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Introduction

Physical Description

The application of physical modeling techniques allows
the derivation of powerful and efficient simulation models of physical systems in the discrete time domain, which
can be used in real-time musical applications [1, 2]. The
modeling of membranes and vibrating plates including
non-linear and anisotropic plates is discussed in [1, 3–9]
and the modeling of guitar and piano strings in [10, 11].
The incorporation of realistic coupling and boundary
conditions for systems based on physical models is discussed in [12–14].

Fig. 1 depicts the geometry of a rectangular plate, which
is determined by its lengths Lx , Ly and height h. The
height h is a assumed to be small, i.e. h  Lx , Ly .
The vibration of such a plate is described by Kirchhoff’s
thin plate equation [19] in terms of its space- and timedependent deflection w(x, y, t) in z-direction.
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Many percussive instruments as drumheads or xylophones and also reverberation plates are physically based
on Kirchhoff’s thin plate equation. The behaviour of
such systems can be described by a partial differential
equation for the plate deflection. It is completed by a
suitable set of initial and boundary conditions to constitute an initial-boundary value problem [15]. An appropriate modeling technique for systems described by
initial-boundary value problems is based on functional
transformations, where a linear spatial differential operator is expanded into a set of bi-orthogonal eigenfunctions [16,17]. The corresponding eigenvalues characterize
the oscillation modes of the system. They can be derived
in a closed form for Dirichlet boundary conditions. The
eigenfunction expansion has been formulated either as a
multidimensional state-space description, which provides
a powerful analytical form [14, 18] or as a parallel structure of 2nd order filters to achieve an efficient real-time
algorithm [8].

h

Figure 1: Three-dimensional thin plate with the lengths Lx ,
Ly and the height h.

The classical form of this partial differential equation
(PDE) does not contain any damping. However, for
the purpose of sound synthesis and to arrive at realistic sounding models, several valid extensions have been
applied to the classical thin plate equation [5]. These extensions introduce frequency dependent and independent
damping into the plate description [7, 9]
∆∆w(x, y, t) + R · ∂tt w(x, y, t) + d1 · ∂t w(x, y, t)

−d3 · ∂t ∆w(x, y, t) = fe (x, y, t),

(1)

2

with the bi-harmonic operator ∆∆ = (∂xx + ∂yy ) and
R = ρh
D . The operators ∂x , ∂y are partial derivatives in
x-direction and in y-direction. Additional damping is
represented by the coefficients d1 = di/D, d3 = df/D including the damping terms di and df for frequency independent and frequency dependent damping, respectively.
Eh3
The constant D defines the flexural rigidity D = 12(1−ν
2)
in terms of Young’s modulus E and the Poisson number ν.

This contribution derives a simulation model for the deflection of a thin rectangular plate by the application of
functional transformations. The starting point is Kirchhoff’s thin plate equation, which is extended by several
damping terms to introduce damping and dispersion into
the system, where the influence of these terms is discussed from a system theoretic viewpoint. In the end a
discrete time simulation algorithm is derived, which is
used for simulations of the plate deflection.

At the system boundaries it is assumed that the plate is
simply supported, which can be formulated as a set of
Dirichlet boundary conditions defined at the boundaries
of the plate x = 0, Lx and y = 0, Ly [1, 19]

The paper is structured as follows: First, the physical
foundations of the damped thin plate equation are presented and the applied functional transformations are introduced, which are used to derive a simulation model.
Then the influence of frequency independent and depending damping is discussed and simulation results for the
plate deflection are shown. Finally, the paper is concluded and topics for further works are addressed.

w(x, y, t) = 0,

m(x) (x, y, t) = 0,

m(y) (x, y, t) = 0.
(2)

As the temporal initial state of the plate it is assumed,
that the plate is at rest for t = 0. This constitutes the
initial condition w(x, y, t = 0) = 0.
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Figure 2: Temporal progression of the deflection w(x, t) on the plate for
different frequency dependent damping (d3) shortly after the excitation (left)
and in the release phase (right)
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Figure 3: Pole-zero plot of the plate
for three different damping scenarios.

