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Introduction
Rigid spherical microphone arrays are widely used due
to their compact size, direction-independent spatial res-
olution, numerical stability and compatibility with the
Ambisonic format [1, 2, 3]. A reliable simulation of the
microphone array signals enables the evaluation of sound
field analysis techniques for varying experimental con-
figurations and conditions. The simulations are typically
carried out in the frequency domain by exploiting the an-
alytic expression of the spatial transfer functions [4, 5].
Despite its accuracy in the frequency domain, the simu-
lation is computationally demanding due to the involved
spherical Hankel functions and the resulting signals in the
time domain exhibit pre-echos and temporal aliasing.

As an alternative, this paper presents a time domain ap-
proach where the spatial impulse responses are modeled
by means of infinite impulse response (IIR) filters. The
polynomial expressions of the spherical Hankel functions
are converted either into factorized second-order sections
or partial fraction expansions. The digital filter coef-
ficients are then obtained by mapping the parameters
from the Laplace domain to the z domain. The influence
of different mappings (bilinear transform, matched z-
transform, and the corrected impulse invariance method)
on the spatio-temporal characteristics of the simulated
impulse responses are investigated.

Modal Responses
We consider the sound field of a plane wave driven by a
Dirac impulse. The propagation direction is represented
by spherical coordinates npw = (1, θpw, φpw) with θpw and
φpw denoting the colatitude and azimuth angles, respec-
tively. As illustrated in Fig. 1, the plane wave impinges
on a rigid sphere whose radius is R. It is assumed that
the plane wave would pass through the origin at t = 0, if
the sphere was absent. The planar wavefront thus arrives
at the spherical surface at t = −Rc where c denotes the
speed of sound. The sound field is captured by a pressure
sensor located on the sphere x = (R, θ, φ) with θ and φ
denoting respectively the colatitude and azimuth angles.
The captured sound field reads [6, Sec. 6.10.3]

H(ω) =

∞∑
n=0

(2n+ 1)Pn(cos Θ)
−i−n+1

(ωcR)2 h′n(ωcR)
, (1)

where Pn(·) denotes the Legendre polynomials and h′n(·)
the derivative of the spherical Hankel functions of the
second kind. The angle between npw and x is denoted
by Θ (cf. Fig. 1). The angular frequency is denoted
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Figure 1: In the considered configuration, the sound field
of a plane wave is captured on a rigid sphere. The receiver
position is denoted by x = (R, θ, φ) and the plane wave prop-
agation direction by npw = (1, θpw, φpw). The angle between
the two vectors is denoted by Θ.

by ω = 2πf with f being the temporal frequency. The
time harmonic term eiωt is omitted for brevity. Without
loss of generality, we assume that the speed of sound is
c = 343 m/s.

The sound field (1) is represented as a superposition
of modal responses, with n denoting the modal order.
The frequency and radial dependency of the individ-
ual modes is described by the so-called radial functions
−i−n+1

(ω
c R)2 hn(

ω
c R) . The spectra of exemplary radial functions

are depicted in Fig. 2 (left). They exhibit the same high-
frequency decay, whereas the low-frequency slope is pro-
portional to n.

In practice, the expansion (1) can be evaluated only up
to a finite order (n ≤ N). The maximum order N is re-
ferred to as the spatial bandwidth. Due to the band-pass
filter characteristic of the radial functions (cf. Fig. 2),
the series expansion (1) can be reasonably approximated
by a truncated sum satisfying N ≥ dωcRe [7, Ch. 9]. The
truncation error can be of course reduced by further in-
creasing N [8]1. In the remainder, we consider a rigid
sphere of radius R = 0.042 m. The temporal bandwidth
of interest is 20 kHz. The numerical simulations are per-
formed with N = 20 which exceeds the approximate spa-
tial bandwidth dωcRe = 16 by some margin.

Frequency Domain Sampling
The discrete-time modeling of the sound field is com-
monly performed by uniformly sampling the spectrum

1For the simulation of the captured signals, higher N always
leads to a higher accuracy. In sound field analysis using the array
signals, however, there is a trade-off between truncation error and
spatial aliasing. The modal bandwidth for the analysis has to be
chosen based on the spatial distribution of the microphones.
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Figure 2: Modal spectrum of the radial functions (radius R = 0.042 m, modal orders n = 0, 1, . . . , 10). The leftmost plot
depicts the exact magnitude responses. The other three plots show the results of time-domain simulations using different
Laplace-to-z mappings.

of the radial functions [4, 5]. The sampled spectra are
linearly combined according to (1). The discrete-time
signals are then obtained by the inverse discrete Fourier
transform (DFT) of the sum.

