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Abstract
Accurate modeling of boundary conditions is an important aspect in room acoustic simulations. It has been
shown that the acoustics of rooms is not only dependent on the frequency characteristic of the complex boundary impedance, but also on the angle dependent properties of the impedance (“extended reaction”). This paper presents a computationally efficient method for modeling local-reaction (LR) and extended-reaction (ER)
boundary conditions in high-order, nodal, time-domain finite element methods, such as the spectral element
method (SEM) or the discontinuous Galerkin finite element method (DGFEM). The frequency and angle dependent boundary impedance is mapped to a multipole model and formulated in differential form. The solution of
the boundary differential equations comes with minimal computational cost. In the ER model, wave splitting is
applied at the boundary to separate the incident and reflected parts of the sound field. The directional properties
of the incident sound field are determined from the incident particle velocity and the boundary conditions are
adjusted continuously according to the wave angle of incidence. The accuracy of the boundary condition model
is assessed by comparing simulations against measurements, where a significantly improved match between
simulations and measurements is found when the ER model is used.
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1

INTRODUCTION

Methods for simulating the acoustics of rooms are generally divided into two categories; the geometrical acoustics methods (e.g. ray tracing and the image source method) and the wave-based methods (e.g. finite element
methods, boundary element methods and finite difference methods) [1]. In geometrical acoustics, several simplifying assumptions regarding sound propagation and sound reflection are made, which reduces the computational
complexity, however, at the cost of limited accuracy, particularly in rooms where wave phenomena such as
diffraction and interference are prominent [2, 3, 4]. In the wave-based methods, the governing physics equations that describe wave motion in an enclosure are solved numerically. These methods are therefore, from a
physical point of view, more accurate because they inherently account for all wave phenomena. The drawback
is that wave-based methods are computationally much more demanding than the geometrical methods.
Recently, the interest in using high-order wave-based methods for room acoustic simulations has increased
[5, 6, 7]. These methods are known to be computationally cost-efficient, especially when simulating large
domains over long simulation times with high accuracy [8]. This is because the high-order spatio-temporal discretization leads to very small dispersion and dissipation errors, which, in turn, allows for the usage of coarser
meshing, which reduces the computational load. These methods are therefore appealing for wave-based room
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acoustic simulations, where, indeed, large domains, long simulation times and stringent accuracy requirements
are common [9]. In particular, high-order, nodal, time-domain finite element methods, such as the spectral
element method or the discontinuous Galerkin finite element method, have been shown to be particularly wellsuited for room acoustic simulations when high accuracy and cost-efficiency are of concern [5, 6]. These
methods easily handle complex geometries and they are accurate and cost-efficient due to the high-order discretization. In addition, they are well-suited for massively parallel computations.
The quality of a room acoustic simulation will always be highly dependent on the quality of the boundary
conditions [10]. Even when using a highly accurate wave-based simulator, if provided with inaccurate boundary
conditions, the simulation will not accurately capture the acoustics of the room in question. At present, there is
a shortage of methods for incorporating complex, non-locally reacting (i.e. angle dependent) boundary conditions
into wave-based schemes. This is problematic, because certain common boundary materials and boundary buildups have acoustic properties which are not adequately modeled when using the LR assumption, e.g., porous
materials backed with an air cavity and multilayer build-ups [11, 12]. This renders the boundary conditions
somewhat of an Achilles heel in wave-based simulations [13]. Hodgson et al. demonstrated that significant
differences are found in simulated room acoustics when applying either LR or ER boundary conditions in
a beam-tracing simulation [14, 15]. Other studies have shown that improved results are seen in wave-based
simulations when random incidence surface impedance is used instead of normal incidence surface impedance,
indicating that the LR assumption is not sufficient in some cases [13, 16].
The objective of this study is to develop a method for incorporating LR and ER boundary conditions into highorder, nodal, time-domain finite element methods, without adding considerable computational load to the already
computationally intensive simulation. Firstly, a method for modeling LR frequency dependent impedance boundary conditions is presented. In this method, the boundary impedance is mapped to a multipole rational function,
and then formulated in differential form. This allows for a convenient incorporation of the boundary conditions into the numerical scheme. The accuracy of the LR boundary condition model is assessed by comparing
simulations against analytic solutions. Secondly, an approximate method for modeling ER impedance boundary
conditions is presented. This method builds upon and extends the LR method. Here, the impedance properties
of the boundary are adjusted continuously during the simulation, as a function of the incident wave field angle.
The accuracy of the ER boundary model is analyzed by comparisons against measurements.

