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Abstract
The method of Large-Eddy Simulation (LES) has in-
creasingly gained popularity, as it resolves a significant
part of the vortical motion directly in a turbulent flow
field. The uncertainty of turbulence modeling is thus
limited to the unresolved sub-grid scales (SGS). This
makes LES a highly attractive method for predicting
flow-induced sound sources for use in Hybrid Computa-
tional Aero-acoustics (CAA). The possible sound emis-
sion generated by turbulent vortical motion is of grow-
ing importance in the design of flow-guiding components.
This is especially the case in electric vehicles, where the
masking noise of the combustion engine is absent, and
limited space in the vehicle’s engine compartment of the
vehicle may lead to unfavorable flow conditions. The
present study performs incompressible LES to predict the
turbulent flow field of an orifice inside a straight circular
pipe. The predicted instantaneous flow field is used to
evaluate aeroacoustic source terms for different acoustic
equations, such as Lighthill’s wave equation or the Per-
turbed Convective Wave Equation (PCWE). The con-
tribution of the unresolved scales, which is supplied to
the acoustic sources by the employed SGS-model, is spe-
cially investigated. The computational results are also
compared against experimental data from reliable mea-
surements.

Introduction
The compressible conservation equations of fluid mechan-
ics are basically able to describe all physically relevant
phenomena of turbulent flow, as well as acoustic wave
propagation. The difficulty of numerically resolving both
phenomena lies in the large difference of the relevant
length scales. On the one hand, the turbulent motion
has to be resolved down to the smallest turbulent scales
represented by the Kolmogorov scale. On the other hand,
the much larger acoustic wavelengths need to be resolved
as well. This disparity of scales makes a Direct Numeri-
cal Simulation (DNS) computationally unfeasible in most
aeroacoustic problems. One possible remedy to this limi-
tation is the so-called hybrid approach. For low Mach
number applications, the turbulent flow field and the
acoustic wave propagation can be split, thus computing
the turbulent flow field and the flow-induced source terms
separately from the wave propagation. The method of
LES basically intends to resolve directly a major part
of the turbulent motion, so that only the unresolved
subgrid-scales (SGS) need to be modelled. As a result,

the resolved aeroacoustic source terms predicted by LES
can be regarded as a very accurate description without
the often considerable uncertainties of statistical turbu-
lence models.
In this study we apply the method of LES to a straight
pipe (D = 50mm, ReB = 12650), with an orifice ob-
structing the upper half cross section of the pipe, to
predict aeroacoustic source terms for Lighthill’s wave
equation and the Perturbed Convective Wave Equation
(PCWE). In case of Lighthill’s wave equation, the SGS-
contribution is considered and quantitatively examined
as well. A special focus is on the flow phenomena ap-
pearing around the orifice and the dynamic structures
responsible for the generation of flow-induced noise.

Governing equations
In the limit of isothermal low Mach number flow, the
incompressible (fluid density ρ = ρ0 = const.) balance
equations of mass and momentum can be written as
∂uj
∂xj

= 0 and ∂ui
∂t

+
∂uiuj
∂xj

= − 1

ρ0

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

, (1)

where ui is the fluid velocity, ν is the kinematic viscosity
and p is the pressure. Starting, on the other hand, from
the fully compressible formulation, Lighthill’s equation
[1] provides a wave operator for the pressure fluctuations
p′ = p− 〈p〉 written as

1

c20

∂2p′

∂t2
− ∂2p′

∂xi∂xj
=

∂2Tij
∂xi∂xj

≈ ρ0
∂

∂xi

(
∂uiuj
∂xj

)
, (2)

where c0 is the speed of sound and p′ = pic+pa is a super-
position of an incompressible and a compressible (acous-
tic) fluctuation. The righthand side represents the re-
quired source term, where Tij = ρuiuj+τij+(p′−c20ρ′)δij
is the Lighthill stress tensor. For isothermal low Mach
number flow, and neglecting viscous dissipation, the
source term simplifies to the divergence of the advec-
tive momentum transport flux, as indicated on the rhs
of equation (2). The PCWE [2] introduces a decompo-
sition of the flow variables into a statistical average, an
incompressible, and a compressible fluctuation, generally
written as

φ = 〈φ〉+ φic + φa. (3)

An acoustic potential ψa is further introduced, providing
the acoustic velocity and pressure fluctuations as

ui,a = −∂ψa

∂xi
and pa = ρ0

Dψa

Dt
, (4)
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respectively, with D/Dt = ∂/∂t+〈uj〉 ∂/∂xj . The acous-
tic potential is obtained in the PCWE by the solution of
the following wave equation

1

c20

D2ψa

Dt2
− ∂2ψa

∂xj∂xj
= − 1

ρ0c20

Dpic

Dt
. (5)

The rhs again represents a source term to be provided by
the incompressible LES.

