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Introduction

For a precise simulation of sound fields the wave equa-
tion has to be solved with realistic boundary conditions
(BCs). Therefore, the knowledge and description of the
acoustic boundaries plays a key role in the calculation of
acoustic fields.
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Figure 1: Computational setup consisting of two domains
Ω1 and Ω2.

In fig. 1 a setup is shown containing two domains Ω1

and Ω2, whereas the interface between both domains is
Γ1. This can be a typical setup for a room (Ω1) sur-
rounded by acoustic absorbers (Ω2). The weak form of
the partial differential equation (PDE) in the frequency
domain reads as∫
Ω1∪Ω2

ϕk2PadΩ−
∫

Ω1∪Ω2

∇ϕ · ∇PadΩ +

∫
Γ2

ϕ
∂Pa

∂n2
dΓ = 0 .

(1)

In (1) Pa is the acoustic pressure, ϕ is a test function, k
is the wavenumber, Γ2 is the surface of Ω2, n2 the unit
normal vector of the surface Γ2 and Ω1∪Ω2 is the overall
simulation domain. Now, we assume that we can model
the absorption behavior in Ω2 by a boundary condition
on Γ1. Thereby, the PDE reduces to∫

Ω1

ϕk2PadΩ−
∫
Ω1

∇ϕ · ∇PadΩ +

∫
Γ1

ϕM(Pa)dΓ = 0 .

(2)

Here, M(Pa) = ∂Pa

n1
denotes a general boundary op-

erator. As a first order approximation of this opera-
tor, the acoustic surface impedance (also known as wall
impedance) ZW at perpendicular sound incidence is used
conventionally. In this case, (2) reads as∫
Ω1

ϕk2PadΩ−
∫
Ω1

∇ϕ · ∇PadΩ−
∫
Γ1

ϕjωρ0
Pa

ZW
dΓ = 0 ,

(3)

where ω is the angular frequency, j the complex unit and
ρ0 is the density of the propagation medium in Ω1. The

acoustic surface impedance at an interface can be deter-
mined at perpendicular sound incidence by means of an
impedance tube [1] or at oblique angles of incidence [2],
e.g. employing a subtraction technique in time domain [3]
or a spatial Fourier transform method in the wave num-
ber domain [4]. The acoustic surface impedance at per-
pendicular sound incidence only models locally reacting
interfaces, where the acoustic impedance is not a func-
tion of the angle of sound incidence. To model interfaces
which are non–locally reacting, the acoustic impedance
has to depend on the angle of sound incidence. This cir-
cumstance necessitates an operator M of higher order
along with an increased calculation effort. In contrast,
we also model the domain Ω2 (absorber) using effective
material parameters and solve for a wave equation for
inhomogeneous fluids. The method is described and a
validation by means of comparison with analytic calcu-
lations and measurement results is done.

Helmholtz equation for inhomogeneous
fluids

We assume an isentropic state in a non–viscous, stagnant
fluid. Furthermore, we consider a perturbation ansatz
according to

p = p0 + pa; ρ = ρ0 + ρa; v = va , (4)

with the properties pa � p0 and ρa � ρ0. In this pertu-
bation ansatz, p is the pressure, pa the acoustic pressure,
ρ the density, ρa the acoustic density and va the acoustic
particle velocity. The mean quantities are denoted with
index 0. By inserting the perturbation ansatz into the
conservation of mass and momentum [5], the linearized
conservation equations read as

∂ρa

∂t
+∇ · (ρ0va) = qma (5)

ρ0
∂va

∂t
+∇pa = qmo , (6)

where qma and qmo model source terms. The mass con-
servation (5) inserted in the linearized pressure–density
relation

∂pa

∂t
= c20

(
∂ρa

∂t
+ va · ∇ρ0

)
(7)

and a rearrangement of (6) provides

1

ρ0c20

∂pa

∂t
+∇ · va =

1

ρ0
qma (8)

∂va

∂t
+

1

ρ0
∇pa =

1

ρ0
qmo . (9)
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In (7) and (8), c0 is the speed of sound. Applying a time
derivative to (8) and a spatial derivative to (9), Fourier
transform and subtracting both equations, the Helmholtz
equation for inhomogeneous fluids can be derived with

ω2

Ks
Pa +∇ · 1

ρ0
∇Pa = ∇ · Qmo

ρ0
− jωQma

ρ0
. (10)

In (10), Ks = ρ0c
2
0 is the bulk modulus, whereas Qmo

and Qa are the time Fourier transformed source terms
introduced in (5) and (6). By applying the chain rule,
we arrive at

ω2

Ks
Pa +∇ · ∇Pa −

1

ρ2
0

∇ρ0 · ∇Pa = ∇ · Qmo

ρ0
− jωQma

ρ0
.

