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Introduction
Noise from railway traffic is crucial for the planned ex-
pansion of the German railway network. Consequently,
effective measures are a key factor in order to lower the
sound emissions. In addition to conventional noise re-
duction measures such as rail dampers or sleeper pads,
modern and more cost-effective approaches are necessary
to address the challenges posed by growing rail traffic.

Within the spectrum of railway traffic noise, rolling noise
is the dominant source at speeds ranging from 50 to
250 km/h. Specifically, rail vibration contributes the
most in the frequency range of 200 to 2000Hz, and
is highly dependent on the mechanical superstructure
properties [1]. Therefore, an appropriate modification of
the superstructure design can contribute to an effective
rolling noise reduction.

The most significant components of a widely established
ballasted superstructure, that influence the generation
and propagation of rail vibration, are shown in Figure
1. In this case, equally spaced sleepers are embedded
into compacted ballast. Furthermore, the rail is mounted
on sleepers with elastic rail pads in between. All corre-
sponding properties can be assumed as approximately
constant along the track, whereby a conventional super-
structure can accordingly be regarded as a continuous
periodic structure that continues to infinity.
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Figure 1: Mechanical model of conventional single-sided bal-
lasted superstructure according to [2]

The applied approach consists of modifying the super-
structure according to the general concept of disorder to
mitigate the propagation of structure-borne sound along
the track [3]. This is achieved by systematically vary-
ing key superstructure properties, such as pad stiffness,
sleeper mass, and sleeper spacing. Both periodic and
stochastic variations of these properties are considered.
The effects of single and pairwise varying superstructure
properties are evaluated. The most effective superstruc-
ture designs are determined by optimizing numerous vari-
ation schemes using the brute force method.

Rail Model
The rail model employed in this study is based on the
finite-difference method (FDM) approach, as described
in Stampka and Sarradj [4], which enables the numerical
calculation of rail vibrations in the time domain. The
model utilizes the Beam on Elastic Foundation Theory,
where the single-sided superstructure is represented by
a discretely supported Euler-Bernoulli beam resting on
an elastic foundation (Figure 1). The mechanical model
contains the following superstructure properties: B de-
notes the bending stiffness of the rail, m′

r represents the
rail mass per unit length, and d′r is the viscous damping
coefficient per unit length of the beam. Additionally, sp
and sb correspond to the stiffness of the pads and bal-
last, respectively, while dp and db represent their viscous
damping coefficients. The effective mass of the sleeper is
denoted by ms.

To model the rail as an infinite beam, a perfectly matched
layer (PML) method is applied. This approach intro-
duces an exponential increase in damping within the
boundary domain, effectively minimizing wave reflec-
tions. For solving the corresponding differential equa-
tion, the implicit Crank-Nicolson method is utilized. In
comparison to other rolling noise models, this approach
enables the calculation of moving sound sources and the
spatial variability of all superstructure properties [4].

Optimization
The dynamic behavior of the model introduced (Figure 1)
can be characterized by different vibrational quantities.
In this study, the standardized and widely used Track-
Decay-Rate (TDR) [5] is optimized, which characterizes
a track and quantifies the sound propagation capability
of structure borne sound along the track. This quantity
is calculated using a point input impedance, which is set
in relation to multiple transfer impedances. When con-
sidering a usual TDR (Figure 2), two frequency ranges
are of particular concern. Firstly, anti-resonance between
the rail and the sleepers results in a blocked zone. There-
fore, the movements of sleepers and the rail are counter-
phased, leading to limited sound propagation. Secondly,
a certain frequency can be noticed, where almost un-
hindered sound propagation takes place. The so called
pinned-pinned frequency (PPF) results from the discrete
mounting positions, where the corresponding wavelength
equals approximately twice the sleeper spacing.

In general, the main optimization target is to increase the
TDR over the widest possible frequency range. In order
to focus on the two crucial frequency ranges, the first op-
timization criterion is the width of the blocked zone and
the second is the dominance of the PPF, as both opti-
mized criteria contribute to a higher TDR over a wide
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Figure 2: Reference TDR curve with marked target criteria
(TC) applied in subsequent optimization process

frequency range (Figure 2). With the aim of quantify-
ing the success of the optimization, an objective function
is introduced for each target criterion, as described in
Mantel et al. [6]. Here, the mean squared velocity is
used as a second vibrational quantity in addition to the
TDR. This quantity can be regarded as proportional to
the sound radiated by the rail.

The entire search space is defined by the variation ranges
of all superstructure properties permitted for variation at
all mounting positions. In order to limit the search space
as much as possible, only the most significant superstruc-
ture properties are taken into account. The blocked zone,
which results from the anti-resonance, can mainly be in-
fluenced by the pad stiffness and the sleeper mass. Both
superstructure properties are optimized according to the
first target criterion. In addition, the PPF is directly
related to the sleeper distance. This is therefore opti-
mized according to the second target criterion. All the
other properties remain constant during the optimization
process [1].

