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Abstract
The acoustic wave equation is solved in time domain with
a boundary element formulation. The time discretisation
is performed with the convolution quadrature method
and for the spatial approximation standard elements and
a collocation schema is applied. In the interest of increas-
ing the efficiency of the boundary element method a low-
rank approximation such as the adaptive cross approx-
imation is carried out. We discuss about a generaliza-
tion of the adaptive cross approximation to approximate
a three-dimensional array of data, i.e. usual boundary
element matrices at several complex frequencies. This
approximation is used within the generalized convolution
quadrature method to obtain a real time domain method.
First results are presented for some simple problems.

Introduction
The boundary element method (BEM) is in acoustics one
of the preferred method, especially when scattering prob-
lems are under study. In this case also time domain for-
mulations are important. The work of Mansur [1] may
be claimed as the first time domain formulation with nu-
merical results. Based on this approach a lot of formu-
lations and applications can be found in the literature,
which will not be recalled here. An important step for-
ward in the application of BE formulations has been the
introduction of so-called fast methods, e.g., fast multi-
pole methods (FMM), hierarchical matrices with adap-
tive cross approximation (ACA), etc. In acoustics an
FMM based fast time domain method has been intro-
duced by Michielsen and co-workers [2], which might
be one of the fastest implementations. A different ap-
proach to formulate a time domain BEM is based on the
convolution quadrature method (CQ) proposed by Lu-
bich [3]. This methodology results, essentially, in a true
time stepping method utilizing BE matrices in Laplace
domain at distinct complex frequencies. Its extension to
a variable time step size is called generalized convolution
quadrature method (gCQ) [4], which will be used here as
basic formulation. An application of this methodology
in acoustics with absorbing boundary conditions can be
found in [5]. The acceleration of a usual CQ based time
domain BE formulation with ACA has been published
in [6]. In this application of ACA to the time domain
BEM only each matrix in each time(frequency) step has
been compressed, resulting in a fast method. However,
still all complex frequencies have to be considered. Here,
the extension of ACA to a 3D data array, the so-called
3D-ACA [7], will be applied to a gCQ based BE formu-
lation in acoustics, which allows beside the compression
within each frequency as well a reduction of the used
complex frequencies of the gCQ.

Problem setting
Let Ω ⊂ R3 be a bounded Lipschitz domain and Γ := ∂Ω
its boundary with the outward normal n. The acoustic
wave propagation is governed by

∂2

∂t2
u(x, t)− c2∆u(x, t) = 0 (x, t) ∈ Ω× (0, T ) (1)

u(x, 0) =
∂

∂t
u(x, 0) = 0 x ∈ Ω (2)

u(x, t) = g(x, t) (x, t) ∈ Γ× (0, T ) (3)

with the wave speed c and the end time T > 0. Exem-
plarily, a Dirichlet problem is used, where g(x, t) denotes
the given data. An extension of the subsequent proposed
method to Neumann problems or, more important, mixed
problems is straight forward. As well exemplarily, a sin-
gle layer approach is used for the presentation of the idea.
This results in the well known boundary integral equa-
tion

u (x, t) =

∫ t

0

∫
Γ

U (x,y, t− τ)φ (y, τ) dsydτ

(x, t) ∈ Ω× (0, T )

(4)

where U (x,y, t− τ) denotes the fundamental solution of
the governing equation (1). The unknown density func-
tion φ (y, τ) is as usual determined by∫ t

0

∫
Γ

U (x,y, t− τ)φ (y, τ) dsydτ

= (V ∗ φ) (x, t) = g (x, t) (x, t) ∈ Γ× (0, T ).

(5)

The spatial discretisation is performed in a standard set-
ting. The boundary is panellised by introducing elements
Γ =

⋃N
i Γi. The unknown density function φ is approxi-

mated with constant shape functions. The given bound-
ary data are approximated in the same way and colloca-
tion is used to set up the equation system.