Vector Formulation

Functional Transformations

For the application of the functional transformations and
to obtain a higher variety of physical quantities in the
solution, it is of advantage to reformulate Eq. (1) in terms
of the vector of variables

The solution of the PDE (5) in the frequency domain
is expanded into an infinite set of bi-orthogonal eigenfunctions K, K̃, with the dedicated eigenvalues sµ . The
eigenfunctions and eigenvalues describe the oscillation
modes of the plate [17]. The expansion leads to a representation in terms of multidimensional transfer functions
in a spatio-temporal transform domain, formulated in a
state-space description [14, 18]. For the expansion of (5)
a pair of forward and inverse functional transformations
can be defined.


w(x, y, t)
 v(x, y, t) 

 (x)

y(x, y, t) = 
 m (x, y, t)  ,
 m(y) (x, y, t) 
m(xy) (x, y, t)


(3)

The forward transformation is performed by a set of adjoint eigenfunctions K̃ arranged in the matrix C̃ to convert the vector of variables from (3) into its spatial transform domain version Ȳ [21]
D
E
T {Y (x, s)} = Ȳ (s) = CY (x, s), C̃(x) .
(6)

containing the deflection w, the velocity v = ∂t w as well
as the moments m(x) and m(y) in x- and y-direction, respectively, and the mixed moment m(xy) . This reformulation into a vector form leads to a unified vector formulation of the PDE (1) in the region 0 ≤ x ≤ Lx , 0 ≤ y ≤ Ly
T
and with x = [x, y] [20]
[∂t C − L] y(x, t) = fe (x, t),

L = A + ∇B.

The scalar product h , i is defined as a two-dimensional
integration over the spatial extension of the plate.

(4)

Analogously, the inverse transformation applies a set of
primal eigenfunctions K arranged in the matrix C to
the transform domain representation Ȳ . It can also be
formulated in a more straightforward way as a sum over
all possible modes of the plate

T −1 Ȳ (s) = Y (x, s)
∞
X
(7)
1
=
Ȳ (µ, s)K(x, µ) = C(x)Ȳ (s).
N
µ
µ=0

The matrix C is a capacitance matrix and the matrix
A contains the damping parameters. The spatial derivatives in (1) are merged into the spatial differential operator L, so that the product ∇By resembles the biharmonic operator in (1). The exact structures of the
matrices A, C, ∇B are not shown in this contribution
for brevity, but they can be easily calculated by the reformulation of (1) into (4) with the vector (3).

Laplace Transformation

Applying the forward transformation (6) to the vector
PDE (5), leads to a representation of the PDE in the
spatio-temporal transform domain

The application of a one-sided Laplace transform to the
vector PDE (1) leads to a representation in the continuous frequency domain
[sC − L] Y (x, s) = Fe (x, s).

sȲ (s) = AȲ (s) + Φ̄(s) + F̄e (s),

(8)

where F̄e is the transform domain representation of the
excitation function. The influence of the boundary conditions constitutes the vector Φ̄ containing the transformed
boundary values. For the given scenario of simply supported edges (see (2)), the boundary term vanishes, so
that Φ̄ = 0.

(5)

Upper case letters denote variables and vectors in the
continuous frequency domain and s is the complex frequency variable.
The Laplace transformation removes the time derivative
in the PDE (4) and replaces it by a multiplication with
the complex frequency variable s, see (5). It would correctly consider also any non-zero initial conditions. This
feature is not required here.

Together, Eq. (8), (7) constitute a state-space description. The state equation (8) is in the spatio-temporal
transform domain (dynamics of Ȳ ) and the output equation (7) transforms the system back into the space domain (Ȳ → Y ).
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Figure 4: Spatial distribution of the deflection w(x, y, t) at t = 0 while the excitation by a single impulse (left), t = 0.1s shortly
after the excitation (mid) and in the release phase t = 0.6s (right)

Eigenfunctions and Eigenvalues

The frequency independent term d1 introduces natural
damping by e.g. friction into the system. As it can be
seen in (14) and (15), its influence is not multiplied by
the individual wavenumbers λx , λy in x- and y-direction,
respectively. This leads to a uniform damping for all
oscillation modes. The term d3 introduces frequency dependent damping into the system, as can also be seen
in (14) and (15), where the amount of damping by d3
scales with the wave numbers. This effect ensures, that
higher frequency oscillations attenuate faster than the
low frequency oscillations. The same effects can also be
observed in Figs. 2 and 3. Figure 2 shows the impulse
response of the plate calculated with (11) after the excitation (left) and in the release phase (right) for three
different values of d3 . The figure reflects the effects inspected in (10): the larger d3 , the faster decays the high
frequency content. The influence of both damping terms
on the eigenvalues is shown graphically in the s-plane in
Fig. 3. For further reading about the different kinds of
damping of plates, see [5, 6, 23].

