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Introduction
A horizontally arranged pair of loudspeakers can create
an auditory event between the loudspeakers, a so-called
phantom source [1]. Phantom sources are known to be
localized with larger uncertainty compared to single sound
sources [2, 3, 4]. However, only few studies diﬀerentiated
between the uncertainty that is due to inter- and intrasubjective variation [5, 6]. This contribution discusses
the inﬂuence of both variations and presents a reasonable
explanation for inter-subjective variation that can be incorporated into a simple localization model.
The paper ﬁrst introduces binaural and vector-based localization models. Their predictions of the experimental results from [4] are compared pointing out that the weighted
energy vector yields best results. A suitable weighting
is derived from the directivity of human hearing. The
subsequent section presents experimental results that reveal the intra-subjective variation to be surprisingly small
and that uncertainty is mainly due to inter-subjective
variation. Finally, the localization models are modiﬁed in
order to predict this uncertainty.
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Figure 1: Coordinate system and loudspeaker setup used in
the experiments from [4, 19].

Binaural Model
The employed binaural localization model after Lindemann [7, 8] is part of the Auditory Modeling Toolbox 1 .
It divides the binaural input signals into 36 frequency
bands, and applies half-wave rectiﬁcation and low-pass
ﬁltering to model the auditory nerve. In each band, the
inter-aural time-diﬀerence (ITD) is computed as the centroid of the inter-aural cross correlation function [9].
The ITD value of the phantom source is compared to
the values of a single sound source from a lookup table.
The best matching ITD is selected and the corresponding
angle is regarded as the angle of the phantom source
for the present frequency band. The median value of all
bands represents the broadband prediction result. In this
contribution, best results have been achieved when using
18 frequency bands covering the range 124 Hz . . . 1979 Hz.
The model can be fed with head-related impulse responses
(HRIR) or binaural room impulse responses. This work
employs an HRIR database from the Acoustic Research
Institute (ARI) with data from 104 persons 2 .
available on amtoolbox.sourceforge.net/
available
on
https://www.kfs.oeaw.ac.at/
index.php?option=com_content&view=article&id=608:
ari-hrtf-database&catid=158:resources-items&Itemid=
606&lang=en
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This section introduces a binaural model, as well as vector
models for the prediction of phantom source localization.
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Localization Models
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Vector Models
Linear summation of the weighted loudspeaker directions
θl = [cos(φl ), sin(φl )]T , cf. Figure 1, is used to calculate
the velocity vector [10, 11]
L
g l θl
.
(1)
rV = l=1
L
l=1 gl
The direction of this vector is assumed to correspond
to the localization of low frequencies (≤ 700Hz) and
is identical to the direction predicted by vector-base
amplitude panning (VBAP, [12]) and the tangent law [13].
Similarly, the energy vector [11] is deﬁned as
L
gl2 θl
.
rE = l=1
L
2
l=1 gl

(2)

The energetic superposition of the loudspeaker signals
is expected to model the localized direction for higher
frequencies or broadband signals. Just as the velocity
vector, the energy vector has no restriction regarding
the number of simultaneously active loudspeakers. The
magnitude of the energy vector can also used to describe
the perceived width of phantom sources [5, 14, 15].
Direction-dependent weighting w(θl ) can be applied to
the energy vector [11] by weighting of the loudspeaker
gains [14]. This yields the weighted energy vector
L
(gl w(θl ))2 θl
w
.
(3)
rE = l=1
L
2
l=1 (gl w(θl ))
It seems useful to apply the directivity of human hearing
as directional weighting.
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Directivity of Human Hearing
Jahn conducted experiments on how a single value for the
perceived binaural loudness could be determined from the
sound pressure of both ears plef t (φ) and pright (φ) [16, 17].
He found the following frequency-independent summation
formula for the directional loudness or directivity D(φ)

1
|plef t (φ)|k + |pright (φ)|k k
D(φ) =
.
(4)
|plef t (0)|k + |pright (0)|k
Although he found the exponent to be k = 2.1 for levels
close to the absolute hearing threshold and k = 1.77
for higher levels (50-70 phon), later work found that an
exponent of k = 2 yields the best correlation to listening
experiments [18]. This value is also used in this work.
Using Eq. (4), the directivity of human hearing can be
computed directly from head-related transfer functions.
In order to have a good estimate of the average directivity,
this work again employs the ARI database. The median of
this broadband directivity is used as direction-dependent
w
weighting w(θl ) for rE
, cf. Figure 3.
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Figure 3: Median and IQR of human broadband hearing
directivity, computed from 104 listeners of the ARI database.