Discretising the time in N not necessarily constant time
steps ∆ti the gCQ [4, 8] can be applied

V̂
(

1

∆tn

)
φn +

1

2πi

∫
C

V̂ (s)
xn−1 (s)

1−∆tns
d s = gn . (6)

()n denotes the discrete value of the respective function
at tn and V̂ indicates that the Laplace transform of the
integral kernel is used in the single layer operator. Fur-
ther, xn includes the results from the last time steps.
The whole algorithm can be given as [9]

• Choose an A-stable Runge-Kutta method given by
A and es = (0, 0, . . . , 1)T ,1 = (1, 1, . . . , 1)
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• First step

V̂
(

(∆t1A)
−1
)
φφφ1 = g1

with implicit assumption of zero initial condition

• For all steps n = 2, . . . , N the algorithm has two
steps

1. Update the solution vector xn−1 at all integra-
tion points sk

xn−1 (sk) = (I−∆tn−1skA)
−1

[(es · xn−2(sk))1

+∆tn−1Aφφφn−1]

for k = 1, . . . , NQ with the number of integra-
tion points NQ.

2. Compute the solution of the integral at the ac-
tual time step tn

V̂
(

(∆tnA)
−1
)
φφφn = gn−

NQ∑
k=1

ωkV̂(sk) (es · xn−1(sk)) (I−∆tnskA)
−1

1

where the essential parameter is NQ = N log2 (N) and
the integration points sk are dependent on the eigenval-
ues of A and ∆tmax,∆tmin. Several other parameters are
hidden and can be found in [9, 10]. Essentially, this algo-
rithm requires the evaluation of the integral kernel at NQ

points sk, which are complex frequencies. Consequently,
we get an array of system matrices. This array of system
matrices can be interpreted as a three-dimensional array
of data which we want to approximate by a data-sparse
representation.

Generalization of the adaptive cross ap-
proximation
The idea of a generalization of adaptive cross approxima-
tion (3D-ACA) has been proposed in [7] and is sketched
in Algorithm 1. As discussed above, we generate a three-

Algorithm 1 idea generalized ACA

For ` = 1, 2, 3 . . .
1. compute face H` via low-rank approximation
h`ij = Cij,k`

2. define pivot position
(i`, j`) := arg max

i,j
|h`ij |

3. compute fiber F` f `k = Ci` j`,k
Stop if ‖H̃`‖F ‖F̃`‖F ≤ ε‖S`‖F

dimensional array of data Cij,k. The first two indices cor-
responds to the spatial discretization. One is related to
the collocation point and the other to the basis function.
The third index of the 3D array corresponds to the com-
plex frequencies from the gCQ. The algorithm starts by
assembling the system matrix at an arbitrary chosen but
fixed frequency. Let the corresponding index be k`. This
system matrix, which we call faceH, is compressed by the
standard adaptive cross approximation. Therefore, we

have to decompose the system matrix into a hierarchical
scheme first. This hierarchical structure is based on the
usual geometrical considerations and used for all further
assembled faces. After the low-rank approximated face
is determined, we have to define the position of the pivot
element. In principle, the maximum entry of the matrix
determines the pivot position, where h`ij denotes the en-
tries of the current face. Regarding to this position we
compute the fiber F , an array with all frequencies where
the indices related to the spatial discretization are fixed,
i.e. one matrix entry at all frequencies for a distinct col-
location point and shape function is assembled, f `k. In
this way the first cross with an approximated face and
a fiber is generated. An schematic sketch of the fiber
and face can be found in Fig.1. For the next cross, the

k`

i`

j`

F

H

Figure 1: Sketched idea of generalized ACA (i`. . . colloca-
tion point, j`. . . basis function, k` . . . frequency

face or the fiber has to be updated. At further iterations
the residual of the face and of the fiber has to be de-
termined and based on this residual the position of the
pivot element is computed. The algorithm terminates
successfully if a suitable stopping criterion with a given
accuracy ε is satisfied. The current approximation is de-

fined as S` =
∑`

d=1 H̃
d⊗F̃d

, where ⊗ denotes the outer
product of a matrix with a vector.

The crucial task to determine the pivot position is how
to find the maximum entry in a low-rank approximated
face in an appropriate time for admissible blocks, i.e.
ACA approximated blocks. Certainly, it is no option to
compute the matrix entry of face H by multiplying the
low-rank matrices. Instead, we define the index i or j by
the maximum of the absolute row sum of the low rank
matrices, respectively. To get the idea, let assume the
block A is approximated by the truncated singular value
decomposition A ≈ Ar = UΣVH , where the low-rank
matrices U and V consist of orthonormal columns. In
this caes, we define the index i of the pivot position by

arg max
i,j

|aij | = arg max
i,j

r∑
k=1

|uikσk| |vjk|︸︷︷︸
≤1

≤ arg max
i

r∑
k=1

|uikσk|
(7)

and, analogously, for index j. This concept is based on
the fact that the columns of U and V are orthonormal.
To adopt this to an ACA approximated block, a QR-
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decomposition of the low-rank matrix U and V is per-
formed

