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Abstract

Recursive shelving and peak filters are commonly used in
audio equalization. Their main characteristic is to am-
plify or attenuate a certain frequency band by a given
gain, while leaving signal components outside the re-
spective band unaltered. For parametric equalizers, it
is desirable to have a filter structure that allows for easy
and independent adjustment of the width and center fre-
quency of the respective band, as well as of the gain in
that band.

In this paper, we present a filter design for arbitrary-
order shelving filters, as well as a suitable parametric fil-
ter structure. The design is based on analog Butterworth
low pass filters yielding low shelving filters, decomposed
such that the gain can be easily adjusted. Transforma-
tion to the digital domain and denormalization of the
cut-off frequency is performed, keeping gain and cut-off
frequency independently controllable. Finally, from the
resulting low shelving filter we obtain mid shelving (peak)
filters and high shelving filters using a simple manipula-
tion, providing the desired parametric filter structure.

Introduction

Recursive shelving and peak filters are commonly used in
audio equalization. Their main characteristic is to am-
plify or attenuate a certain frequency band by a given
gain g, while leaving signal components outside the re-
spective band unaltered. For parametric equalizers, it is
desirable to have a filter structure that allows for easy
and independent adjustment of the width and center fre-
quency of the respective band, as well as of the gain in
that band.

In [1] such a parametric structure was proposed for first-
order shelving and second-order peak filters, utilizing
an all-pass decomposition to make gain and cut-off fre-
quency easily adjustable. In [2] a decomposition for
second-order shelving filters and fourth-order peak filters
was presented in which the gain may be adjusted without
recomputation of the filter coefficients.

In the following, we will first present the derivation of
an analog design for arbitrary-order low-shelving filters.
This will then be transformed to the digital domain and a
special structure is presented which is parametric without
introducing additional filter states. Finally, high-shelving
and peak filters are obtained by lowpass-highpass and
lowpass-bandpass transformations.
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Figure 1: Pole/zero locations of low shelving filters with
g = 2, (a) first-order, (b) second-order, (c) sixth-order.

Analog shelving filters

In [1] the normalized transfer functions of first and
second-order shelving filters are given by

HLS,1(s) =
s + g

s + 1
(1)

and

HLS,2(s) =
s2 +

√
2gs + g

s2 +
√

2s + 1
, (2)

respectively. The resulting pole and zero locations are
shown in Fig. 1(a) and Fig. 1(b). These can be general-
ized to order M as

HLS,M (s) =

M∏

m=1

s + M
√

gejαm

s + ejαm
, αm =

(
1

2
− 2m − 1

2M

)

π,

(3)
of which (1) and (2) are special cases. An example of the
resulting pole and zero locations for a filter with M =
6 is shown in Fig. 1(c). It can easily be verified that
HLS,M (0) = g and HLS,M (∞) = 1, as required for a low

shelving filter, and |HLS,M (ω = 1)| =
√

g2+1
2 , so that

the gain at the cut-off frequency is approximately 3 dB
below the maximum gain, see Figure 2.

It is worth noting that HLS,M (s) may be seen as a com-
position of an order M Butterworth lowpass filter with
a cut-off frequency of 1 and the inverse of a Butterworth
lowpass filter with a cut-off frequency of M

√
g. For even

more generalized shelving filter designs similarly based
on Chebyshev and elliptic filters, see [3].

The complex-valued first-order sections

H
(m)
LS,M (s) =

s + M
√

gejαm

s + ejαm
(4)

of (3) can be decomposed into

H
(m)
LS,M (s) = 1 + V

ejαm

s + ejαm
(5)
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Figure 2: Magnitude responses for low shelving filters of
different orders, g = 10.

with
V = M

√
g − 1. (6)

Combining H
(m)
LS,M (s) with H

(M+1−m)
LS,M (s) (having com-

plex conjugate poles and zeros) and using ejαm =
e−jαM+1−m yields the parametric realization of a second-
order section

H̄
(m)
LS,M (s) = H

(m)
LS,M (s) ·H(M+1−m)

LS,M (s)

= 1 + 2V
1 + cms

s2 + 2cms + 1
+ V 2 1

s2 + 2cms + 1
,

(7)

where cm = cos(αm). If M is odd, we furthermore have
a first-order section

H
( M+1

2
)

LS,M (s) = 1 + V
1

s + 1
. (8)

Thus, we can obtain a shelving filter of arbitrary-order
using parametric first- and second-order sections as given
by

HLS,M (s) = H
( M+1

2
)

LS,M (s)
︸ ︷︷ ︸

for odd M only

·
⌊M

2 ⌋∏

m=1

H̄
(m)
LS,M (s). (9)

Discrete-time realization

Denormalizing and applying the bilinear transformation

s =
1

K

1 − z−1

1 + z−1
, K = tan

(

π
B

fS

)

, (10)

where B is the bandwidth (equivalent to the cut-off fre-
quency for low-shelving filters) to which ω = 1 is mapped
and fS is the sampling frequency, we can derive

H̄
(m)
LS,M (z) =

1 + 2V K
K+cm+2Kz−1+(K−cm)z−2

1+2Kcm+K2+(2K2−2)z−1+(1−2Kcm+K2)z−2

+ V 2K2 1+2z−1+z−2

1+2Kcm+K2+(2K2−2)z−1+(1−2Kcm+K2)z−2 .

(11)

Observing that the two non-trivial summands of (11)
share a common denominator, a realization based on the
canonical representation is straight forward. By further
regrouping common terms, we can derive the filter struc-
ture of Figure 3, where a−1

0 = 1
1+2Kcm+K2 . In this re-

alization, the gain is solely controlled by the coefficient
V as defined by (6). In case M is odd, the remaining
first-order section can be realized as described in [1].
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Figure 3: Parametric realization of a second-order section

H̄
(m)
LS,M (z).

High- and mid-shelving filters

Transformation of an analog lowpass to a highpass is
achieved by simply substituting ŝ = 1

s
. Comparing with

(10), we find that we can easily propagate this transfor-
mation to the digital filter by substituting ẑ−1 = −z−1.
Note, this transformation preserves the bandwidth B, so
that the cut-off frequency is now given as fc = fS − B.

Similarly, a transformation to a mid-shelving filter cen-
tered at f0 can be achieved by substituting z̃−1 =

z−1 c0−z−1

1−c0z−1 , where c0 = cos
(

2π f0

fS

)

. This can be re-

alized efficiently by replacing the unit delays in Figure 3
with the respective all-passes [4], which keeps gain, band-
width and center-frequency independently controllable.

Conclusions

We have presented an approach to design shelving filters
of arbitrary order and a digital realization that allows for
independent control of the gain, bandwidth and center
frequency. The proposed filter structure is parametric
while retaining the minimum number of required filter
state variables.
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