We examine the spatio-temporal properties of the im-
pulse responses simulated by the frequency sampling
method. The simulations are performed at sampling fre-
quencies of fs = 48 kHz and 192 kHz. The DFT lengths
are 4096 for fs = 48 kHz and 16 384 for fs = 192 kHz.
Prior to the inverse DFT, the spectrum is low-pass fil-
tered by the transfer function of a second-order digital
Butterworth filter with cutoff frequency of 20 kHz. Note
that the low pass filter’s transfer function differs depend-
ing on the sampling frequency.

The impulse responses simulated for fs = 48 kHz are
shown in Fig. 3(a). Since the sound field has rotational
symmetry with respect to npw, the depicted results for
Θ ∈ [0◦, 360◦] represent all the impulse responses on the
sphere. The spatio-temporal structure shows the effect of
the diffraction caused by the rigid sphere. The diffracted
wave not only reaches the rear side of the sphere but
also travels further along the circumference of the sur-
face. This phenomenon is known as the creeping wave
(Kriechwellen in German) [9].

The long transients of the impulse responses are appar-
ent, which is mainly due to the time-domain aliasing
caused by the sampling in the frequency domain [10,
Sec. 11.3.7]. For fs = 48 kHz, the later parts (t > 1.5 ms)
are dominated by temporal artifacts, and the structure
of the impulse response is no longer identifiable. The
smearing of the impulse response can be reduced by in-
creasing the sampling frequency. Figure 3(b) depicts
the simulation result for fs = 192 kHz (oversampling
by a factor of 4). The leading edge of the impulse re-
sponses are more clearly seen. The long temporal extent
of the creeping waves is also revealed. Although consid-
erably reduced, the temporal artifacts are still present for
t < −Rc ≈ −0.1 ms and t > 2.3 ms.

Another disadvantage of the frequency domain approach
is the high computational complexity. For each modal
order n, the derivative of the spherical Hankel functions
h′n(·) in (1) has to be evaluated for many frequency
bins. The required computations thus scale with the

DFT length and the oversampling factor.

Recursive Filter Design
This section presents the time-domain modeling of the
modal impulse responses using recursive (IIR) filters.
The presented approach is inspired by the radial filter
design proposed in [11].

In order to derive a rational transfer function in the
Laplace domain (s = σ+ iω), we use the explicit formula
of the spherical Hankel functions [12, Eq. (10.49.7)],

hn(Rc s) = −ine−R
c s

∑n
k=0 βn(k)(Rc s)

k

(Rc s)
n+1

, (2)

where

βn(k) =
(2n− k)!

(n− k)! k! 2n−k
(3)

for k = 0, . . . , n [12, Eq. (10.49.1)]. The expression for
the derivative of the spherical Hankel function can be ob-
tained by using the recurrence relation [12, Eq. (10.51.2)],

h′n(ξ) = −hn+1(ξ) + n
ξ · hn(ξ), (4)

yielding

h′n(Rc s) = in+1e−
R
c s

∑n+1
k=0 γn(k)(Rc s)

k

(Rc s)
n+2

, (5)

where the coefficients γn(k) are given as

γn(k) = βn+1(k)− n · βn(k). (6)

Plugging (5) into (1) yields

H(s) = (7)

e
R
c s
∞∑
n=0

(−1)n(2n+ 1)Pn(cos Θ)
(Rc s)

n∑n+1
k=0 γn(k)(Rc s)

k
.

For n ≥ 1, Each mode is characterized by n+ 1 complex
poles and nth order zeros at s = 0. The exponential
term e

R
c s corresponds to a negative delay (time advance)

of −Rc . In practice, a positive delay has to be applied to
(7) to make the system causal.
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The rational part of each mode can be factorized as

(Rc s)
n∑n+1

k=0 γn(k)(Rc s)
k

=
(Rc s)

n∏n
l=0(Rc s− pl)

(8)

=
c
R

s− c
Rp0

·
n∏
l=1

s

s− c
Rpl

, (9)

where pl denotes the lth roots of the polynomial de-
scribed by the coefficients γn(k). The corresponding
poles in the Laplace domain are located at s = c

R ·pl. For
the considered spatial bandwidth (N = 20) and radius
(R = 0.042 m), the poles can be computed with sufficient
numerical stability using numpy.roots in Python. The
rational part of the modal responses can also be written
as a partial fraction expansion,

(Rc s)
n∑n+1

k=0 γn(k)(Rc s)
k

=

n∑
m=0

rm
s− c

Rpm
, (10)

where rm denotes the residues corresponding to the poles
c
R · pm. Note that only simple poles exist (i.e. pl 6= pl′ ,
∀l 6= l′). Equation (9) and (10) respectively constitute
cascade and parallel systems.