The permitted variation ranges for all corresponding
properties are provided in Table 1. Only values within
the variation ranges defined are permitted for all vari-
ation schemes during the optimization process. These
variation ranges are based on the parameter ranges that
can be expected to be found in practice. The subse-
quent evaluation of the optimization result is carried out
by comparing the TDRs with a reference design consist-
ing of a continuous periodic structure without variations.
The corresponding TDR (Figure 2) results from the mean
values of the variation ranges (Table 1) [6].

Table 1: Permitted variation ranges of pad stiffness, one-
sided sleeper mass and sleeper spacing

property reference variation

pad stiffness 450MN/s ±56%

sleeper mass 150 kg ±20%

sleeper spacing 0.6m ±18%

To ensure that effective variation schemes are identified,
the search space needs to be sampled systematically. For
this reason, the optimization process is divided into sev-
eral steps. In general, both periodic and stochastic varia-
tions are permitted for one or more superstructure prop-

erties, which can vary on their own or combined. Accord-
ingly, the process is divided into three steps (Figure 3).
Firstly, the single variations take place periodically and
stochastically, independently of one another. Secondly,
two properties vary combined with less accuracy (Figure
4). Finally, an overall variation is performed, whereby
simplifications are made based on the findings from the
previous steps. In this case, both periodic and stochastic
variations are used in a targeted manner, as a further
optimization process is no longer expedient at this point.

1. single variation
(periodic)

1. single variation
(stochastic)

2. pairwise variation
(periodic)

2. pairwise variation
(stochastic)

simplifications

3. total variation
(per. & stoch.)

Figure 3: Systematic optimization by dividing the search
space into single, pairwise and total variations

A conventional brute force algorithm is applied in order
to determine the best variation schemes. This is a combi-
natorial approach that divides the respective sub-search
space into a regular grid defined by a certain grid fac-
tor. The optimization variables take on discrete values
at each grid point, which allows quantifying the quality
of the corresponding superstructure design. Thus, the
grid point or the specific superstructure design of a vari-
ation scheme with the highest or lowest objective func-
tion value, depending on the objective function, can be
regarded as the optimum of the variation scheme.

Using the brute force algorithm, numerous variation
schemes are analyzed for each optimization step (Figure
3). Each variation scheme is optimized according to only
one of the two target criteria. In the case of periodic vari-
ation of one or more superstructure properties, the vari-
ation schemes differ in the period length and the corre-
sponding grid factor. The total number of superstructure
designs in the case of a periodic variation scheme depends
on whether only one or several superstructure properties
are varied. For a single periodic variation scheme, the
total number of designs M is given by:

M = N
np

S . (1)

For a pairwise periodic variation scheme, the total num-
ber of designs M is calculated as:

M = (NS1 ·NS2)
np . (2)

It is assumed that for periodically varying properties,
the identical period length is assigned for both properties
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(Figure 4). Depending on the variation range, different
grid factors can be used. Considering the given example
(Figure 4) this variation scheme leads to a total num-
ber of M = 216 possible superstructure designs whereby
the superstructure leading to the best TDR can be con-
sidered as the optimum. It is important to note that a
number of redundant superstructure designs are present
within this total number. The redundant superstructure
designs are excluded from the optimization process. Due
to the limited computing resources, the grid factor is re-
duced with increasing period length for the corresponding
variation scheme. All selected grid factors are listed in
[6].

(ballast)

sleeper mass

pad stiffness

nP

high value low value

Figure 4: Example of an arbitrary superstructure design
resulting from the following variation scheme: Simultaneous
periodic variation of pad stiffness and sleeper mass with pe-
riod length np = 3 and grid factors NSsp

= 3 and NSms
= 2

For stochastic variations, the optimization process for
each variation scheme is performed by varying the stan-
dard deviation using a Gaussian distribution. Only val-
ues within the defined variation ranges are permitted.
The permissible range for the standard deviation is de-
fined from zero up to the difference between the corre-
sponding maximum value and the reference value (Table
1). All stochastic variation schemes, including the pair-
wise schemes, are carried out with a sufficiently high grid
factor of NS = 20.

To evaluate the objective function values for a given su-
perstructure design, a Gaussian impulse is applied as ver-
tical excitation of the rail. It is important to note that
the resulting vibrational response is highly sensitive to
the location of the excitation. As a result, multiple sim-
ulations are necessary to assess the quality of the super-
structure design. The final vibrational quantities are cal-
culated by averaging the results obtained from different
excitation positions. For periodic variations, the excita-
tion is applied once between each pair of sleepers within
a single period. In contrast, for stochastic variations, the
stochastic superstructure design is regenerated multiple
times, and the output variables are averaged across these
iterations [6].

