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Introduction 
In this paper, we are interested in the different contributions 
that appear when a spherical wave is reflected by an 
immersed solid material. In addition to the well known 
specular reflection, we can also observe head waves 
corresponding to the longitudinal and transverse waves 
generated in the solid, and also the so-called leaky Rayleigh 
wave that generalizes the Rayleigh wave in a semi-infinite 
free solid medium to the case of an immersed interface. At 
the Rayleigh angle, a distortion of the reflected wavefront 
appears, that corresponds to a fast variation of the reflection 
coefficient with respect to the plane wave incidence angle. 
We compare different numerical approaches, including 
semi-analytic methods (high-frequency approximation 
coupled to ray modeling approach) and implicit methods 
(finite differences scheme). These different approaches have 
their own advantages and inconvenients, and domains of 
applicability. We analyze here how these methods can be 
complementary to understand the physical phenomenon that 
occurs during the reflection of a pulse by an immersed 
interface. 

General overview of the problem 
We consider here a plane interface separating a fluid and a 
solid medium. A point-like source is located in the fluid and 
generates an incident spherical wave (transient broadband 
signal) that is partially reflected in the fluid, and partially 
transmitted into the solid. In this paper, we only consider the 
reflected part of the acoustic field. 

A point-like receiver (observation point) moves from the 
source position parallel to the interface, and we want to 
calculate the transient signal measured at each position of 
the observer.  

In the simple wavefront point of view, we expect to obtain 
the following contributions to the total reflected field in the 
fluid medium: 

Two spherical wavefronts, corresponding to the 
incident field and the so-called specular reflection, 

A conical wave, tangent to the specular reflection 

with an angle equal to the longitudinal critical angle 
(longitudinal head wave), 

A second conical wave, tangent to the specular 
reflection with an angle equal to the transverse 
critical angle (transverse head wave), 

Another surface wave known as the leaky Rayleigh 

wave. 

Here we are interested in the computation of the specular 
reflection and leaky Rayleigh wave, since the two head 
waves are generally very small compared to the former. 

Computation of the total reflected field 
This kind of computation is usually performed with the 
following steps: 

- we first calculate the 1D Fourier transform over 
time of the transient incident field ; then we 
calculate the 2D Fourier transform over the spatial 
variables x and y parallel to the interface ; this 
yields the decomposition of the incident field into 
plane monochromatic waves, 

- we apply a similar formulation to the reflected and 
transmitted field, based on the fundamental 
property that the temporal and spatial frequencies 
remain unchanged in the reflection/transmission 
problem, 

- applying the boundary conditions (continuity of the 
normal displacement and pressure/normal stress), 
we can calculate a reflection and transmission 
coefficients that usually depend of the temporal f
and spatial frequencies fBxB and fByB (in fact, the total 
reflected field only depends on ratio fBxB/f and fByB/f),

- we then return to the real physical space by an 
inverse 2D Fourier transform over fBxB and fByB.

Since the final computation is made using a narrow-band 
transient signal, we do not calculate the inverse Fourier 
transform over f ; in fact we just approximate the final 
solution with what is obtained at the central frequency of the 
source.

Formulating the inverse 2D Fourier transform over fBxB and fByB

as an angular integration, we obtain an integral along a 
complex path that starts at the origin i00  towards 

 (propagative components), and then continues 

towards  (evanescent components). A small 

change in the Fourier kernel allows to extend this integration 
path by symmetry with respect to the origin ; this ensures 
that the complex integration path is closed to infinity. 

i02/

i2/

The Fourier kernel shows a phase that varies proportionally 
with the temporal frequency f. This yields the so-called 
semi-analytic approximation that corresponds to the high 
frequency assumption. In this case, the integral can be 
evaluated using the saddle-point method, that can be proved 
equivalent to the stationary phase theorem. Another 
formulation of this approximation can be written in terms of 
the Fermat principle, or minimum time of flight. 
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There is only one particular point on the complex integration 
path that makes the phase stationary ; this point corresponds 
to the specular reflection, that can be interpreted in the 
classical geometrical way (from the source to the interface, 
and the back to the observer, along a path that satisfies the 
first Snell’s law). This contribution is characterized by a 
phase (or a time delay, its equivalent in the time domain), 
and a complex valued amplitude ABsB (that results from the 
reflection coefficient). Used in conjunction with a transient 
excitation signal s(t), this yields a specular reflected field 
that contains two terms: the first one is a replica of s(t), with 
an amplitude given by the real part of ABsB ; the second one is 
the Hilbert transform of s(t), with an amplitude given by the 
imaginary part of ABsB.

Using the stationary phase theorem yields a deformation of 
the integration path to an alternate path in the complex 
plane, along which the phase stationarity is satisfied. During 
this deformation, we go through a pole of the reflection 
coefficient ; the real part of this pole is very near the 
standard Rayleigh incidence, and its small imaginary part 
yields an exponential decrease of the corresponding 
contribution to the total reflected field. The influence of this 
pole can be evaluated in a closed form using the Cauchy 
integration method. This leads to a second term, that needs 
to be added to the specular reflection. Similarly, the second 
term is characterized by a phase (or time of flight) and 
complex amplitude. These two properties are then treated in 
the same manner as for the specular reflection.  

These two contributions are illustrated on Figure 1: the red 
path corresponds to the specular reflection, and the yellow 
one to the leaky Rayleigh wave. 

Figure 1: Specular reflection (red) and leaky Rayleigh 
wave (yellow). 

The leaky Rayleigh wave can be interpreted as a first branch 
from the source to the interface, with an incidence equal to 
the Rayleigh angle ; then a second branch corresponds to a 
surface wave along the interface, followed by a third branch, 
back to the receiver, with the same Rayleigh angle. 

Note that the longitudinal and transverse head waves are not 
taken into account in this description. 

Software implementation 
The first software, developed by D. Cassereau (P.A.S.S., 
Phased Array Simulation Software), is based on the semi-
analytic approximation.  

The second software, developed by E. Bossy (SimSonic), is 
based on a finite-difference time-domain numerical scheme. 
Figure 2 shows an instantaneous view of the reflected (and 
transmitted) fields obtained by this method. We clearly 

identify the incident wavefront and the specular reflection. 
In addition, we also clearly see the two head waves (small 
compared to the other components), and the leaky Rayleigh 
wave contribution. 

Figure 2: Result obtained with SimSonic. 
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Figure 3: Echo-dynamic curves and temporal signals. 

Figure 3 (top) shows the maximum amplitude of the 
temporal signal as the observer moves (blue curve 
corresponds to SimSonic, red curve to P.A.S.S.). Both 
results match very well, except near 10 mm ; this 
corresponds to the transverse critical angle, where the 
reflection coefficient varies fast with the incidence. In this 
case, semi-analytic methods do not yield pertinent results. 

Figure 3 (bottom) shows the temporal signals calculated at 
40 mm from the source. The large pulse corresponds to the 
specular reflection, and the small one to the leaky Rayleigh 
wave. The head waves, present in the results from SimSonic, 
are too small to be visible. We clearly observe an excellent 
similarity of both simulation methods, in arrival times, signal 
shapes and amplitudes. 
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