(11)

In (11), the influence of a space dependent density ρ0 is
described by the third term, which is equal to zero in an
homogeneous fluid.

Validation of the method

To validate the method, the acoustic pressure is calcu-
lated by solving (11) by means of our in house Finite–
Element (FE) software CFS++[5]. We compare this
acoustic pressure to the one obtained by means of ana-
lytic calculating the acoustic pressure field in front of an
absorber – air interface using the spatial Fourier trans-
form method. Moreover, the results are compared with
measurement ones.

Simulation setup for FE–simulation

The axisymmetric simulation setup for the validation of
the method can be seen in fig. 2. The setup consists
of two domains Ω1 and Ω2 with the material parameters
density ρ0i and bulk modulus Ksi (i = {1, 2}). Both
domains are surrounded with a perfectly matched layer
(PML) for modeling free radiation. Furthermore, the
bottom of Ω2 is totally reflecting (sound hard). The
sound source in the validation setup is placed 100 mm
above the interface. The acoustic pressure is investigated
at an observer point between the sound source and inter-
face and at an observer line 20 mm in front of the inter-
face.
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Figure 2: Setup for validation.

Analytic calculation of the acoustic field

We assume a plane z = const. with an axisymmetric
spatial distribution of the acoustic pressure Pa. Hence,
the acoustic pressure Pa(r) only depends on the radius
r. The spatial Fourier transform (denoted with ∼) of the
acoustic pressure computes by [6]

P̃a(kr) = 2π

∞∫
0

Pa(r)J0(rkr)rdr . (12)

In (12), J0 is the Bessel function of first kind and 0th
order and kr the radial component of the wave vector.
The wave vector is given by

k =

(
kr
kz

)
=

(
k sin θi

k cos θi

)
, (13)

with the angle of sound incidence (angle between k and
the z–axis) θi. The inverse Fourier transform of the
acoustic pressure is defined as

Pa(r) =
1

2π

∞∫
0

P̃a(kr)J0(rkr)krdkr . (14)

The inverse Fourier transform can be interpreted in such
a way that the acoustic pressure distribution on a plane
can be represented by a sum of an infinite number of
harmonic components. Any kind of wave can therefore
be decomposed in a set of plane waves by using the spatial
Fourier transform [7]. We assume a setup which is shown
in fig. 2 with a sound source located at the z–axis and
a sound reflecting surface at z = 0. In difference to the
setup shown in fig. 2, the interface between both domains
is infinite in the analytic computation of the acoustic
pressure. The acoustic pressure between the interface
and the sound source (placed at zs) for 0 ≤ z ≤ zs can be
decomposed into an incident Pa,i and reflected part Pa,r

Pa(r, z) = Pa,i(r, z) + Pa,r(r, z) . (15)

The incident part can be described with the acoustic
pressure caused by the sound source spreading into a
free field. The reflected part can be calculated by us-
ing the inverse spatial Fourier transform defined in (14),
whereas the spatial Fourier transformed reflected acous-
tic pressure can be replaced by Pi and R (being the sound
pressure reflection coefficient of the interface). Thus, the
acoustic pressure can be calculated by [8]

Pa,r(r, z) = Pi +
1

2π

∞∫
0

P̃i(zs)Re
−jkz(zs+z)J0(rkr)krdkr .

(16)

For the calculation of (16), the spatial Fourier trans-
formed acoustic pressure of the incoming acoustic pres-
sure (free field radiation) is needed. Furthermore, an
approximation of the integral in (16) is done by using
the adaptive Gauß-Kronrod quadrature.
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Measurement setup

To measure the sound field above a rockwool sample with
thickness 40 mm, a BK 4187 1/4” microphone is mounted
on a 2D–gantry by means of a tube. The gantry allows
to scan the sound field above the sample in a range of
195 cm x 20 cm. The sound source we used for measure-
ments is built of two Visaton BF45 in a spherical contain-
ment made of wood. The resulting sound source shows a
dipole like polar pattern. In the measurements, the axis
of the sound source is arranged perpendicular to the sur-
face of the planar sample. The measurement setup for
the validation is displayed in fig. 3. Here, the 2D–gantry
with the tube to place the microphone between the rock-
wool sample and the loudspeaker can be seen. Since the
measurements are performed in an ordinary room, the
evaluation of the recorded acoustic pressure is done by
means of calculating the impulse response, similar to the
procedure described in [3]. In the measurement setup,
the nearest sound reflecting objects are located more than
1 m away. Thus, the parts of the impulse response, which
are caused by reflections can be expected at 6 ms. The
excitation signal is a maximum length sequence (MLS)
with length 10 s with 50,000 samples/s.

loudspeaker

2D-gantry

rockwool sample

microphone

Figure 3: Measurement setup for validation.