2

GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

The following system of partial differential equations (PDE) describes sound wave propagation in a lossless
medium in an enclosure
1
vt = − ∇p,
ρ

in Ω × [0,t],

(1)

2

pt = −ρc ∇ · v,
where p(x,t) is the sound pressure, v(x,t) is the particle velocity, x is the position in space of the domain Ω,
t is time, ρ is the density of the medium and c is the speed of sound in air (ρ = 1.2 kg/m3 and c = 343 m/s
in this study). This PDE system must be supplied with sufficient boundary conditions, and in room acoustics
it is natural to define the boundary conditions in terms of a complex, frequency and angle dependent surface
impedance Z, which can be estimated from material models or measurements [17, 18]. The surface impedance
is related to the pressure and the particle velocity at the boundary via
v̂n (ω) =

p̂(ω)
= p̂(ω)Y (θi , ω),
Z(θi , ω)

(2)

where ω is the angular frequency, θi is incident wave angle, p̂ and v̂n = v̂ · n are the Fourier transforms of the
pressure and particle velocity at the boundary, respectively, n is the surface normal unit vector and Y is the
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boundary admittance, which is convenient to use when implementing frequency dependent boundary conditions
into Eq. (1).
When using the LR assumption, the impedance does not vary with angle, but instead, is always taken as the
normal incidence impedance Z(θi , ω) = Z(0, ω). The sound absorption characteristic of the boundary surface
thus becomes [11]
2

Z(0, ω) − ρc/ cos θi
α (θi , ω) = 1 −
.
Z(0, ω) + ρc/ cos θi
l

(3)

Note that the absorption characteristic varies with the incidence angle, even though the surface impedance is
fixed for all directions of incidence.
When using the ER model, the absorption characteristic of the boundary surface is given by
2

Z(θi , ω) − ρc/ cos θi
.
α (θi , ω) = 1 −
Z(θi , ω) + ρc/ cos θi
e

(4)

In order to model this behavior in a wave-based room acoustic simulation, information on the sound field
incidence angle θi is needed, which is then used to select the appropriate impedance function Z(θi , ω).

3

WAVE-BASED SCHEME

This section briefly outlines the high-order wave-based scheme, which is used in conjunction with the proposed
boundary models in this study. For further details on the scheme see Ref. [5]. The scheme relies on a spectral
element method spatial discretization and an implicit-explicit Runge-Kutta temporal discretization. The spatial
domain Ω is divided into a mesh of non-overlapping elements and a set of nodes is mapped into each element.
Using a method of lines discretization, the following global semi-discrete system is found
1
Mv0x = − Sx p,
ρ

1
Mv0y = − Sy p,
ρ

1
Mv0z = − Sz p,
ρ

0
2
T
T
T
M p = ρc Sx vx + Sy vy + Sz vz − vn B ,

(5)

where M is a sparse global mass matrix, S is a sparse global stiffness matrix, vx , vy , vz are the x, y, z components
of the particle velocity, p is the pressure and vn is the normal velocity at the boundary nodes and B is a vector
containing the boundary contribution.

Each element of the mesh is mapped to a standard element I 3 = − 1 ≤ (r, s,t) ≤ 1 . On the standard element,
a modal basis of Jacobi polynomials is defined. By exploiting a possible nodal/modal duality, the local, nodal
mass and stiffness matrices for all elements on the mesh are determined without resorting to quadrature rules.
The global matrix operators in Eq. (5) are assembled by summing over the local mass and stiffness matrices.
The semi-discrete system is then integrated in time by the Runge-Kutta time stepping method.

4

LOCAL-REACTION BOUNDARY MODEL

The boundary admittance Y in Eq. (2) can be approximated as a rational function on the following form
Q


S 
Ak
Bk + jCk
Bk − jCk
+∑
+
,
αk − jβk − jω
k=1 λk − jω
k=1 αk + jβk − jω

Y (θi , ω) =Y∞ + ∑

(6)

where Q is the number of real poles λk and S is the number of complex conjugate pole pairs αk ± jβk , used
in the rational function approximation. Y∞ , Ak , Bk ,Ck are numerical coefficients. Any number of poles can be
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Figure 1. Simulated complex pressure response of a spherical wave single reflection from a locally reacting,
frequency dependent impedance boundary, compared with the analytic solution.
chosen, one strategy being to choose enough poles such that the error in the multipole approximation of the
boundary admittance is below a predefined threshold. For the LR model, only the Y (0, ω) is used. Using an
inverse Fourier transform on Eqs. (2) and (6) yields the following expression for the velocity at the boundary
Q
h
i
S
(1)
(2)
vn (t) =Y∞ p(t) + ∑ Ak φk (t) + ∑ 2 Bk ψk (t) +Ck ψk (t) ,
k=1
(1)

where φk , ψk

(2)

and ψk

(7)

k=1

are so-called accumulators, which are determined by the following set of ODE’s
(1)

