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Introduction 
Low frequency sound radiated from an open unflanged pipe 
is greatly affected by the attenuation at the trailing edge of 
the pipe [1] and the refraction in the mixing region of the jet, 
even at low mean flow velocities. Although the flow-
acoustic coupling is generally weak, the vortices shed from 
the pipe edge are partly energized by the incoming sound 
wave and, thus, appear as an acoustic sink. The sound is then 
partly regenerated through the action of the vortices on the 
edge. Both sound attenuation and “generation” mechanisms 
are driven by the incoming acoustic wave, while the 
contribution of the mean flow is only through its abrupt but 
steady spatial changes close to the edge. Therefore, steady 
properties of the main flow are sufficient for estimation of 
sound propagation at low frequencies. Indeed, the 
combination of steady Reynolds-averaged Navier-Stokes 
(RANS) equations and Linearized Euler Equations (LEE) 
has been successfully used in literature for solving this type 
of problems [2-4]. 

Existing computational fluid dynamics (CFD) solvers, 
mostly based on low-order Finite Volume Method [5], are 
well optimized for the solution of Navier-Stokes equations 
and show remarkable efficiency and robustness. On the other 
hand, less common calculations of the acoustic propagation 
based on LEE are often associated with difficulties, such as 
large computational efforts and instability. Two alternative 
approaches are: 

- solving a single (convective) wave equation and 

- solving some form of aeroacoustic analogy. 

The first approach most often requires a simplified model of 
the mean flow for estimation of sound propagation (left-hand 
side of the equation), such as uniform flow in the classical 
convective wave equation, or parallel shear flow in Lilley’s 
equation [6]. Other details of the flow and its interaction 
with the acoustic waves have to be either neglected, which 
might lead to inaccuracies, or shifted to the right-hand side 
of the equation, to appear as the sound sources. The latter 
solution is in the basis of the second approach, which utilizes 
aeroacoustic analogies. Since the propagation effects are (at 
least partly) treated as artificial sources of sound, which are 
dependent on the solution of the acoustic problem, the 
analogy requires the following: 

- expansion of the source region over the entire 
region in which the critical sound propagation 
effects take place, which can lead to very 
distributed “sound sources” and 

- appropriate modelling of the flow-acoustic effects 
on sound propagation, which allows the assessment 
of such source terms. 

Both prerequisites limit the applicability of aeroacoustic 
analogies in highly inhomogeneous flows. 

Still, the analogies remain essential for characterisation of 
mechanisms of aerodynamic sound generation and, when 
used appropriately, can lead to very efficient calculations by 
means of single-unknown acoustic wave equations. In this 
work, we try to utilize different aeroacoustic analogies to 
estimate sound propagation around a trailing edge of a 
circular pipe with a flow. As a result, a form of convective 
wave equation with imposed vortex-induced acoustic sink 
effects will be used and compared with computationally 
more demanding system of Linearized Euler Equations. 

Convective wave equation 
In the following, we attempt to estimate the far-field 
directivity of an open pipe by numerically solving a single 
convective wave equation. We start with Phillips equation 
without mass, force, or heat sources and neglect the effects 
of viscosity and heat conduction (isentropic flow). We also 
assume the pressure perturbations of a perfect gas to be very 
small compared to the static value, which is also assumed to 
be constant (p0 = p∞ = const), so that the equation simplifies 
to: 
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where p’ denotes the pressure perturbation and v, ρ, and c 
denote velocity, density, and sound speed, respectively. 
Subscript ∞ denotes a reference value at infinity, where the 
mean flow is quiescent. The left-hand side operator of this 
form of convective wave equation is capable of capturing 
sound propagation effects due to spatially varying mean flow 
velocity (inside the total derivative of the first term) and 
sound speed (the second term). Unfortunately, part of the 
sound propagation is still contained inside the right-hand 
side terms, as proven by Doak [7] for shear flows. In low 
Mach number flows, these terms become important only in 
the regions of abrupt changes of the mean flow velocity, 
such as at the trailing edge of a pipe with a flow. Moreover, 
the right-hand side of the equation can be expanded as:  
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The term vωvv 22 cc , with ω 
denoting vorticity, points to the vortex-sound interaction and 
the dominant cause of the acoustic sink at the edge in low 
Mach number flows and at low sound frequencies [8]. Since 
the term also involves the acoustic velocity, which is part of 
the sought for solution, its calculation is not straightforward. 
To circumvent this, one can attempt to estimate the term 
prior to the acoustic calculation. The unsteady 
incompressible pressure at the pipe edge pic’ is due to the 
action of the axial component of the Coriolis force on the 
pipe wall, so we can estimate it from [1]:  
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where pac’ and vac’ are the acoustic perturbations of pressure 
and axial velocity component at the pipe opening, 
respectively, due to the incoming sound wave, subscript J 
denotes the values in the mean flow (jet), and MJ represents 
the local Mach number value. Here, the approximation 
vac’ ≈ 2pac’/(ρJcJ) was used, since the reflection coefficient at 
the pipe opening is close to -1 at low frequencies and low 
Mach numbers, so both incoming and reflecting waves 
contribute nearly equally to the velocity perturbation. The 
resulting incompressible pressure has the opposite sign of 
the initial acoustic one, which implies that the sink at the 
edge is equal to (-1-2MJ)pac’. The reaction force of the edge 
is also the actual cause of the far-field dipole-like radiation 
outside the pipe, with the positive lobe at the pipe axis 
downstream.  

