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Introduction

Measures to control structure-borne vibrations and ra-
diated airborne noise can be developed more efficiently
after firstly identifying the resonance frequencies and cor-
responding modes. These are dependent on both the
material properties of the structure as well as the bound-
ary conditions (BC). Therefore, accurately capturing the
actual, non-idealized BCs is essential for effective noise
control, especially when developing numerical prediction
models to analyse the vibration response. In this paper,
a semi-empirical approach is presented on how to identify
the BC of a beam through measurements of the trans-
fer mobility. The limitations and results of this semi-
empirical approach will be demonstrated using beam vi-
brations captured analytically, numerically with a finite
element model, and empirically through measurements
on an actual beam. Through approximation of the ve-
locity with a polynomial and with wave functions other
parameters, which define the boundary conditions, are
obtained through local derivation thereof.

Overview of Boundary Conditions (BCs)
To calculate the vibrations of a beam of finite length, the
BCs imposed at the beam’s ends must be known. Four
common ideal types of BCs for a beam are free, simply-
supported, clamped (fixed), and guided, as can be seen in
Figure 1. They can be described in terms of the following
four quantities: velocity v, angular velocity w, Moment,
M, and force F. It can be seen that for each of these
ideal BCs, two of the quantities are equal to zero, while
the other two are non-zero. The relationship between
these quantities are shown in Eqns. 1 to 4 below, where
B = E1 is the bending stiffness and F and I the Young’s
modulus and moment of inertia respectively.

Figure 1: Overview of the four ideal BCs of a beam. Top
left: simply supported, top right: clamped, bottom left: free,
bottom right: guided. Where v is velocity, w is angular ve-
locity, M is moment, and F' is force.

The simply-supported beam prevents transversal move-
ments but allows lateral movements and rotations tilted
at any angle. A beam with such a support cannot ab-
sorb any moment at its edge, and there is no velocity
present. If the beam is clamped, the movements in the
lateral and transversal directions are restricted, and the
rotations tilted at any angle are prevented; hence, the
support absorbs the moments, and the angular velocity
disappears. A free beam allows movement and rotation
in all directions, meaning that at the support, the ve-
locity does not vanish, and the moment is eliminated.
The guided support allows for transverse movements but
no rotations. The angular velocity at the support dis-
appears, as in the clamped situation. In contrast, the
transverse force behaves as with a free beam.
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In a first attempt to understand the vibration behaviour
with regard to its BCs, a free-free beam of calcium-
silicate with the measured properties in Table 1 is be
investigated.

Table 1: Dimensions and material properties of the beam.
Property Unit Value
Length m 0.500
Width m 0.065
Height m 0.050
Weight kg 3.04
Density keg/m® 1871
Young’s modulus Pa 1.10-101°

Long. wavespeed  m/s 2425

Empirical method

To create free-free BCs for the empirical method, the
beam was placed on two soft Sylodamp HD30 strips with
a high internal loss factor resulting in an resonance fre-
quency of =~ 18 Hz. The dynamic decoupling begins ap-
proximately a factor v/2 above that. Next, the transfer
mobility (velocity vs force) of the beam was measured
with a roving impulse hammer every 2.5 cm for excita-
tion (21 positions) along the centreline and a stationary
accelerometer (between positions 9 and 10) for the veloc-
ity response. The measurements were repeated to obtain
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two empirical datasets. This distance between the roving
hammer excitation positions was chosen to allow for at
least five points per wavelength until the highest mode of
interest, namely the fourth mode. For all of the follow-
ing approaches the same distribution of transfer mobility
points and velocity responses will be used. The first four
Eigenfrequencies extracted from the measured transfer
mobilities of the free-free beam can be seen in Table 2.

Table 2: First four eigenfrequencies of the free-free beam.
n Frequency in Hz
1 494.8
2 1374.4
3 2693.9
4 4453.0

Numerical method

Numerical investigations were carried out for the beam
vibration using a Finite Element Method (FEM). For
this purpose, a solid model was created in the software
Comsol, which is based on the measured properties such
as Young’s modulus, the density, and geometry (see Ta-
ble 1). A standard mesh was chosen to subdivide the
beam into smaller finite elements. A uniform point force
was applied at a reference position to set the beam into
vibration. Figure 2 shows the third mode shape of vibrat-
ing beam in FEM at the third eigenfrequency of 2310 Hz.

Eigenfrequenz=2310 Hz  Oberflache: GroBe der Verschiebung (m)

Figure 2: Third mode shape of the FE-modelled beam with
an eigenfrequency of 2310 Hz.

Analytical method

An analytical method was also considered for a beam
with free BC. The free vibrations of the beam’s modes
can be described using even and odd functions. Even
functions demonstrate symmetry about the y-axis and in-
clude cosine functions, while odd functions exhibit point
symmetry about the origin and include sine functions.
Considering constraints with F(I/2) = 0 along with
F(l/2) = 0, the even (axis-symmetric) modes and odd
(point-symmetric) modes can be derived by Equation 5
and 6 [1].

Figure 3 shows the first four modes of free beam vibra-
tions.
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where [ is the beam’s length, m’ is the mass per unit
area, F is Young’s modulus, I is the moment of inertia,
and fR is the resonance frequency or eigenfrequency.
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Figure 3: First four modes of a beam with free-free BCs
calculated analytically.

