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Introduction

Wave Field Synthesis (WFS) aims at the reconstruction
of the physical properties of a target sound field over
an extended listening area using a densely spaced loud-
speaker ensemble, termed the secondary source distribu-
tion (SSD). The loudspeakers are driven with driving sig-
nals, ensuring that the resultant field of the SSD coincides
with the target sound field. Traditionally the driving sig-
nals are extracted from an appropriate boundary integral
representation of the target field [1]. As an alternative
approach, the same driving functions are obtained by ap-
plying a high-frequency approximation to the explicit so-
lution of the corresponding inverse integral problem [2].

In the aspect of reproducing dynamic sound scenes the
synthesis of the field generated by a moving point source
is of particular interest and is well studied in the related
literature [3, 4]. Recently a WFS approach was presented
by the present authors for the synthesis of a moving source
with an arbitrary shaped SSD, ensuring optimal synthesis
over a prescribed reference curve [5].

The practical implementation of this solution, how-
ever, raises a number of questions: several variables
present in the driving functions—e.g. the source trajec-
tory and position at the emission time along with the
referencing distance—are assumed to be known a-priori,
while the actual evaluation of these quantities leads to
numerical problems.

Furthermore, the presented driving functions assume
a continuous SSD, while practical implementations apply
a finite number of closely spaced loudspeakers, leading to
spatial aliasing artifacts. These clearly audible artifacts
are more enhanced in the present dynamic scenario than
in case of the synthesis of a static virtual field [3, 6].

The present contribution investigates the practical im-
plementation of the 2.5D WFS driving functions applying
a life-like, discrete loudspeaker array.

Theoretical basics

Assume a virtual point source moving along an arbitrary
trajectory, with the time-dependent source position de-
scribed by xs(t) = [xt(t), ys(t), 0]T! The source is radi-
ating with the excitation time history s(t). The trajectory
is restricted to the horizontal plane z = 0 in order to en-
sure that an SSD located in the same plane may achieve
a phase correct synthesis in the listening area. The arbi-
trary shaped, smooth, convex and theoretically continu-
ous distribution of secondary point sources are located at
x0 = [x0, y0, 0]T.

The time domain driving function for the synthesis of
the moving point source with a wideband excitation signal

reads as [5]

d(x0, t) = w(x0, t)
√
dref(x0, t)

√
1

2πc
·

· 〈x0 − xs(t− τ(x0, t)) · nin(x0)〉 s.t(t− τ(x0, t))

∆(x0, t− τ(x0, t))
3
2

, (1)

where the prefiltered input signal is given by s.t(t) =
h(t) ∗t s(t), with the pre-equalization filter’s impulse re-
sponse given by h(t) = F−1t

{√
jω
}

.
In the driving function τ(x0, t) describes the propaga-

tion time delay, satisfying the quadratic equation

τ(x0, t) =
|x0 − xs(t− τ(x0, t))|

c
, (2)

describing the time which the wavefronts of the virtual
source requires to reach the actual SSD elements, while

∆(x0, t) = |x0−xs(x0, t)|−
〈

vs(x0, t)

c
· (x0 − xs(x0, t))

〉
(3)

describes the spatial amplitude distribution, generated by
a moving source, with vs(x0, t) = d

dtxs(x0, t) being the
source velocity.

The time-domain referencing function, allowing the
optimization of synthesis on a prescribed reference curve
Cref reads as

dref(x0, t) =
|xref(x0, t)− x0|

|xref(x0, t)− x0|+ |x0 − xs(t− τ(x0, t))|
(4)

with xref(x0, t) ∈ Cref being the reference position for a
given SSD element. Finally one may introduce the local
wavenumber vector, defined for a harmonic source excita-
tion at ω0 reading

kP (x0, t) =
ω(x0, t)

c

x0 − xs(t− τ(x0, t))

|x0 − xs(t− τ(x0, t))|
, (5)

where ω(t) is the perceived, measured angular frequency,
altered by the Doppler effect.