Numerical solution 
Phillips partial differential equation is solved using the first-
order Finite Element Method (FEM). The two-dimensional 
mesh applied on the axisymmetric geometry is very simple 
and consists of quadrilateral elements with the dimensions 
1cm x 1cm everywhere, except within the extension of the 
pipe wall, where the dimensions are 0.02cm x 1cm, match 
the thickness of the pipe wall. The pipe length is 68cm. The 
computational domain extends outside the pipe 50cm in both 
axial and radial directions from the pipe opening. As a result, 
the mesh consists of 5086 elements and 5306 nodes. Small 
size of the elements justifies the implementation of simple 
linear basis functions. The time step is 50μs. The main 
acoustic monopole source is placed at the half length of the 
pipe, 1cm from the axis in the radial direction, and the 
excitation signal is a sine wave. All boundaries are treated as 
rigid walls, with normal component of the pressure gradient 
equal to zero. The time-domain simulation is interrupted at 
the time t = 2.5ms in order to avoid the superposition of the 

reflections from the outer boundaries of the computational 
domain. The radiation patterns are estimated at the distance 
34cm from the opening of the pipe, from the mean square 
values of the pressure perturbation within one half of the 
signal period. The mean flow properties are interpolated 
from the results of the CFD RANS simulations. 

In the first calculation, the right-hand side of the 
Equation (1) is neglected. In the second calculation, the 
secondary aerodynamic source is approximated with the 
incompressible pressure perturbation according to the 
Equation (4). The acoustic pressure dependent sink at the 
pipe edge is imposed through the modification of the 
corresponding values of the stiffness matrix for the two 
nodes at the pipe edge. Figure 1 shows the distribution of the 
pressure perturbation p’ at one time instant for both 
calculations. The maximum Mach number of the flow at the 
pipe axis is Mmax = 0.25 and the maximum temperature is 
Tmax = 300ºC. Frequency of the emitted sound is 1146Hz 
which corresponds to Helmholtz number He = 0.3. 

 

 

 

Figure 1: Distribution of pressure perturbation p’ at one 
instant of time with the incompressible pressure 
perturbation (above) neglected, (below) approximated as 
pic’ ≈ -2MJpac’; the blue lines represent the arc on which the 
radiation patterns are acquired. 

 
The estimated radiation patterns are given in Figure 2 for the 
first (blue line) and the second calculation (red line) and for 
two sets of conditions: 

- Mmax = 0.15, Tmax = 41ºC, He = 0.5 and 

- Mmax = 0.25, Tmax = 300ºC, He = 0.3. 

In both cases, the results are compared with the 
measurements after the normalization of the radiation 
patterns according to the total radiated power. Inclusion of 
the effect of the vortices, based on the vortex sound theory, 
improves the prediction of the far-field directivity even 
though a single convective wave equation is solved. The 
introduced additional condition at the pipe edge, a pressure 
dependent sink, can therefore be used for more accurate 
estimation of sound diffraction at the trailing edge. The 
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utilized approximations provide a good accuracy of the 
resulting field at low Mach number values. The accuracy 
drops at higher mean flow velocities, due to the neglected 
terms in the starting Phillips equation. 

 

 
Figure 2: Estimated and measured radiation pattern shapes 
for: (above) Mmax = 0.15, Tmax = 41ºC, He = 0.5 and 
(below) Mmax = 0.25, Tmax = 300ºC, He = 0.3; blue lines 
represent the results with neglected incompressible pressure 
perturbation, red lines represent the resutls with 
approximated incompressible pressure perturbation; 
normalization is based on the total radiated power. 

