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Introduction

Due to the progress in computational power and a better
understanding of the mathematical theory, the time
domain boundary element method (TD-BEM) is recently
gaining influence in the modeling of radiation phenom-
ena. Parallel programming gave rise to computations of
real life problems in a reasonable time.

In this paper we choose a simple model problem, namely
the retarded single layer ansatz, to explain the underlying
space-time Galerkin method as proposed by Ha-Duong,
cf. [3, 4] and the references therein. We pay special
attention to the evaluation of the matrix entries involved
and briefly explain the storage scheme. Moreover, we
present some numerical experiments also exploring the
performance of the parallel computation of the matrices
involved and discuss the realization of a marching-on-in-
time (MOT) algorithm.

Model Problem

Consider the transient sound radiation of some simply
connected bounded domain 2~ into its open complement
Q:=R3\ Q . We investigate the wave equation for the
displacement u(t,z) with ¢t € R4, z € Q2

0%u

Assume causal functions vanishing for ¢ < 0. u satisfies
the initial conditions

0
u(0,2) = 8—1;(0756) =0 forze (2)
and Dirichlet boundary conditions on I' := 9%
u=f onRxT. (3)

1

Use a single layer potential ansatz for the solution u, such
pt—lz—yly)
4

that for z ¢ T
/r |z =yl

with density function p and the retarded time argument
7:=t— |z —y|. The latter connects the space and time
variables and physically results in the retarded signal of
a source point. As we will see later, this retarded time
argument has a significant impact on our discretization
scheme. As the single layer potential S is continuous, we
have for its limit on I' with x € T

L [pt—lz—yly)
=T

4 jz — ]

u(t, ) = Sp(t, x)

Y

Vp(t,z) = ds, (4)
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and using (3), there holds the boundary integral equation
for p

[t x) = Vp(t, x). ()

In [4] the following space-time variational formulation is
proposed. Find p(t,z) for x € T, t € [0, T

O/F/Vp(t,x)ﬁ(tx)dsm dtzo/r/f(t’x)ﬁ(t7x)dsw dt (6)

for appropriate test functions 7(t,z). Here the dot
indicates the time derivative. Due to the theory of
Ha-Duong [4] this formulation is uniquely solvable in
appropriate Sobolev spaces on I' and [0,00). It can be
solved approximately using finite element subspaces in
space and time. For some convergence results see [4] and
the references therein.

Space-Time Discretization

Choose a triangulation 7, of T into triangles and let V}, C
H=1/2(T") denoted by Vj, = SF*, where p, indicates the
polynomial degree of the functions and h is the maximal
diameter of all triangles in 7;. Then the density p can
be approximated in space by

N
pr(t,x) = Zai(t)%-(:c) where ¢; € Vj,.
i=1

Decompose the time interval (0, 00) into uniform subin-
tervals Z,,, := (t;m—1,tm] of size At and with ¢, = mA¢t
for m = 0,.... We represent «;(t) = Zzt:l P Y™ (t)
with basis functions 7™ for m = 1,..., N; on a finite
time intervall [0,7]. Thus for test functions 7(t, x)
~¥"™(t)p;(z) the discrete approximation of (6) reads

N; Ng

2.2 9 /r/rI @) =l

m=1 i=1

dsydsz, (7)

where we evaluate the integral

() = / Tome— e — it de (8)

analytically. For constant basis functions in time

{

1
0

tel,

7" (1)
else



Figure 1: Sparsity pattern of retarded matrix V° on sphere
surface with 5120 elements. 0.25% non-vanishing entries.

we obtain for (8)

1 (I,y) c En,m,1
Inim('rvy) = -1 (UC/!/) S En—m
0 else

where

Ep:={(z,y) €T xT : t, < |z —y| <tpi1}.