Implementation of WFS driving functions

The above WFS driving functions theoretically ensure the
perfect reproduction of the field of a moving source over
the reference curve, and phase correct synthesis inside
the listening area. However their implementation is not
straightforward, both the definition of the source trajec-
tory, the definition of the corresponding propagation time
delays and the calculation of the referencing functions are
computationally expensive. Furthermore, practical WFS

DAGA 2018 München

1318



(a) (b) (c)

Figure 1: Reproduction of a moving source along an arbitrary path, defined as a smoothed polyline with user-defined anchor
points. The source travels along the path with a constant velocity v = 200 m/s, with both the source trajectory and the
propagation time delays evaluated numerically for each field point and SSD element by using the presented approaches. The
source emits a series of temporally bandlimited impulses and the synthesis is referenced to the center of the circular SSD with
RSSD = 2 m. Figure (a) shows the target sound field, figure (b) shows the synthesized field at t ≈ 25 ms. Figure (c) shows the

cumulated relative error in a logarithmic scale, calculated as
∫ T

0
(P (x, t)− Psynth(x, t))2dt/

∫ T

0
P (x, t)2dt.

setups employ a finite number of extended loudspeak-
ers opposed to the theoretical continuous SSD, result-
ing in spatial aliasing artifacts, which have to be taken
into consideration. In the followings efficient computa-
tion schemes and the possibilities for optimal antialiasing
filtering are discussed.

Calculation of the the source trajectory: Direct
implementation of the moving source driving function (1)
assumes that the time dependence of the source position
xs(t) is known a-priori, which is an optimistic assumption
in the aspect of practical applicability. Instead, more of-
ten a parametric curve y(p) is given, which the virtual
source follows with a pre-defined velocity profile. This
requirement can be formulated as finding a reparameter-
ization, so that

y(p(t)) = xs(t),

∣∣∣∣dxs(t)

dt

∣∣∣∣ = |vs(t)| (6)

holds. The goal is to find the explicit parametrization
p(t) so that substitution into (6) yields the desired source
position vector.

Differentiation of (6) with respect to time and appli-
cation of the chain rule results in the following expression
of dp/dt:

dp(t)

dt
=

|vs(t)|
|dy(p(t))/dp|

. (7)

The parametrization p(t) is then obtained by integration:

p(t) =

∫ t

t0

|vs(s)|
|dy(p(s))/dp|

ds (8)

with t0 being a user-defined initial time. Note that for
sources moving with constant velocity (|vs(s)| = v) the
parametrization is referred to as reparametrization to arc-
length.

For an arbitrary trajectory and velocity profile the
parametrization (8) can only be evaluated numerically.
A detailed discussion on the frequently used numerical
methods can be found in [7]. As a simplest approach,

the integral may be approximated numerically with the
forward-Euler method, approximating the integral with
the iteration scheme

pi+1 = pi + dt
|vs(pi)|
|dy(pi)/dp|

, i ≥ 0, (9)

where dt = 1
fs is the sampling period of the source trajec-

tory. Once the parametrization pi is found, the required
source trajectory vector at the time instant ti can be ob-
tained from xs(ti) = y(pi).

Calculation of the retarded time and source posi-
tion: Having found the source trajectory the implemen-
tation of the driving functions would still require the so-
lution of the quadratic equation (2) for each SSD element
at each time instant, in order to find the propagation time
delay between the moving source at the emission time t−τ
and the SSD elements at the receiving time, which makes
real-time implementation infeasible.

The computational complexity may be considerably
decreased by implementing a further Euler iteration
scheme, i.e. by approximating τ(x, t) by its first order
Taylor series

τ(x, t+ dt) ≈ τ(x, t) + dt
dτ(x, t)

dt
, (10)

with the temporal derivative of τ obtained from the im-
plicit derivation of its definition (2), reading as

dτ(x, t)

dt
= τ ′(x, t) =

− 1
c 〈vs(t− τ) · (x− xs(t− τ))〉

|x− xs(t)|
.

