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Introduction

Piano soundboards are one of the most important part
of the sound production. The geometry and material ef-
fect the sound quality by inter-string coupling and sound
radiation. Besides the traditional wood resonators mod-
ern composite laminas also have stochastic parameters
through variation of fibre orientation and thickness. That
is why modelling the uncertainty plays a key role in the
understanding of the produced sound.

In the literature there are numerous article how to model
a piano soundboard using different approaches (e.g. [3],
[10]), but in all cases the material properties are handled
as deterministic. To model the stochastic behaviour there
exist some models for composite structures (e.g. [9]), in
which cases the computation effort can be drastically re-
duced applying sparse grids (e.g. [11]).

In this paper we present a stochastic finite element model
of the laminated piano soundboard that is capable to
assess the uncertainty of its lower eigenfrequencies and
mode shapes resulting from uncertain fibre directions.
The stochastic soundboard model is integrated in a pi-
ano simulation tool, so the effects of chosen models and
parameters are examinable in detailed simulation.

In the next sections we briefly introduce all used model
and present numerical simulation results.

Piano Model Overview

Since the piano have hundreds of mechanical element on
the path from touch to sound radiation, we use a reduced
model of the instrument containing hammers, strings and
the soundboard.

Figure 1: Abstract piano model.

Hammers are modelled as hysteretic mass-spring sys-
tems with multiple springs coupled to the mass (e.g. [2]).
In our string model a multi-string digital waveguide is
applied. The effect of the soundboard as well as the
losses and damping caused by material properties and air
contact are handled using IIR filter sets (s.a. [1]). The
system is terminated by a near-field sound radiation
model based on the Rayleigh-integral using a FIR filter
set. (For a more detailed model description s.a. [7].)

Figure 2: Piano model overview – block diagram.

Soundboard Model Overview

Piano soundboards are complex structures in which the
main resonator (plate) are stiffened and slightly bowed
with ribs on the bottom, while on the upper side the
bridges are installed. The main resonator traditionally
is built from solid music wood, but nowadays laminated
woods and composites are also in use. To be able to
incorporate the effect of such a structure in the presen-
ted piano model, the modelling goal is to determine the
modal description of this structure. The elastic mater-
ial model is handled separately from the finite element
model of the geometry for solid elements and lamina with
and without ribs.

The material model is based on the generalised Hooke’s
law valid for orthotropic materials. The resulting equa-
tion of forces and moments is derived from the Kirchoff-
Love thin plate theory. By determining the material
matrix a transformation from material coordinate system
(µi) to the coordinate system of the geometry (xi) has to
be performed. The numerical model of the geometry is

Figure 3: Material model and the geometry.

based on the finite element approach according to
the dynamics of an elastic volume (Ω) given by arbit-
rary boundary (Γ) is determined through discretisation
of the geometry and function space. The volume is split
into elements (Ωe,Γe) which are projected to predefined
elementary elements (Ωs

e,Γ
s
e). The solution for displace-

ment (U) equation is given by a superposition of finite
number of polynomial base function defined over these
standard elements. Outputs of the finite element model
are the so-called mass- (M) and stiffness matrices (K).
After several steps the modal description (eigenfre-
quencies (ωk) and mode shapes (Φk)) can be determined
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Figure 4: Finite element model.

by solving a standard eigenvalue problem:(
M−1 · K − ω2 · I

)
· U(ω, x) = 0 , (1)

where I is the identity matrix. The resulting mode
shapes and modal weights (αk) form the required base.

Figure 5: Modal superposition.

In case of laminated resonators ply-wise determina-
tion of the material matrix is possible. The resulting
formula for forces and moments is the same as for a
general material, but also the integration has to be per-
formed ply-wise. The steps in finite element model are
the same. To reduce the number of used nodes in the

Figure 6: Laminated soundboard model.

numerical model for ribbed soundboard, we apply the
master-slave multi-freedom constrain theory. We handle
the plate as master, the ribs and bridges as slaves. The
nodes of slave models (si) are interpolated (g(si)) to the
master nodes (mi) after independent determination of
mass- and stiffness matrices.
For a more detailed soundboard model description s.a.
[5].

Stochastic Approach

The uncertain parameters (e.g. fibre orientation) are
modelled as stochastic processes using the Karhuen-
Loève expansion:

r(x, θ) =

∞∑
k=1

ξk(θ) · gk(x) , (2)

where ξk(θ) are the coefficients and gk(x) are an or-
thonormal base over space x. In case of a centred
stochastic process (expected value of every elements

Figure 7: Ribbed soundboard – master-slave model.

equals zero) coefficients are pairwise uncorrelated and the
orthonormal base is given by the covariance function (C)
of the process:

C(x1, x2) =

∞∑
k=0

λk · lk(x1) · lk(x2) , (3)

where λk are the squared eigenvalues and lk(x) are the
normalised eigenvectors of the covariance kernel [4]. Us-
ing the eigenvector decomposition the stochastic process
has the form:

r(x, θ) =

∞∑
k=1

ξk(θ) ·
√
λk · lk(x) . (4)

In practical cases an arbitrary stochastic process can be
rewritten in the form of the centred case and the number
of used terms are reduced to the m largest eigenvalues of
the covariance kernel. It can be proven that this choice
gives the best approximation by definition of the total
mean square error.