We refer to Ej as light cone integration domain or
domain of influence. One observes, that the value of
I"~™ depends only on the time difference. This gives
rise to a time stepping procedure, namely

n—1

Z Vn—m¢m

m=1

VO(bn:Fn_

for n = 1,...,N;, where for piecewise constant basis

functions in time we have
/ / wily
|fv -

// e sy ds,
[ trm1.) = ft ) 52 s

¢m:( 17'~-7¢Nt)

Fr =
In each time step, we have to compute a new matrix
V"=1 and a new solution vector ¢". The matrices V*
are sparsely populated, compare Figure 1, as we have a
light cone integration domain Fj, such that only elements
whose distance is in a certain range interact. Another
remarkable fact is, that we have the same system matrix
V0 in each time step.

Computation of Matrix Entries

The computation of a matrix entry Vf; always involves
the computation of an integral

// %Ix - yl

dsy ds,.

634

NAG/DAGA 2009 - Rotterdam

First of all, it is sensible to compute this basic integral
only once and to reuse it in the next time step, as

Vk+1 Gk QR+l

In the following, we discuss the efficient computation
of ij and the underlying MOT-algorithm. For this
purpose fix the time dependent radii to ryax = tx41 and
Tmin = tr and regard the prototype integral

Gy = é [ s = oDeitres@)ds, s ©)

with k,(z) = z¥ and
E:={(z,y) €T x T s.t. rmin < |z — y| < rmax} -

Moreover, define the point light cone or the domain of
influence of point z € R3 by

E(x) := {y ER3 st roin < |z —y| < rmax} )

and the domain of influence of a triangle T' by

E(T) = {yERBZT‘miHS |$—y| STmaX, !EET}

In Figure 4 the domain of influence E(T}/) intersected
with the triangle plane is sketched. Before we discuss the
numerical evaluation of (9), let us discuss an simplified
test for the potential interaction of two elements in F, be-
cause if two elements do not interact, the corresponding
integral vanishes and we can use the below described test
for the storage allocation in our matrices. The domain
of interaction of two elements 7; and T} in the light cone
FE satisfies

Let By, (my) denote the circumsphere of triangle T, with
center my, and radius 7, (kK = 4,7). The domain of
influence E(T}) is a subset of an annular domain defined
by its circumsphere

E(Ty) C C(Tk) := Brytrmax (ME) \ Blron—ri) 4 (Mk)-

Thus, a simple test on the element interaction of two
elements in a light cone F is

EN(T; xT;) Cc (T;NC(Ty)) x (C(T;)NT;). (10)
One can rewrite (9) as
Giyj= Y, ko (lz — ylei(y)e; () dsy ds,

C supp @i EN(T; xTyr)
C supp ¢j

by

C sSupp @i Tj/ ﬁE(Ti/)
C supp @j

<Pj(517) H’( )dsx (11)

Ty
T

where we define the retarded potential P; ;» via

P y(x) = / ku(lz —yl)ei(y) dsy.



Figure 2: Projection of x onto the triangle plane.

Figure 3: Example for a decomposition of E(x) N T} with
respect to z’ and the four generic subdomains.

Composite Quadrature rule for P, ;

First of all, we have to find a parametric representation
of the integration domain F(zx) N Ty. The domain of
influence of point z is an annular domain with center
r and radii rpnin and rph.c. Therefore, we have to find
the intersection of triangle T;; with two spheres. This
three dimensional intersection problem can be reduced
to a two dimensional intersection in a three dimensional
space. Let 2’ denote the orthogonal projection of z onto
the triangle plane and (cf. Figure 2) and define d; :=
|z — 2’|. Then E(z) intersected with the triangle plane
is

Ey(z):={ye R? : Fpin < |z —y| < Fmax } »

where Tiin / max = (rmin/max —d?)'/? and thus

E(,T) NTy = Ey (1'/) NTy.