(11)
Hence the iteration scheme at the time instant ti reads as

τ(x, ti) = τ(x, ti−1) + dt · τ ′(x, ti−1), (12)

with dt = 1
fs

being the sampling period of the driving

function [5]. Obviously, when only numerically available,
xs(t− τ) may be interpolated from the trajectory vector,
from which the source velocity vs(t−τ) may be calculated
by differentiating it numerically with respect to time.

It is important to note that the sampling frequency
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for the calculation of the source trajectory and propaga-
tion time delay may be chosen significantly lower than
the actual source driving signal’s sampling frequency. As
a result computational cost can be decreased, besides still
ensuring numerical stability.

Choosing the referencing scheme: Evaluation of the
driving functions (1) require the definition of a desired ref-
erencing scheme as it is discussed in details in [8]: a ref-
erence curve Cref has to be prescribed inside the listening
area, at which the driving functions ensure amplitude cor-
rect synthesis. Calculating the driving functions then re-
quires the definition of the reference position xref(x0, t) for
each SSD element at each time instant as the point, sat-
isfying k̂P (x0, t) = k̂G(xref(x0, t)−x0), with xref(x0, t) ∈
Cref and k̂ being the frequency-dependent normalized
wavenumber vector, pointing into the local propagation
direction of a sound field. In practice this point is found
at the intersection of a straight line—connecting the ac-
tual SSD element x0 with the corresponding source posi-
tion at the emission time xs(t−τ(x0, t))— and a polyline,
defining reference curve.

Obviously, the direct solution for the reference position
is of great computational cost, making real-time applica-
tions infeasible. As a possible solution specific reference
curve shapes may be used for which the analytical solu-
tion for the reference position is available. As an example,
in case of circular SSDs the choice of a concentric circle
for the reference curve may be feasible, for which geom-
etry the intersection of a parametric line and a circle is
well-known [9, Ch.7.3.2]. However, as a result amplitude
correct synthesis at a given time instant is ensured only
over an arc, for which part of the reference curve a sta-
tionary SSD element exist.

Alternatively, as the most simple solution, synthesis
may be optimized to a given reference point xref indepen-
dently from the actual SSD position, e.g. to the center of
the SSD in case of a circular secondary ensemble. Since
ideal antialiasing can be also achieved only at a given lis-
tening position, this simple choice may be feasible in the
aspect of practical implementation.

An implementation of the presented numerical and
referencing solutions for the synthesis of a moving point
source is presented in Figure 1, verifying that referencing
the synthesis to the center of a circular secondary array
ensures an amplitude correct synthesis over the entire vir-
tual source pass-by in that position.

Avoiding spatial aliasing: So far the implementation
of WFS driving functions applying a continuous SSD was
investigated. In practice sound field synthesis is per-
formed by applying a set of loudspeakers at discrete po-
sitions, leading to clearly audible spatial aliasing arti-
facts. These artifacts manifest in a series of echoes behind
the primary/virtual wave front in the synthesized field:
these secondary wavefronts—the spherical wavefronts of
the individual SSD elements—can not be canceled above
a given angular frequency due to the finite loudspeaker
spacing, which cancellation would be ensured by the half-
differentiator characteristics of the driving function in the
theoretical continuous case. The spatial aliasing artifacts

(b)

(a)

Figure 2: Synthesis of the moving source with the same sim-
ulation setup as used in Figure 1, by using a discrete set of 120
loudspeakers. Figure (a) shows the effects of source discretiza-
tion with clearly visible aliasing echoes in front of the virtual
source, where the local perceived frequency is increased by the
Doppler effect. Figure (b) shows the effect of ideal antialising
filtering the driving functions by temporal lowpass filtering un-
der the time-variant cut-off frequency (16) in the Short-time
Fourier Transform domain with properly chosen window and
hop sizes.

are even more emphasized in case of the synthesis of a
moving virtual point source, since the aliasing echo com-
ponents suffer a different Doppler shift than the primary
wavefront, resulting in strong spectral coloration [6]