Results and Discussion
In total, 43 different variation schemes, including 15,625
different superstructure designs, were analyzed. To as-
sess the impact of each varying property on the TDR,
the results of all optimized single-variation schemes are

presented first. Subsequently, only the most effective
variation schemes involving multiple varying properties
are compared. Detailed parameters for all varying su-
perstructure properties are provided in [6].

The results of all optimized single-variation schemes are
presented in Figure 5. It can be seen that both target
criteria are influenced by different variation schemes. A
significant widening of the blocked zone can be achieved
through the periodic variation (Figure 5(a)), however,
this extension of the blocked zone is accompanied by a
reduction of the TDR peak. In contrast, the periodic
variation of sleeper mass does not contribute to addi-
tional expansion of the blocked zone (Figure 5(b)).

Furthermore, the second target criterion is influenced by
the periodic variation of the sleeper spacing. The PPF
dip is divided into several dips, and becomes less domi-
nant for all period lengths (Figure 5(c)). A similar effect
is observed with stochastic variations of sleeper spacing,
though the PPF dip in the resulting TDR curve is not
split into multiple dips as in the periodic case. Instead,
the dip loses dominance and appears as an apparent at-
tenuation (Figure 5(d)). All optimized periodic variation
schemes are almost entirely at the variation limits de-
fined in Table 1. Similarly, optimized stochastic variation
schemes of individual superstructure properties result in
the best superstructure designs with almost maximum
permissible standard deviation.

The results of the three optimized variation schemes for
simultaneously varying superstructure properties are pre-
sented in Figure 6. The combined periodic variation of
the pad stiffness and the sleeper mass (Scheme A.) results
in a further expansion of the blocked zone in comparison
to the single variation periodic variation of the pad stiff-
ness. This superstructure design consists of stiff pads,
which occur in pairs with light sleepers, and soft pads,
which occur in pairs with heavy sleepers [6]. When pad
stiffness and sleeper mass are varied periodically together
(Scheme B), not only is the blocking zone expanded, but
the dominance of the PPF is also significantly reduced.
This makes Scheme B the first variation scheme to suc-
cessfully meet both target criteria. The combination of
periodically varying pad stiffness and sleeper mass, along
with stochastically varying sleeper spacing (Scheme C ),
yields the best overall superstructure design according to
the target function values.

In summary, the effects of structural disorder, as de-
scribed by [3], are also evident in this study. Introduc-
ing disorder through periodic or stochastic variations in
superstructure properties can significantly increase the
TDR across a wide frequency range. Thus, it can be
expected that structural irregularities help concentrate
energy at the excitation point, positively influencing the
Track-Decay-Rate. In addition, the optimization of all
variation schemes frequently resulted in values at the lim-
its of the specified variation ranges (see [6]). This finding
aligns with the observations of [7], which showed that the
degree of localization depends on the degree of disorder.

To meaningfully evaluate the benefits of such measures,
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(a) periodic variation of pad stiffness
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(b) periodic variation of sleeper mass
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(c) periodic variation of sleeper spacing
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Figure 5: Resulting TDRs for optimized single variation schemes. The exact corresponding superstructure parameters can be
found in [6].

several critical factors must be considered. In addition
to analyzing sound radiation, it is essential to incorpo-
rate a moving excitation source into the assessment. Fur-
thermore, security considerations and implementation as-
pects are necessary.
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Figure 6: Comparison of the most successful optimized
variation schemes with simultaneously varying superstructure
properties. The exact corresponding superstructure parame-
ters can be found in [6]. Scheme A: periodic variation of pad
stiffness and sleeper mass, Scheme B: periodic variation of
pad stiffness and sleeper spacing, Scheme C: periodic vari-
ation of pad stiffness and sleeper mass as well as stochastic
variation of sleeper spacing

Conclusion
This study investigates the effects of structural irregular-
ities in the superstructure on reducing the propagation of
structure-borne sound using a brute force algorithm. The
results demonstrate that periodic variations in pad stiff-
ness significantly expand the TDR-blocked zone, while
the periodic variation of the sleeper mass has a notably

weaker effect. Moreover, the variation of the sleeper
spacing, both periodically and stochastically, reduces the
sound propagation in the frequency range of the PPF.
The results also demonstrate that varying multiple su-
perstructure properties simultaneously can be useful. In
particular, the joint periodic variation of pad stiffness
and sleeper spacing proves to be especially effective. Fi-
nally, all results indicate that the two target criteria can
be influenced either independently or simultaneously in
a targeted manner.
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