The eigenfunctions K, K̃ are derived from their dedicated eigenvalue problems [14, 20]
LK = sµ CK,
L̃K̃ =

(9)

s∗µ C H K̃,

(10)

where L̃ is the adjoint spatial differential operator to L.
The calculation of the eigenfunctions K and K̃ has to
consider the boundary conditions and is not discussed
in this contribution for brevity. The solution of (9),
(10) yields also the dispersion relation (see (12)) and the
eigenvalues sµ . A detailed description, how these eigenvalue problems are solved and how the eigenfunctions
and eigenvalues can be calculated is given in [14, 17, 22].

Simulation Algorithm
For the derivation of a discrete time simulation algorithm, the state equation (8) and the output equation
(7) are transformed into the discrete time domain by the
impulse-invariant transformation

Simulation Results

ȳ[k] = eA·T ȳ[k − 1] + f¯e [k], y[x, k] = C(x)ȳ[k], (11)

The following section presents the simulation results for
the deflection of an oscillating thin plate. All simulations
are conducted with the discrete time simulation model
in (11) and a sampling frequency of fs = 44.1kHz. The
plate is defined by its parameters as: Lx = Ly = 0.2 m,
h = 1 mm, ρ = 7850 kg/m2 , E = 220 GPa, ν = 0.3. The
dimensions of the damping parameters are chosen according to [7] as: di = 1 · 102 kg/m2 s, df = 5 · 10−4 kg s−1 .
For all simulations a total number of M = 400 complex
conjugate pairs of eigenvalues was used. The plate is excited by a delta-impulse in time and space fe (xe , t) =
δ(t) · δ(x − xe )δ(y − ye ) at xe = [ 14 Lx , 14 Ly ]. The single
impulse is suitable for an analysis in a system theoretic
sense, but it has to deal with discontinuities and therefore
with Gibb’s phenomenon. For the preparation of realistic
sound examples, or the usage in a musical context, the
excitation function has to be chosen to be a smoother
function, e.g. a raised-cosine function [10].

where k is the discrete time variable with t = kT and
the sampling rate fs = 1/T . For practical simulations,
the infinite number of eigenvalues in (11) is restricted to
a finite number of M and therefore µ = 0, . . . , M − 1.
The matrix exponential eA·T is evaluated by methods
described e.g. in [22].

Damping and Dispersion
The different damping terms d1 , d3 in (1) determine the
sound of the plate model in different ways. To get a
feeling on how these terms influence the oscillations of a
plate, the dispersion relation
R · s2µ + d1 + d3 λ2x + λ2y



· sµ + λ2x + λ2y

2

= 0, (12)

and the eigenvalues derived thereof are inspected. The
real and imaginary parts σ and ω of the eigenvalues follow
as

Figure 4 shows the spatial distribution of the deflection
w on the plate for three different temporal positions and
resembles the results in Fig. 2. The left figure shows the
plate at the time of excitation (t = 0), where the impulse
is clearly visible. The center plot shows the plate deflection shortly after the excitation t = 0.1s and justifies the
left plot in Fig. 2. At this temporal position, the oscillation of the plate is very rich in high frequency content.
Finally, the right plot shows the plate in the decay phase

sµ = σ(λx , λy ) ± jω(λx , λy ),
(13)

1
d1 +d3 λ2x +λ2y ,
(14)
σ(λx , λy ) = −
2R
q
2

1
ω(λx , λy ) =
4R λ2x + λ2y − d1 + d3 λ2x + λ2y .
2R
(15)
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(t = 0.6s) and it corresponds to the right plot in Fig. 2.
Most of the high frequency content is attenuated by the
influence of d3 and only low frequency oscillations are
left.
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Conclusions
In this contribution a discrete time simulation model for
an isotropic thin plate was derived and formulated in
terms of a state-space description. The additional damping terms in Kirchhoff’s thin plate equation have been
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derived algorithm has been shown by the simulation of
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