Comparison with Linearized Euler Equations 
The conservative form of Linearized Euler Equations [3] 
will be used here to solve the same sound propagation 
problem in time domain. For a perfect gas (γp = ρc2) without 
unsteady mass- or heat-sources, the system reads: 
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with pc = (p’/p∞)1/γ = pc0 + pc’, pc0 = (p0/p∞)1/γ, and 
pc’ = pc0p’/(γp0) << pc0, where p∞ is an arbitrary constant 
reference value of pressure (for example, static pressure in a 
quiescent flow at infinity, p∞ = 101kPa). Therefore, pc can be 
interpreted as a normalized pressure perturbation. 

The system of Linearized Euler Equations in cylindrical 
coordinates is discretized and solved in time domain using 
the Discontinuous Galerkin Method (DGM). For this 
purpose, a two-dimensional triangular mesh was used. 
Typical dimension of the elements varies between 2mm 
(equal to the pipe wall thickness) within the extension of the 
pipe wall, around 1cm inside the pipe (with the inner radius 
2cm) and its extension, up to around 8cm far from the edge 
of the pipe. The adapted mesh takes the advantage of the 
higher-order DGM and provides higher accuracy in the 
region of vortical flow, close to the edge. The total length of 
the pipe is 30cm and the exterior propagation region extends 
50cm in both axial and radial directions from the pipe 
opening. The mesh consists of 570 elements with 10 interior 
and interface nodes each, for the third-order accuracy. 
Source of the plane wave inside the pipe is introduced 
through the time varying pressure boundary condition at the 
upstream end of the pipe. As before, a sine-wave is used for 
simplicity. All other boundary conditions are set to rigid 
wall boundary condition, that is, normal components of the 
pressure and density gradients, as well as both components 
of the momentum equal zero, with the exception of the axial 
component of the momentum at the pipe axis, which is in 
general non-zero. Local Lax–Friedrichs flux is applied as the 
numerical flux at the interfaces between the elements [4], to 
support the discontinuity of the basis functions between the 
elements. In order to suppress the growing linear instability 
due to the vortex formation at the edge, artificial dissipation 
is added in the form of a two-dimensional exponential 
filter [9], which does not distort significantly the acoustic 
wave component. 

Since no absorbing boundary conditions are introduced at 
the boundaries of the computational domain, the time-
domain simulations are interrupted before the first 
reflections reach the control points where the radiation 
patterns are estimated. The equidistant points are set along 
the semi-circle with the radius 25cm, around the opening of 
the pipe and the radiation patterns are calculated from the 
mean square value of the pressure perturbation during one 
half of the signal period. The total simulated time is 2.8ms 
with the time step of around 0.25μs. Figure 3 shows the 
distribution of the pressure perturbation pc’ at one time 
instant (above) and the estimated radiation pattern shape 
(below) compared with the patterns from Figure 2 (below). 
As before, the mean flow properties are interpolated from 
the results of the CFD RANS simulations with the maximum 
Mach number value 0.25 and the temperature 300ºC. The 
Helmholtz number value is He = 0.3. 

The upper figure clearly shows the small length scale 
pressure perturbations due to the vortices, which are 
successively generated and shed from the pipe edge inside 
the shear layer, as well as the large scale, low frequency 
acoustic perturbations, which are radiated in all directions. 
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The obtained radiation pattern shape, normalized according 
to the total energy, shows a fairly good match with the 
measurement results, with a somewhat more pronounced 
directivity. The discrepancy is probably due to the 
inaccuracy of the calculated mean flow profiles, especially 
in the zone close to the pipe edge, which is highly sensitive 
to the coarseness of the mesh. Still, by the inclusion of 
vortical modes, Linearized Euler Equations are capable of 
capturing accurately the far-field sound radiation from the 
pipe, but at substantial computational costs and with 
potential instability. On the other hand, the stable solution of 
convective wave equation (1), with the modelled effect of 
the vortices, seems to approach the measurement results with 
much less computational effort. 

 

 
Figure 3: Distribution of pressure perturbation pc’ at one 
instant of time (above) and the calculated radiation pattern 
shape compared with the patterns obtained using convective 
wave equation and measurements (below); the blue line on 
the diagram above represents the arc on which the radiation 
pattern is acquired. 

 

Conclusion 
The paper presented a possible method for capturing the 
effects of the trailing edge on the far-field radiation of sound 
from an open unflanged pipe with a mean flow. Although 
the first results look promising, when compared to the 
computationally more demanding numerical solutions and 
measurements, the method has some obvious limitations as 
the vortex sound theory on which it rests. It is limited to low 
Mach and Helmholtz numbers. Its application for more 
complex geometries of the pipe opening, such as the ones of 

tail-pipes of vehicle exhaust systems, which can significantly 
increase the thickness of the shear-layer, should also be 
further investigated. 
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