Validation results

In the first validation example, both domains are mod-
eled with the same material parameters of air (ρ0i =
1.2 kg/m3, Ksi = 138720 Pa, i = {1, 2}).

In fig. 4 the acoustic sound pressure level (SPL) at
the observer point is shown as a function of frequency.
Here, the analytical results using (16) with a time Fourier
transformed acoustic pressure [9] and the spatial Fourier
transformed acoustic pressure of a dipole with free radi-
ation [8] is shown in solid blue. In the FE–simulations
(shown in solid orange), the dipole is modeled by means
of two monopoles with same strengths but different sign.
The analytic dipole formula models an ideal dipole, where
two monopoles are placed at an infinite small distance.
Therefore, the analytic calculations using (16) (shown
as dashed orange line) are also performed by using two
monopoles placed with a distance of 1 mm to each other.
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FE 2 monopole (1 mm)

analytical 2 monopoles (1 mm)

Figure 4: SPL as a function of excitation frequency (Ω1: air,
Ω2: air).

The same distance between the monopoles is used as in
the FE–simulations. It can be seen that the SPL at
the observer increases with higher frequencies. There is
nearly no difference between the three calculation meth-
ods of the acoustic pressure at the observer. This allows
the approximation of the ideal dipole by means of two
monopoles with a distance of 1 mm. This setup of the
sound source is used in the following calculations.

Now, we investigate a sound field above an absorber. In
doing so, domain Ω1 is modeled as air and domain Ω2 is
modeled as an isotropic sound absorbing fluid. The mate-
rial parameters are calculated by applying the Komatsu–
model [10] with a flow resistance of 9.5 kPas/m2. With
this model, the characteristic field impedance ZC and the
wave number kC can be computed. The effective material
parameter for Ω2 are obtained by

Ks2 = ZC
ω

kC
; ρ02 = ZC

kC

ω
. (17)
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Figure 5: SPL as a function of excitation frequency (Ω1: air,
Ω2: absorber).

In fig. 5 the SPL at the observer point above the absorber
is displayed. In this case, similar to the previous valida-
tion example, an increasing SPL with higher frequencies
can be observed. Furthermore, the SPL at the observer
point computed by solving (3) with the FE method using
the acoustic surface impedance at perpendicular sound
incidence is shown. The results are compared with the
analytic solution of the acoustic pressure and the acoustic
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pressure obtained by solving (11) with the FE method.
It can be seen that the modeling of the interface with a
locally reacting surface gives no sufficient agreement to
the analytic solution. The acoustic pressure is underes-
timated with more than 40 dB at all frequencies between
300 Hz and 10 kHz. The sound reflecting interface in the
analytic calculations is infinite, whereas the absorber has
finite dimensions in the FE calculations. Probably this
can cause the deviations, which can be found between
the analytic and FE calculations.

In fig. 6, the acoustic pressure in terms of the real part
along the observer line can be seen for an exemplary fre-
quency of 5 kHz. It can be seen that the displayed seg-
ment of the sound field shows approximately 5 periods
with a wavelength of 6.86 cm along the observer line. It
can be stated, that the FE calculations show good agree-
ment to the analytic calculations. The measurement re-
sults on the other hand, show a slightly larger acoustic
wavelength in comparison to both results of the calcu-
lations. Due to the spatial averaging of the microphone
(the membrane is not infinitesimal) these deviations can
be explained. However, the obtained acoustic pressure
by solving (11) shows good agreement especially in com-
parison to the analytic solution.
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Figure 6: Real part of the acoustic pressure as a function of
space at 5 kHz (Ω1: air, Ω2: absorber).

Conclusion and outlook

In this paper, we presented a method for the calcula-
tion of acoustic fields. In this method, the influence of a
layer of absorber material is not modeled by means of the
acoustic surface impedance but by an isotropic absorbing
fluid. The method is explained and the PDE for inhomo-
geneous fluids is derived. Furthermore, the validation of
the method is presented in terms of a comparison with
the analytic calculation of the acoustic pressure at an ob-
server point and at an observer line. The comparison to
the analytic calculation and to the measurement of the
observed acoustic pressure show good agreement.

In future, measurement results of the acoustic surface
impedance by means of a spatial Fourier transform
method (similar to the one presented in [4]) will be used
for the calculation of the material parameters of the ab-
sorber domain. This allows for further investigations of
the method presented in this paper at a real absorber –
interface.
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