Simulation model and setup
The method of Large-Eddy Simulation (LES) by defini-
tion resolves only the large energy-carrying scales. In a
mathematical sense, the method thus solves a spatially
filtered representation of the Navier-Stokes equations de-
fined in equation (1), written as

∂uj
∂xj

= 0 and (6)

∂ui
∂t

+
∂uiuj
∂xj

= − 1

ρ0

∂π

∂xi
+ ν

∂2ui
∂x2j

− ∂τij,SGS

∂xj
. (7)

The overbars denote here the spatial filtering, generally
defined as

φ(~x, t) =

∫
Ω

φ(~ξ)G(~x− ~ξ; ∆̄)d~ξ, (8)

involving the filter function G, dependent on the spatial
distance ~x− ~ξ, and the filter width ∆̄. The stress tensor
τij,SGS = uiuj−uiuj represents the unresolved “subgrid”
scales. Its deviatoric part is modelled using Boussinesq’s
eddy viscosity-based approach, written as

τij,SGS − τkk,SGS
δij
3

= −2νSGSSij , (9)

where νSGS is the eddy-viscosity and Sij = (∂ui/∂xj +
∂uj/∂xi)/2 is the resolved rate-of-strain tensor. The
isotropic part of τij,SGS is absorbed into the so-called
pseudo pressure π = p − τkk,SGSδij/3. In the present
study, the eddy viscosity is obtained with the Coherent
Structure Model (CSM) [3] as

νSGS = C∆2|Sij | andC =
1

22
|FCS|3/2(1− FCS), (10)

where ∆ is the cubic root of the local cell volume, rep-
resenting the computational mesh size. The Coherent
Structure function is defined as

FCS = −
(
∂ui
∂xj

∂uj
∂xi

)/(
∂uj
∂xi

∂uj
∂xi

)
. (11)

Simulation setup
The investivated geometry is a straight circular pipe with
diameter D = 50mm, with a half moon-shaped orifice
obstructing the upper half of the cross section (see fig-
ure 1). The entire domain is 25D long, with a 5D long
inlet section upstream of the orifice. At solid walls, the
no-slip boundary condition (BC) was applied, while on
the outlet face, 20D downstream of the orifice, an av-
eraged pressure BC was applied. The turbulent inflow
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Figure 1: Upper subfigures: front and side views of the
orifice obstructing the upper half of the cross section. Bottom
subfigure: full computational domain.

BC was generated using an LES solution of fully devel-
oped pipe flow, where the instantaneous velocity distri-
bution obtained on a given cross section was conserva-
tively mapped to the inlet boundary of the pipe flow
configuration with the orifice. The investigated flow is
specified by the wall friction Reynolds number of the in-
flow, Reτ = Duτ/ν = 750, where the wall shear stress
based velocity is uτ =

√
(τW/ρ). The corresponding bulk

Reynolds number ReB = DuB/ν ≈ 12650, using the vol-
umetric flow rate-equivalent “bulk” velocity uB as the
velocity scale. Near the orifice, the spatial discretization
was refined. The highly refined section is connected with
coarser discretized sections up- and downsteam using ar-
bitrary interfaces, as depicted in figure 1, bottom. After
having reached statistical convergence, the aeroacoustic
source terms were recorded over an interval of ∆T = 0.2s.
A small time step ∆t = 1E−5s was used to ensure a CFL
number ∼ 1 even in the highly refined region of the mesh
around the orifice.

Simulation results
Figure 2 shows the contours of the instantaneous axial
velocity near the orifice on the meridional plane of sym-
metry. Due to the blockage of the upper part of the
cross section, the flow is accelerated, redirected down-
wards, and passed through the lower open part of the
constriction at high velocity. In the separated flow re-
gion downstream of the orifice, a large recirculation zone
is formed, which axially extends to the reattachment
point at roughly zRP ∼ 0.185m = 3.7D. Multiple sec-
ondary recirculation zones right below the orifice and in
the corners up- and downstream of the orifice are ob-
served as well, as seen in the enlargened view in figure 2 c.
The reattachment point is not stationary, but oscillates
around a certain mean position. This particular feature
was also reported in planar flow over a backward-facing
step, which exhibits a similar large detached flow region
caused by a step-like change in cross section, as exemplar-
ily sketched in figure 3 a. Spazzini et. al. [4], who exper-
imentally investigated such a generic flow configuration,
found the spatial oscillation of the reattachement point
to be associated with a dimensionless Strouhal number
SrRP = fLref/uref ∼ 1, using the reattachment length,
Lref, and the inflow bulk velocity upstream of the step,
uref, as the reference scales. The time signals of the pre-
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Figure 2: Contours of axial velocity uz: a) instantaneous
field, b) averaged field 〈uz〉, c) enlarged view of region near
the orifice, indicating secondary rezirculation zones. d) varia-
tion of averaged axial wall shear stress 〈τW,z〉 along top wall
downstream of the orifice. The position of the reattachment
point zRP is always marked by a vertical dotted line.