(2)

dψk
dψk
dφk
(1)
(2)
(2)
(1)
+ λk φk (t) = p(t),
+ αk ψk (t) + βk ψk (t) = p(t),
+ αk ψk (t) − βk ψk (t) = 0. (8)
dt
dt
dt
This approach is often called the auxiliary differential equations (ADE) method in the literature [19], and has the
benefit of being computationally efficient, because solving a small set of linear ODE’s requires only relatively
minor computations. Furthermore, this approach has low memory requirements because only one time step
history of accumulator values must be stored. The boundary ADE’s can become stiff, which is the reason
why an implicit-explicit time stepping method is preferred, such that the main semi-discrete system (Eq. (5)) is
integrated explicitly in time, whereas the ADE’s are integrated implicitly in time and thus having no implications
on the stability of the numerical scheme.
In order to assess the accuracy of the proposed model for LR frequency dependent impedance boundary conditions, a single reflection of a normal incidence spherical wave is simulated and compared against an analytic solution [20]. The wave reflection is studied under two different boundary conditions. In both cases
the boundary is modeled as a porous material mounted on a rigid backing and having a flow resistivity of
σmat = 10000 Nsm−4 , but having a thickness of either dmat = 0.02 m or dmat = 0.05 m. The normal incidence
surface impedance of these materials are estimated using Miki’s model [17] and mapped to a six pole rational
function using a vector fitting algorithm [21]. The source is located 2 m from the impedance boundary and the
receiver is located 1 m from the boundary, at the midpoint between the source and the boundary. A basis order
of P = 4 is used and a high spatial resolution is employed, roughly 14 points per wavelength (PPW) at 1 kHz,
ensuring minimal numerical errors in the frequency range of interest. The initial condition is a Gaussian pulse
with spatial variance σ = 0.2 m2 . The resulting complex pressure is shown in the frequency domain in Fig. 1.
The simulated pressure matches the analytic solution perfectly, both in terms of amplitude and phase, for both
boundary conditions tested, thus confirming the high precision of the LR boundary model.

5

EXTENDED-REACTION BOUNDARY MODEL

The ER boundary model builds upon the LR model, and the implementation is, as such, local. No additional interaction between boundary nodes and no coupling between the acoustic domain and other domains takes place,
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Figure 2. Setup for the wave splitting at the boundary. The black dots on the boundary denote the SEM mesh
nodes. For each boundary node, there is a corresponding set of finite difference nodes, denoted by the red
crosses, which lie along the boundary normal.
e.g., a poroelastic domain or a structural domain. The boundary admittance is again mapped to a multipole
rational function, however, this time the full range of Z(θi , ω), θi ∈ [0◦ , 90◦ ] is considered, with 1◦ resolution.
An angle detection procedure (described below) takes place at each time step of the simulation, in which the incident wave field angle θi is detected at each mesh node at the boundary. A corresponding admittance function
is chosen to represent the boundary condition at that time step. It is convenient to restrict the rational functions
to have the same poles in the multipole mapping for all considered angles. This way, the same set of ADE
equations (Eq. (8)) is always solved in each time step, only the numerical coefficients Y∞ , Ak , Bk ,Ck in Eq. (7)
vary from one time step to the next, as the incidence angle θi varies. By using vector fitting, it is possible to
map a set of admittance functions to rational functions with identical poles but varying coefficients [21].
5.1 Angle detection
By computing the angle between the particle velocity vector v of an undisturbed propagating sound field, relative to a normal vector n, one can detect the propagation direction of the sound field via θi = arccos(|(v ·
n)/(|v||n|)|). However, a challenge arises at the boundary, where the sound field is a mixture of the incident
field and the reflected field, which have different directions of propagation. This means that no meaningful
propagation direction can be determined at the boundary using this approach.
In this study, a novel method for separating the incident and reflected sound field at the boundary is proposed,
based on one dimensional wave splitting along the boundary normal. The angle computation can then be carried
out using only the incident particle velocity vector vi . The sound field along the boundary normal is assumed
to have an incident traveling wave ui and a reflected traveling wave ur , so u(s,t) = ui (s − ct) + ur (s + ct). Here,
u can represent p, vx , vy or vz and s is the 1D spatial dimension along the boundary normal. The following set
of ODE’s define the incident and the reflected wave along the boundary normal [22]