The modal transfer functions, (9) or (10), are realized
as digital IIR filters by converting the Laplace-domain
representations into z-domain representations. In this
paper, we consider the bilinear transform, the impulse
invariance method, and the matched z-transform, which
are briefly introduced in the following.

• Bilinear transform: The poles and zeros are con-
verted by the substitution z =

1+ s·Ts
2

1− s·Ts
2

[13, Sec. 8.3.3]

with Ts = 1
fs

denoting the sampling interval. The
frequency axis (iω) in the Laplace domain is mapped
onto the circumference of the unit circle (eiωTs) in
the z-plane. The resulting discrete-time system is
free of aliasing but the spectrum is warped due to
the nonlinear mapping.

• Matched z-transform: The poles and zeros are
mapped by z = es·Ts [13, Sec. 8.3.4]. Since the con-
version does not change the pole and zero frequen-
cies, the spectrum is linearly mapped for |f | < fs

2 .
The spectral components beyond the Nyquist limit,
however, causes aliasing.

• Impulse invariance method: The filter is designed in
such a way that the discrete-time impulse response
is a sampled version of the continuous-time coun-
terpart [13, Sec. 8.3.2]. Although the time-domain
structure is well preserved, the spectrum inevitably
exhibits aliasing distortions. In this paper, we use
the corrected impulse invariance method [14, 15].

Note that the bilinear transform of a cascaded
continuous-time systems is the cascade of their individ-
ual bilinear transforms [16, Pr. 7.25]. This is also the
case for the matched z-transform. The two methods are
thus applied to the factorized expression (9). The (cor-
rected) impulse invariance method applied to a paral-
lel continuous-time systems is equivalent to the parallel

combination of the impulse invariant discrete-time sys-
tems [16, Pr. 7.25]. Therefore, the impulse invariance
method is applied to the partial fraction expansion (10).

The modal impulse responses are simulated in the time
domain by using the above methods. The frequency re-
sponses of the digital radial filters are depicted in Fig. 2
(fs = 48 kHz). In the case of the bilinear transform, the
spectral deviation increases in the neighborhood of fs

2 .
Due to the mentioned frequency warping, the spectrum
decays increasingly steeper at higher frequencies. The
results for the matched z-transform exhibit comparably
moderate errors. The impulse invariance method results
in strong spectral impairments in comparison with other
methods. The higher-order zeros at ω are not properly
modeled, leading to high errors at low frequencies. It can
be seen that the spectral deviation increases for higher
modal orders n.

The spatial impulse responses are computed by com-
bining the radial filters according to the expansion (7)
with a finite modal bandwidth (∞ → N). For a di-
rect comparison with the frequency sampling method,
the same low-pass filter (second-order Butterworth with
cutoff frequency at 20 kHz) is applied in the time do-
main. Figure 3(a) shows the spatial impulse responses
for fs = 48 kHz. The bilinear transform introduces signif-
icant group delay distortion thereby affecting the struc-
ture of the impulse responses. The diffraction and the
creeping wave are barely identifiable. The matched z-
transform and the impulse invariance method show simi-
lar results in terms of spatio-temporal structure. In par-
ticular, the late part of the impulse responses is almost
identical, as the IIR filters have the same set of poles.

The results for oversampling (fs = 192 kHz) are shown
in Fig. 3(b). Increasing the sampling rate reduces fre-
quency warping and aliasing artifacts, which not only
improves the spectral accuracy (not shown here) but also
the temporal characteristics. The difference between the
time-domain simulations is subtle. The result for the
frequency-domain sampling is also in a close agreement
except for the pre-ringing.

Conclusion
This paper investigates different frequency and time do-
main approaches for the simulation of spherical micro-
phone array signals. The frequency domain simula-
tions, based on the inverse DFT of uniformly sampled
spectrum, are shown to exhibit temporal artifacts. We
present a time-domain simulation where the spatial im-
pulse responses are realized efficiently by recursive filters.
The digital filter coefficients are derived based on the ana-
lytical representation of the modal responses of the sound
field. It is demonstrated that the resulting discrete-time
impulse responses exhibit well-defined transients. These
advantages, however, come at the expense of impaired
spectral accuracy which depends on the transformation
of the system function from the Laplace domain to the
z domain. It is revealed that, for the considered con-
figuration, the matched z-transform is superior in terms
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(a) fs = 48 kHz
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(b) fs = 192 kHz

Figure 3: Simulated impulse responses on a rigid sphere (radius R = 0.042 m, spatial bandwidth N = 20). All impulse
responses are low-pass filtered by a second-order Butterworth filter with a cutoff frequency of 20 kHz. For the frequency
sampling method (first column), the DFT lengths are indicated in the parentheses.

of spectral accuracy in comparison to the bilinear trans-
form and the corrected impulse invariance method. We
also show that the simulation accuracy can further be
improved by mild oversampling.
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