A ≈ Ar = UVH = QU (RUR
H
V )QH

V

= QU ǓΣ̌V̌HQH
V = UΣ̌V

H (8)

and, secondly, we use the SVD for the smaller inner ma-
trix RUR

H
V . Finally, we end up with low-rank matrices

U and V where their columns are unitary. This allows
to use (7) for the selection of the pivot position. Addi-
tionally, this process makes an implicit recompression of
the block by the SVD of the inner matrix product.

Numerical results
How the introduced algorithm performs is shown by two
numerical experiments. In the first test, solely the three-
dimensional array of data C is computed, whereas in the
second test a BE computation with the single layer po-
tential from (5) is studied.

For the first test, the single layer operator in (6) is assem-
bled at 11 different frequencies given by the gCQ. The
underlying geometry is a unit cube with 1536 constant
elements. The squared error of the approximation of C in
the Frobenius norm is plotted in Fig. 2 against the itera-
tion counter of the algorithm. Note, the iteration number

0 1 2 3 4 5 6

10−7

10−5

10−3

10−1

101

iteration `

‖C
−
S`
‖2 F

face approx.
NO APPROX
SVD – ε = 10−4

ACA – ε = 10−4

Figure 2: Approximation error in the Frobenius norm for
the 3D data array C versus frequency

corresponds to the number of necessary complex frequen-
cies. The accuracy of the generalized ACA is chosen as
ε = 10−4. We perform the numerical experiment first
without any low-rank approximation of the face, then
with an approximation by a singular value decomposi-
tion and, last, by adaptive cross approximation. The
accuracy of the low-rank approximated face is set as well
to ε = 10−4 for both approximation methods. For all
three alternatives, the stopping criterion is satisfied after
five iterations. At the fifth iteration, the ACA approx-
imated face exhibits a slightly different approximation
error. This indicates that the low-rank approximation
error of the faces has already an effect. Nevertheless, it
may be concluded that it is sufficient to evaluate the sin-
gle layer operator only at a few instead of all frequencies

and still a sufficiently quality of the data is maintained,
resulting in a reduction of the computation time and the
memory consumption.

The second test shows the behavior of the proposed al-
gorithm in a BE formulation. Oposite to the above used
model problem a direct BE formulation is used. How-
ever, as well a Dirichlet problem as given in (1) is solved.
To observe the behavior of the method a smooth pulse is
used as load such that the analytical solution is known.
Again, the geometry is a unit cube and the applied mul-
tistep method is a BDF 1. The total time is set to
T = 3.5 sec and the wave speed to c = 1 m/sec. Start-
ing from an uniform discretisation with 96 triangular el-
ements (h = 0.5) and 7 time steps in each refinement step
the elements are halved as well as the time step size. The
unknown Neumann data are approximated by constant
spatial shape functions and the given Dirichlet data by
linear shape functions. In Fig. 3, the L2-error in space
and time is presented. The expected linear convergence
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Figure 3: Convergence rate and compression for a Dirichlet
problem on the unit cube

order can be observed for all three calculations, i.e. a
dense calculation without any fast methods, the 3D-ACA
where only the frequencies (F in Fig. 1) are compressed
but the spatial compression is not applied, and a full 3D-
ACA computation using a SVD to compress the spatial
matricesH in Fig. 1. It may be remarked that these three
results are visible only as one line in the plot. The two
other lines give the compression, i.e. the relation of the
required storage of a dense calculation to the compressed
one. Obviously, the algorithm is quite effective as in the
finest level only 4 % of the original storage is required by
preserving the convergence order.

Conclusions
The proposed time domain boundary element formula-
tion is based on the generalized convolution quadrature
method. This time discretization allows the application
of the generalized adaptive cross approximation (3D-
ACA) to realize a data-sparse formulation. The latter
is data sparse not only with respect to the spatial vari-
able but also with respect to time. The presented re-
sults show that the method allows to identify essential
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complex frequencies within a prescribed approximation
quality. Overall, the storage reduction is in these ex-
amples up to 4% of the dense computation. Certainly,
this value depends on the problem to be treated. Never-
theless, the formulation determines the truncation in an
adaptive process without prior knowledge of the problem
or experience of the user.
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