Introduce polar coordinates (r, ) with respect to ' and
ng

decompose E; (2')NT; = |J D; into ng < 15 subdomains
=1

defined by

D, = {(r, 0) : 0 €Iy andr e (rll(e),ré(t?))},

where Ty, := (01,0141)- 7{72 = Tmin / max; if the upper or
lower boundary with respect to r is one of the intersecting
circles. If it is a triangle edge e with outer normal n and
vertex v, it holds

v-n

N1 COSp + Nasing’

Te(p)

In Figure 3 an example for such an decomposition is given
and the four generic subdomains are sketched. Now, we
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Figure 4: Intersection of triangle T, with the domain of
influence of element T}/ .

can rewrite (12), such that

nd
Puinl@) =3 [[(dh+7) 50, 0)r() dr o
=1 D,

~ Y Qi [(d5 + 1) 2 eulr)r(p)] -

=1

The quadrature rule Q;j denotes a the tensor product
of the k-point Gaussian quadrature rule in # and the k-
point Gaussian quadrature in r-direction skaled to Dj.
Moreover, we apply an additional grading depending on
the kernel function k, and the regularity of r;, details
may be found in [6].

Composite Quadrature rule for G;

If we now return to (11), a quadrature rule for the
remaining outer integral with respect to = has to be
found. Here, the integration domain T N E(Ty) is
the intersection of the domain of influence of T; and
the element 7. A sketch of such an intersection
can be found in Figure 4. One may ask, why such
an complicated looking decomposition is necessary,
but as we seek to use Gaussian quadrature, we have
to make sure, that the integrated function F;; is
sufficiently smooth. The support of P, is E(Ty)
and additionally to this cut-off behavior, we observed
singularities in the second derivatives of P; ;s, which will
be especially troublesome for higher order test functions
in space. For details we again refer to [6] and [1].
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Figure 6: Comparison of storage allocation and computation

SS times.
Figure 5: Mesh of the surface of the sphere with 5120 i et
elements. wr Mﬁﬁ ﬁf\wﬁﬁfﬁ*ﬂﬁ
” ﬁ%AIﬁxH’*HMIWE%Wﬂﬁﬁ
ol TR T T
: 2 bR
1= 1; % 25 ﬁﬁﬁwﬁ““ I H TI T “ LM—
for n=1,...N; do C ol Mﬂfﬁﬂ%wlﬁlw HW] *HM“JIJ\}WH}
if G"2=0 ori> 1 then ﬂ,g,&lﬂiwwwﬂw le %H,
Domain of influence has passed the body obapptil HHMB NH ﬂ ﬁ l“ J
No more matrix evaluation needed; st H H ﬁ g f i } k % ﬁ ]
i—it1 . Pl Hff ‘ 1‘ i
else TIME
n—1 : .
Allocate Stor%%e for G using (10); Figure 7: Long time stability (¢ =0...31).
Compute G™;
S In Figure 6(b) the wall time for the matrix computation
Delete G2
elete ' is plotted for each time step. The first matrix V°
end ) . (cf. Figure 1) was computed with greater accuracy, as
Compute right hand side M . .
L n—1 T rm—m . it is the system matrix. Due to the grading quadrature
g ! B 50 (b; Z’}?LZ 4 ¢ in the near field the first few matrices are quite expensive,
olve = R"™;

although they are relatively sparse compared to later

3 n
Store new solution vector ¢". time steps. Although the outer quadrature is not yet

end . . . .

. e . . optimal, we obain a longtime stable solution as plotted

Algorithm 1: Time Stepping Algorithm in Figure 7 for 1000 time steps.

Numerical Examples References
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of E has passed I' and the integration domain vanishes.
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Notes Comput. Sci. Eng. 31 (2003), 301-336

quadrature rule for P as explained before and a standard [5] L. Banjai, S. Sauter. Rapid solution of the wave
hp-quadrature for the outer integral (11) with a grading equation in unbounded domains. SIAM J. Numer.
strategy toward the vertices and edges of the element Anal. 47 (2008/2009), 227-249

in the near field and a standard quadrature in the far
field. A decomposition in the according element light
cone is currently work in progress. In Figure 6(a) the
percentage of allocated matrix entries is compared with
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