Prediction of Localization Results from [4]
All presented models are employed to predict the median
localization results from Simon [4]. The localization experiment studied the perceived direction of phantom sources
created by pairwise panning with level diﬀerences between
±18dB in steps of 4.5dB on loudspeaker pairs with 45◦
aperture angle on a horizontal semicircle, cf. Figure 1.
The prediction results in Figure 2 show that the binaural
model with a lookup table for the whole 0◦ . . . 180◦ range

is not capable of correctly distinguishing between front
and back. Improvement is achieved by limiting the lookup
table to the angular range of the active loudspeaker pair,
e.g. 90◦ . . . 135◦ for the [90◦ , 135◦ ] loudspeaker pair. For
the frontal directions, the predictions of the vector models
and the range-limited binaural model are similar. The
advantage of the weighted energy vector is most obvious for lateral directions. Figure 5 compares the median
prediction errors of the models. The weighted energy vector performs best (p ≤ 0.1). The range-limited binaural
model and the velocity vector are at par (p = 0.76), while
the latter is worse than the energy vector (p = 0.077).
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Figure 2: Localization results from [4] (medians and conﬁdence intervals) and prediction of median results by diﬀerent predictors.
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Table 1: Inter-quartile ranges of the localized directions for
diﬀerent pairs of equally loud loudspeakers.
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Figure 5: Medians and 95% conﬁdence intervals of the prediction errors for all conﬁgurations from [4].

Inter- or Intra-Subjective Variation?

perceived/predicted subjective variation in °

Is the uncertainty due to inter- or intra-subjective variation? To clarify, a detailed dataset from an own experiment [19] is analyzed. The experiment employed a regular
ring of Genelec 8020 loudspeakers at a radius of r = 2.5 m
at an ear height of 1.2 m in the 10.3 m × 12 m × 4.8 m
large IEM CUBE [5], cf. Figure 1. The stimulus consisted
of 3 pink noise bursts, each with 100 ms fade-in, 200 ms
at 65 dB(A), 100 ms fade-out, and 200 ms silence before
the next fade-in. The perceived direction was assessed
in random order using a pointing method with a toy-gun
that was captured by an infrared tracking system [20].
The selected dataset includes 2 conditions, that were evaluated 6 times by each subject: 0dB level diﬀerence between
loudspeaker pairs at [0◦ , 45◦ ] and [90◦ , 135◦ ]. All 14 subjects were part of a trained listening panel [21, 22, 23].
Table 1 compares the total, inter-subjective, and intrasubjective inter-quartile ranges (IQR) of the localized
directions for both loudspeaker pairs. The total IQRs
are computed from the 84 = 14 (subjects) × 6 (repetitions) answers for each loudspeaker pair representing
the overall variation caused by both inter-subjective and
intra-subjective variation. For each loudspeaker pair, the
inter-subjective IQR is calculated after replacing each
subject’s answers by her/his median answer for this loudspeaker pair, i.e. using a single value for each subject.
Vice versa, the intra-subjective IQR is calculated after
suppressing the inter-subjective variation of each subject
by subtracting the subject’s median answer.

For the frontal loudspeaker pair at [0◦ , 45◦ ], the intersubjective variation is a bit greater than the intrasubjective variation. An analysis of variance shows a
signiﬁcant eﬀect of the subjects (p  0.001), but no
eﬀect of the repetitions (p = 0.179). For the lateral loudspeaker pair at [90◦ , 135◦ ], the inter-subjective variation
is twice as big as the intra-subjective variation. In this
case, nearly the whole overall variation is caused by intersubjective variation. Again, the eﬀect of the subjects is
signiﬁcant (p  0.001), but the eﬀect of the repetitions
is not (p = 0.755). This ﬁnding shows that the subjective
diﬀerences in the localization is dominated by diﬀerences
between the subjects.

Prediction of Localization Uncertainty
Results in the literature [2, 3, 4] show the largest uncertainty for level diﬀerences close to 0dB. Combining
this knowledge with the results from the above experiment, it seems reasonable to attribute the inter-subjective
diﬀerences to individual directivity patterns. Imagine a
listener that is more sensitive in a certain direction θ1 . If
a loudspeaker at this direction contributes to a phantom
source, the listener will perceive it closer to θ1 compared
to another listener that is less sensitive in θ1 .
The diﬀerences in the directivity can be incorporated in
the weighted energy vector by employing the IQR of the
directivity, cf. Figure 3. For two loudspeakers, this can be
done by ﬁrst weighting one loudspeaker with the upper
quartile of the directivity and the other one with the lower
quartile, and then vice versa. The resulting area between
both localization curves predicts the inter-subjective variation. In the binaural model, inter-subjective variation
is predicted by the standard deviation of the directions
calculated for the 104 individual HRIR datasets.
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Figure 4: Conﬁdence interval of experimental results and predicted variation by diﬀerent models for all conditions from [4].
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Figure 4 shows the conﬁdence interval from [4] and the
two predictions. The vector-based prediction achieves a
correlation to the experimental results of 73%, whereas
the binaural prediction yields only 33%.

Conclusion
Uncertainty of phantom source localization is mainly due
to inter-subjective diﬀerences, especially at lateral directions. The hypothesis seems natural that the diﬀerences
are caused by diﬀerences in the directivity of hearing:
Incorporated in the simple weighted energy vector model,
the localization uncertainty can be predicted with a 73%
correlation.
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