole frequency range of analysis, and for all radial directions considered. The phase difference
method was analyzed through the comparison of the average error from Prony’s curve, that was taken as a
reference. For the ToF, the best results were obtained using the force-exponential window (even if no firm dif-
ference was found between the two suggested time windows) and using the largest separation distance between
accelerometers. In this case, an average calculation of the relative error in the frequency range 300-5,000 Hz
provides a value of 1% for most of the radial directions.
In the light of this preliminary analysis and if only the real part of the wavenumber is sought, the ToF method
appears to be a good alternative to Prony’s method provided that large separation distance is used between
sensors. If the complex wavenumber has to be identified, one should preferably choose Prony’s method because
it will lead to a clear reduction of computation time compared with IWC method. Future work will address an
exhaustive comparison between the three methods, including repeatability and reproducibility.
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