To apply the stochastic process in the introduced sound-
board model, the stochastic modal description has
to be determined using the stochastic form of the stand-
ard eigenvalue problem in (1). It means that every term
of the equation depends on the ξk(θ) random variables,
because of the stochastic mass- and stiffness matrices.

For a given realisation (ξk(θ)) of the matrices the eigen-
value problem can be solved deterministically. Stochastic
eigenfrequencies and mode shapes (e.g. expected values,
variance) can be determined statistically from prescribed
number of realisations.

Figure 8: Stochastic soundboard model.

Application of Sparse Grids

Since the modal values are computed using multi-
dimensional numerical integration, the number of re-
quired realisations (so-called collocation points) depends
on the chosen solution strategy. There basically exist
the following options: running Monte Carlo simulation,
perform systematic sampling or implement some type of
quadrature method. In case of Monte Carlo simu-
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Figure 9: Collocation points in case of Gaussian stochastic
parameter: Monte Carlo (l.), systematic sampling (m.l.), full
(m.r.) and sparse grid using Smolyak’s quadrature (r.) based
on Gauss-Hermite quadrature.

lation random variables with given distribution are se-
lected. The benefit of this choice is the easy statistical
interpretation, but it converges slowly to the solution.
Performing systematic sampling means a modest re-
duction of collocation points, while the previous know-
ledge of the parameters are lost. In lower dimensional
cases (few number of stochastic parameters) can be ef-
ficient. For higher order problems quadrature strategies
are widely used. In case of full grids one dimensional
quadratures are independently determined by the distri-
bution of stochastic parameters. The collocation points
are nodes of the full grid spanned by these quadratures.
Although the parameters are optimally modelled, the
number of selected points drastically increases by added
dimensions (e.g. number of stochastic parameters or lay-
ers). Sparse grid methods try to avoid this problem
by carefully addition of collocation points.

One of the most effective sparse grid configuration is
given by the Smolyak’s quadrature. Based on the

one dimensional quadratures (U
(j)
k ) difference quadrat-

ures are defined by:

∆
(j)
0 = 0 ∆

(j)
1 = U1 ∆

(j)
k+1 = U

(j)
k+1 − U

(j)
k , (5)

and the d-dimensional quadrature of order n is computed
by the formula:

Qd
n =

∑
‖α‖1 ≤ n
α ∈ Nd

d⊗
j=0

∆(j)
αj
, (6)

where

‖α‖1 =

d∑
j=1

|αj| . (7)

The number of resulting collocation points are optimal
but the quadrature are symmetric for all stochastic para-
meters (s.a. [6]).

Following the widening sampling range by increasing di-
mension and quadrature order, mode order exchanges in
simulation results, causing error by the evaluation of stat-
istical computations. It can be solved by using proper
mode tracking techniques.

Numerical Example

The presented numerical example is a patch-like spruce
plate. Material properties are based on [8]. The plate

Figure 10: Example geometry and material.

has the dimensions 1.56× 1.45 m and thickness of 7 mm.
The orientation of the fibres (µ1) are -45◦. The first three

Figure 11: Solid plate modes at 19, 31 and 45 Hz.

dynamic modes of our example is presented in Figure 11.

At first step the geometry is split into seven layers of
equal thickness. The fibre orientations are randomly se-
lected. The eigenfrequencies are shifted into 20, 35 and
48 Hz. The resulting mode shapes are presented in Figure
12. Although the fibre orientation varies in a wide range

Figure 12: Laminated plate modes at 20, 35 and 48 Hz.

([-75◦; -15◦]) within the layers, the end effect is modest.
The layered structure compensate the differences.

As second steps beech ribs are added to the layered geo-
metry. Every rib is 1 cm wide, on the middle has thick-
ness of 3 mm and near the boundary 1 mm. The orient-
ation is quite normal to the fibre orientation (µ2). The
resulting eigenfrequencies are 28, 54 and 66 Hz. The ribs
are dominant in the radial direction wich can be well seen
in the mode shapes on Figure 13.

In the case of a solid, not ribbed plate with stochastic
fibre orientation with expected value of −45◦ and stand-
ard deviation of 5◦ using the seven largest modes from the
Karhuen-Loève expansion the eigenfrequencies are shif-
ted upwards and the expected value of mode shapes are
a bit changed compared to the case of deterministic sim-
ulation with standard deviation about 9◦. The end effect
is shown in Figure 14. Installing ribs in this case shows
again that the ribs became dominant over the effect of
stochastic variation. The mode shapes are similar as in
laminated case (s.a. Figure 15). The standard deviation
is decrease a bit, but the difference is negligible.

Conclusion and Future Work

We presented a stochastic soundboard model applying
sparse grids for reduction of required collocation points.
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Figure 13: Laminated and ribbed plate modes at 28, 54 and
66 Hz.

Figure 14: Solid plate modes at 32, 40 and 65 Hz with
stochastic fibre orientation (standard deviation: 5◦).

The soundboard is integrated in a MATLAB-based simu-
lation framework, so the effect of modifications are direct
examinable in the radiated sound.

Although stochastic material parameters exist naturally
and as a result of manufacturing uncertainties, the most
effect can be compensated by increasing the number of
layers or using the ribbed structures.

In the radial direction of the material the stiffening effect
of the ribs becomes dominant, so quite every other effect
material variability disappears.

In the future we plan to examine the effect of other
stochastic parameters like layer thickness or material
density and to run higher order simulation for getting
more precise results.
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