dicted wall shear stress τW,z near the reattachment point
shown in figure 3 b clearly reflect this low-frequency os-
cillation. Applying a spectral analysis, and rescaling the
frequency to a Strouhal number SrRP = fzRP/(2uB),
makes evident that the highest amplitudes appear around
SrRP ∼ 1 also in the present configuration, as seen from
figure 3 c. A large part of the flow-induced noise is ex-
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Figure 3: a) Flow over a planar backward facing step stud-
ied in [4], b) time signals of axial wall shear stress τW,z at
three positions near the reattachment point, c) spectral rep-
resentation.
pected to be generated by the vortices, shed from the
upstream edge of the orifice. The centers of these vor-
tices can be identified as local minima of the incompress-
ible pseudo pressure fluctuation πic, as depicted in fig-
ure 4 a. Time signals of the pseudo pressure fluctuations
πic, recorded at three selected positions, are shown in
figure 4 b. The variations show a shedding frequency of
approximately f = 1/∆tπ,min ≈ 100Hz. The spectral
analysis shown in figure 4 c accordingly indicates high
broadband amplitudes around approximately 100Hz.

The high vorticity in the shear layer downstream of the
orifice leads to high turbulent kinetic energy k = u′iu

′
i/2,
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Figure 4: a) Contours of the instantaneous pseudo pressure
fluctuation πic, b) time signals at marked positions along y =
−0.05D line (white circles in a)), c) spectral representation.

as seen in figure 5 a. In consequence, the LES predicts
very strong resolved Lighthill source terms in this region,
as seen in figure 5 b. The SGS-contribution shown in fig-
ure 5 c is predicted one order of magnitude smaller than
the resolved part. This is also confirmed by the spectra of
the Lighthill source term, where the SGS-contribution is
significant only at high frequencies associated with small
spectral energy, as seen in figure 5 d.
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Figure 5: Contours of a) the resolved turbulent kinetic en-
ergy k = u′

iu
′
i/2, b) the resolved Lighthill source term QLH

LES,
c) the SGS-contribution QLH

SGS. d) Spectral representations
of the contributions at a selected point at y = −0.05D and
z = 0.74D, as marked in figure 4 a.
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Figure 6 displays contours of the PCWE source term ap-
pearing on the rhs of equation (5), evaluated with the
predicted pseudo pressure fluctuation πic = π−〈π〉, such
that

QPCWE =
Dπic

Dt
=
∂πic

∂t
+ 〈uj〉

∂πic

∂xj
. (12)

The contours clearly reflect the vortex shedding down-
stream of the orifice. The transient part of the PCWE
source term displayed in figure 6 b is equally strong
throughout the shear layer. The convective component,
shown in figure 6 c, contributes and even becomes dom-
inant mainly on the lower side of the shear layer, where
the axial velocity is very high.

a)

b)

c)

−1E4 [Pa/s]1E4

Figure 6: Contours of the PCWE source term: a) full
term QPCWE = Dπic/Dt, b) transient component QPCWE

dt =
∂πic/∂t, c) convective component QPCWE

C = 〈uj〉 ∂πic/∂xj .

Comparison against measurements
For a validation of the present LES, the predicted pseudo
pressure signals were compared against pressure signals
measured by [5] in dedicated experiments, studying the
same flow configuration in figure 7. In these experiments,
near-wall pressure signals were measured using highly
sensitive “Kulite” probes (K1 to K4) at selected posi-
tions up- and downstream of the orifice, as sketched in
figure 7 a. As seen from the spectral distributions in fig-
ures 7 b-e, the predictions of the LES are in very good
agreement with the measured spectra, down to the mea-
suring limit of the Kulites.

Summary
The present study computationally investigates the
aeroacoustic source terms generated in turbulent flow
through a pipe with an orifice. The analysis is based
on a hybrid approach, where an incompressible LES
of the flow field is performed to predict instantaneous
source terms for use in Lighthill’s acoustic analogy and
the PCWE. The modelled SGS-contribution turned out
to contribute comparatively little to the Lighthill source
term, adding mainly in the high-frequency range. Vortex
shedding from the sharp upstream corner of the orifice
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Figure 7: a) positions of Kulites, b)-e) spectra of predicted
pseudo pressure compared against measurments at selected
wall positions. The orange line indicates the lower measuring
limit of the Kulites.

is identified as the dominant phenomenon for the gener-
ation of intense aeroacoustic sources, which is specially
reflected by the PCWE source terms. For the validation
of the LES, the predictions for the resolved pressure fluc-
tuations were compared against experimental data. The
observed good agreement in the pressure spectra quali-
fies the present LES as a suitable approach for computing
flow-induced sound sources as a reliable input into acous-
tic wave equations.
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