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Introduction

In this study we are investigating the acoustic equa-
tions as a perturbation of the Navier-Stokes equations
around a stagnant uniform fluid, with mean density pg
and without heat flux. For gases the (dynamic) viscos-
ity 7 is very small and leads to wiscosity boundary lay-
ers close to walls. To resolve the boundary layers with
(quasi-)uniform meshes the mesh size has to be at the
same order which leads to very large linear systems to
be solved. This is especially the case for the very small
boundary layers of acoustic waves. We propose effec-
tive (impedance) boundary conditions for curved bound-
aries by a multiscale analysis, which separate velocity
and pressure into far field and correcting near field. The
boundary conditions are stable and asymptotically exact,
which is justified by a complete mathematical analysis in
[1] for the components of asymptotic expansion.

Formulation of the problem

Let Q C R? be a bounded domain with smooth boundary
09). We consider dimensionless time-harmonic acoustic
velocity v and acoustic pressure p (the time regime is
et o € RT) which are described by the coupled sys-
tem in the framework of Landau and Lifshitz [2]

—iwv + Vp — R_lAnv =f, in Q,
—iwp +divv =0, in Q,
v =0, on Jf).

In the momentum equation (la) with some known source
term f the viscous dissipation in the momentum is not
neglected as we consider near wall regions. Here, R™! =
n/(pocL) < 1 is a dimensionless number, ¢ the sound
velocity, L the characteristic length of the domain, and
A, == A+ (3 + ¢/n)Vdiv with ¢ > 0 the second (vol-
ume) viscosity. The continuity equation (1b) relates the
acoustic pressure linearly to the divergence of the acous-
tic velocity. The system is completed by no-slip bound-
ary conditions (1c). Here we assume that f = 0 on 052,
more general results can be found in [1].

Asymptotic expansion

The acoustic equations (1) show a viscosity boundary
layer of thickness O(v R~1) for the tangential compo-
nent of the velocity. Introducing the small parameter
e = VR~! and curvilinear coordinates (¢, s) close to the
boundary where t is the tangential variable and s the
normal one, we write the solution of (1) inspired by the
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framework of Vishik and Lyusternik [3] as
> . .
p=>_p, (2
§=0

where v/ (z,y) and p/(z,y) are terms of the far field
expansion, the near field terms ¢’ (t,2) represent the
boundary layer close to the wall, and curlyp
(aya *az)T~

The method of multiscale expansion separates the far and
near field terms. The far field velocity terms v satisfy
the partial differential equation (PDE)

(oo}
v= Zej (vj + ecurlyp qu) ;
j=0

Vdivv’ +w?v! = iwf - §_0 +iwA, v/ 72, (3a)
v/ (t,0) - = 8¢~ (t,0), (3b)
where ¢=7 = 0 for j < 0, §;—0 the Kronecker symbol

which is 1 if 7 = 0 and 0 otherwise, and n the outer
normal vector. The far field pressure terms follow as

P =L divvi. (4)
w

The near field terms ¢?(t,S) for S € [0,00) are defined

by the ordinary differential equation (ODE)

iwg’ + 03¢" = k(3iwS + 3503 + 0s)¢? ! — O’ >
+ (- 3iwk®S? — 3k25%0% — 2k250s) ¢’ ? (5a)
+ (wk®S® 4+ k3S20% + K*S*0s + kSO; — K'S0,)¢? 2,
with the boundary condition

dsd’ (t,0) = vI(t,0) - n™, (5b)

and decay condition for S — co. Here, nt = (ng, —n;)"
and k are tangential vector and curvature on 9{2. Note,
that in this ODE the tangential variable ¢ is just a pa-

rameter.

The far field velocity term v® has only a vanishing normal
component, and the tangential component gets zero only
if ecurlyp ¢°(¢, £) is added, see (1c), where the zeroth

order near field function for § = 2
07, S 1-—1i (1+41) Vws, n
t,—) = exp ( — v'(t,0)-n

decays exponentially away from the boundary. The sum
v0 + e curlyp ¢(t, 2) has a non-zero, but small normal
component and is therefore corrected by ev'. The far
and near fields are iteratively computed as follows:
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Figure 1: Comparison of the real part of the pressure.

Impedance boundary conditions

Outside a O(g)-neighbourhood of the boundary the far
field velocity Z;\;O e7v7 serves as accurate approximation
to v, where the error is the smaller the higher N. With
approximative models and impedance boundary condi-
tions approximations vappr, N ~ v shall be defined by

a single PDE, respectively, using again R~ 7 instead of .

Impedance boundary conditions for the velocity. We de-
rived the approximative models for N = 0,

V div Vappr,0 + w2vappr70 = jwf, (6a)
vappr,O -n = O, (Gb)
for N =1
V div Vappr,1 + wQVappr,l = iwf, (7a)
Vappr,1 - 11 — ﬁ \(/%82 div Vappr,1 = 0, (7b)

and for N =2

(Vdiv—2 A, ) Vappr2 + W Vappr,2 = iwf, (8a)

1
w2

(141)
V2wR

+ 5 D0 (RO, iV Vappr.2) ) = 0. (8b)

2 .
Vappr,2 - 11 — 0f div Vappr,2

Compare also the impedance conditions of 15 order in [5].

Impedance boundary conditions for the pressure. For any
N the quantity pappr,ny = m diV Vappr,v shall approxi-
mate p accurately even up to the boundary, as the pres-
sure does not show boundary layer behaviour. Apply-
ing div to (6a), (7a) or (8a), respectively, and using the
identity div curlyp = 0 we observe Helmholtz equations
for pappr,n, and we get impedance boundary conditions
after evaluating the normal component of (la) and us-
ing (6b), (7b) and (8b). The resulting approximative
models are for N =0

Apappr,O + W2pappr,0 = div f’
vpappr,O n = Oa

for N =1
Apappr,1 + W Pappr,1 = divf,
Vpappr,1 -0+ j%afpappr,l =0,
and for N =2

4

3T %)%)Apappr,z + W2 Pappr.2 = div f,

(-
14+

vpappr,Q ‘n+ \/ﬁa?papprz + ﬁat(’iatpapprﬁ) =0.
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Error estimate

Let us state an error estimate for the previously defined
velocity and pressure approximations.

Lemma If w? is not a Neumann eigenvalue of —A,
then, for any § > 0 and s the domain 2 without a
0-neighbourhood of 02 there exists a constant Cs and
such that for N =0,1,2

. V= Vappr, N || 2 (div,25) Np1
R_4HCUﬂQD(V_Vappr,N)”L?(Q(;) <CsR 2.

||p_ Pappr,N ||H1(Q)

For a rectangular domain with omitted disk we have per-
formed numerical simulations for the exact model (1)
and the approximative pressure models, see Fig. 1. We
have used high-order finite elements within the numerical
C++ library Concepts [4] to push the discretisation error
below the modelling error. Figure 2 shows the modelling
error in dependance of the viscosity.
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Figure 2: The modelling error ||p — pappr,nllz1) + IV —
Vappr,N || H(aiv,0) for N =0,1,2 w.r.t. viscosity.

Conclusion

With the technique of multiscale expansion we have
derived approximative models up to order 2 approxi-
mating the velocity and pressure for small viscosities.
These are partial differential equations and (generalised)
impedance boundary conditions which relate on the
boundary the normal component of the velocity to its
divergence or the normal derivative of the pressure to
the pressure itself.
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