∂ ui
1 ∂u
∂u
∂ ur
1 ∂u
∂u
=
+c
,
=
−c
.
(9)
∂t
2 ∂t
∂s
∂t
2 ∂t
∂s
The ODE’s for the incident particle velocity components are solved numerically using a Crank-Nicolson scheme,
where the derivatives on the right hand side of the ODE are replaced with centered finite differences. Figure 2
shows a sketch of the setup.
Figure 3 shows an example of simulation where the proposed wave splitting approach is used to separate the
incident and reflected parts of a sound field. Here, a spherical wave impinges on a flat boundary with an
incidence angle of θi = 37.6◦ at the observation point. The boundary is frequency and angle independent, with
an absorption coefficient of α = 0.5. Note how the sign changes for vx . Note also the decreased amplitude of
the reflected wave, relative to the incident wave.
The underlying assumption when using 1D wave splitting along the boundary normal is that the incident and
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Figure 3. Wave splitting at a boundary of a 3D domain. The figure shows the pressure and the x component of the particle velocity at a particular position at the boundary. The domain is a rectangular 3D
room (Lx , Ly , Lz ) = (3, 10, 5) m. The source is located at (sx , sy , sz ) = (1, 2, 2) m and the receiver is located
at (rx , ry , rz ) = (0, 2.577, 2.5) m. The elevation angle between source and boundary position is θi = 37.6◦ .
reflected waves are travelling along the normal. This obviously only holds true for the normal incidence case.
It can therefore be expected that the accuracy of the wave splitting and, thus, the resulting angle detection,
will be degraded as the incidence angle increases (approaches grazing incidence). Figure 4 shows an example
of the output of the angle detection procedure for different incidence angles. Indeed, the error is smallest for
the smallest incidence angle, and increases with increasing angle. There are also spikes present in the angle
detection output. This occurs when the magnitude of the incident particle velocity vector is very close to zero,
then the output of the arccos is essentially stochastic. This is not a major concern, since the pressure and
velocity are anyway close to zero when this happens. Nevertheless, it might be worth investigating whether
some constraint strategy can be used for reducing the jump in angle at the zero crossing.
5.2 Comparison against measurements
In order to assess the accuracy of the ER model, a comparison between simulations and measurements is
presented. The scenario is a single reflection of a spherical wave from a 5 cm porous absorber backed with a
15 cm air cavity. This material configuration is known to have ER behavior. The measurements were undertaken
in an anechoic chamber, for further details on the measurement see Ref. [12]. The simulation is carried out in
a large 3D domain and the resulting response is windowed in time, such that parasitic reflections are removed.
A basis order of P = 4 is used and a high spatial resolution is employed in the simulation, roughly 14 PPW at
1 kHz. The initial condition is a Gaussian pulse with spatial variance σ = 0.2 m2 . The admittance functions
are mapped to rational functions who all have the same set of 14 poles, but varying numerical coefficients.
The resulting transfer functions can be seen in Fig. 5. For the small incidence angle case, there is very little
difference between the LR and the ER model, as expected. However, as the angle increases, the difference
between the two models increases as well. Clearly, the ER model matches the measured transfer functions
better than the LR model.

6

CONCLUSION

This paper presented methods for incorporating LR and ER boundary conditions into high-order, nodal, timedomain finite element wave-based schemes. The proposed boundary models require only minor additional computations, relative to the wave propagation simulation itself. An excellent agreement between the LR model and
analytic solutions is found, and for many boundary materials / build-ups, e.g. porous materials on rigid backings
and rigid or close-to-rigid boundaries, using this model for the boundary conditions is perfectly acceptable. For
more complex boundary conditions, e.g., porous materials with an air cavity or multilayer build-ups, ER models
are required. A good agreement between measurements and simulations using the ER model is found for the
case of a porous absorber backed with an air cavity, indicating a clear outperformance by the ER model.
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(a) θ = 14.2◦

(b) θ = 37.6◦

(c) θ = 54.9◦

(d) θ = 75.6◦

Figure 4. Angle detection example. The solid blue line is the output of the angle detection (left y axis) and
the dotted red line is the incident pressure at the boundary position (right y axis). The true incidence angle is
shown as the dashed horizonal line. The boundary condition is angle and frequency independent with α = 0.5.

(a) 12◦ incidence angle.

(b) 55◦ incidence angle.

(c) 68◦ incidence angle.

Figure 5. Simulated and measured transfer functions for a spherical wave single reflection from a 5 cm porous
material backed with a 15 cm air cavity.
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