The effects of the SSD discretization can be investi-
gated analytically in the wavenumber domain for the spe-
cial case of an infinite linear SSD [1]. In this case the
spectral representation of an arbitrary synthesized field
is yielded as the product of the spectrum of the discrete
driving function sampled at the actual loudspeaker posi-
tions and the Green’s function, representing the field of
the individual loudspeakers

P̃ (kx, y, ω) = G̃(kx, y, ω)

∞∑
n=−∞

D̃(kx − n
2π

∆x
, ω), (13)

where ∆x is the loudspeaker spacing.
In the synthesized field spatial-aliasing components are

present due to the overlapping in the repetitive driving
function spectrum. Hence, for a linear SSD aliasing (spec-
tral overlapping) is avoided by bandlimiting the driving
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function to the Nyquist wavenumber, i.e. by ensuring that

D̃(kx, ω) = 0, for kx >
π

∆x
(14)

holds.
In a recent paper by the present authors it was proven

that a given wavenumber component kx in the spectrum
of the driving function is dominated by those locations x0,
where the local wavenumber vector of the virtual field co-
incides with the that of the spectral plane wave described
by kx, i.e. where kPx (x0) = kx holds [2].

This important statement allows one to introduce an
antialiasing condition in the spatial domain.

D(x0, ω) = 0, for kPt (x0) >
π

∆x
. (15)

Here kt denotes the tangential component of the local
wavenumber vector: within the validity of the Kirchhoff
approximation a smooth SSD curve may be considered
locally linear, and the linear driving functions may be ap-
plied locally. In this general case the kx component is
changed to the tangential component of the local wave-
unmber vector.

For the case of a moving point source the local
wavenumber vector is given by (5) as the function of
the perceived angular frequency. Hence the antialiasing
condition can be formulated as band-limiting the driving
functions to the angular frequency

ωc(x0, t) >
πc

∆x

|x0 − xs(t− τ(x0, t))|
〈x0 − xs(t− τ(x0, t)) · t(x0)〉

. (16)

This means that antialiasing requires the implementation
of a time varying low pass filter with the cut-off frequency
given above.

Practically as a result full-band synthesis is achieved
only on those parts of the synthesized field, for which the
stationary SSD element’s normal vector coincides with
the local propagation direction of the virtual field. For
the special case of a circular SSD due to the geometry at
the center of the SSD the existence of a nearly full-band
stationary SSD element is inherently ensured, hence in
the center position nearly full-band antialiased synthesis
may be achieved. Terminology nearly full-band synthesis
refers to that since due to discretization of the SSD full-
band synthesis is only possible when at the stationary
SSD position an actual SSD element is located. Hence
in practice when the moving source is located between
two SSD elements even at the center of the array the
synthesized field is bandlimited which may cause audible
effects if the source is close to the SSD.

The result of the proposed antialiasing approach is illus-
trated in Figure 2 in case of a circular SSD. The simu-
lation results verify the nearly full-band synthesis in the
center of the secondary array.

Conclusion

The present contribution dealt with the questions arising
at the practical implementation of the Wave Field Synthe-
sis of moving point sources. Numerical schemes were pro-
posed, allowing the real-time evaluation of the required
WFS driving function. Furthermore a simple and efficient

anti-aliasing strategy was presented, realizing local Wave
Field Synthesis by optimizing the anti-aliased synthesis
to a particular area in the listening space This latter so-
lution involves the application of non-stationary filtering
requiring space-dependent low-pass filtering of the driv-
ing functions with an analytically given cut-off frequency.

Obviously, truly real-time/online application of the
approach requires the implementation of non-stationary
convolution for both the non-stationary retardation of the
excitation signal present in the driving function (1) and
proper anti-aliasing filtering. This aspect is however out
of the scope of the present treatise.

The presented solutions are implemented in Matlab
environment generating loudspeaker driving functions for
a circular SSD along with configuration files for the
SoundScape Renderer [10] and is freely available for
download at https://github.com/gfirtha/DAGA2018_

moving_sources.
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