Evaluation

To enable the evaluation of the BCs using the empirical,
numerical, and analytical methods, the modes are first
“cleaned” and then compared using the Modal Assurance
Criterion (MAC). Finally, to allow the local derivation of
the velocity needed to calculate w, M and F', the velocity
is approximated with a polynomial of forth order and
with solutions of the bending wave differential equation.

“Cleaned” Modes

The modes were “cleaned” by forcing a phase to either
0 or w. Additionally, the velocity at the left edge at
x = -0.25 m was set to a value of 1 by normalizing by
the edge value. The first four modes and their corre-
sponding eigenfrequencies are displayed as a function of
velocity for all applied methods in Figure 4. Whereas all
the numerical and analytical methods deliver point- and
axis-symmetrical modes, the fourth mode with empirical
method does not. It shows distinctly larger amplitudes
on the right side of the beam than on the left.

Table 3: Eigenfrequency deviation of the first four modes
relative to the analytical method in percent

Approach 1 2 3 4

empirical 1 100 96 89 83
empirical 2 100 96 89 83
numerical 97 92 86 79
analytical 100 100 100 100
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Table 3 shows the deviation of the eigenfrequencies rel-
ative to the analytical method in percent. Both empiri-
cal and numerical methods show good agreement for the
“cleaned” modes when the analytical method serves as a
reference. For the first eigenfrequency, almost identical
agreement is achieved with the empirical methods, while
the numerical method differs slightly. However, there
is a trend that the agreement decreases with increasing
eigenfrequency.
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Figure 4: “Cleaned” Modes for both empirical methods
(top left and right), the numerical method (bottom left), and
the analytical method (bottom right).

Modal Assurance Criterion (MAC)

The MAC is used to assess the systematic error of the
linear relationship between the mode pairs [2] of the four
different methods used for determining the beam BC.
The MAC is shown in Figure 5 for the comparison mode
pairs of the individual methods and in Figure 6 for the
comparison of the individual mode pairs across all meth-
ods.

When comparing the individual modes of the four meth-
ods (see Figure 6), it becomes evident that there is a very
strong correlation between the methods for modes 1 and
2. For modes 3 and 4, the individual mode pairs of the
various methods demonstrate close orthogonality.
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Figure 5: MAC per approach.
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Figure 6: MAC per mode.

However, a mnoticeable trend is the gradual decrease
in correlation between empirical methods and numeri-
cal/analytical methods. While the empirical methods
and numerical /analytical methods continue to be orthog-
onal to each other.

Polynomial Approach

The velocity of the beam is approximated using a
fourth-order polynomial (see Equation 8), based on the
least squares technique to determine the coefficients
(vo, v1, V2, v3,v4), using the velocities at the first ten po-
sitions. A fourth order polynomial was chosen, because
a higher order polynomial led to dips between the mea-
sured velocity points and a lower order polynomial de-
rived three times always returns a constant. Only 10
points were used, as the difference between the approxi-
mated and measured velocities were otherwise to large.

v(x) = v9z° + vlzt + voz? + vgz® + vyt (8)

The other quantities can be calculated by inserting Equa-
tion 8 into Eqns. 2 to 4.

1 ]
. —M
06 Fl-

vinmis

parameter

| N\
N

025 02 -045 01 005 0 005 01 015 02
xinm

Figure 7: Polynomial approach using the least square
method for the velocity (v) for the first four modes from ten
positions and its corresponding eigenfrequencies (left) and the
velocity (v) and its derivations (w, M, and F') for the first
mode from ten positions (right).

Figure 7 on the left illustrates the measured and approx-
imated velocity for the first four modes and their corre-
sponding eigenfrequencies of the beam. The least squares
fit for polynomial regression leads to good results of the
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velocity up to the first ten measurement positions; be-
yond this, its accuracy diminishes. Since the beam has
free BCs, M = 0 and F' = 0 must apply at the beam’s
edges. Figure 7 on the right shows for the first mode
all four parameters (v, w, M, and F') at the left edge of
the beam, calculated by deriving the polynomial veloc-
ity. However, the BC is not fulfilled as M # 0 and F' # 0
for the empirical method. The results of applying the
polynomial approach to the the numerical and analyti-
cal method can be seen in Figure 8. This demonstrates
that the polynomial approach remains unsuitable all four
methods.

Mode 1

' .
‘ vowoowF
..n II I . II I

o N o -
vowoomoF voowoomF
: II I i II I

o o

v G vowoomoF

parameter

Figure 8: Parameters v, w, M, and F' at the left boundary
for the first four modes from the empirical, numerical, and
analytical methods using the polynomial approach.

Mode 2

il
wl

Mode 3

| I M I

i IIDI II l

" voowoomF

i II I i II .

o . o —
voowoomF vowowF

Mode 4

Wave Approach

Due to the unsatisfactory results from the polynomial
approach, the wave approach is employed to approximate
the beam velocities, yet now using all “measurement”
positions using Equation 8.

v(2)y = vae IFBT e TIFBT g eTRBT g e tRET ()

Again a least squares approach is used to determine the
now complex amplitudes (v, = v), + jv!). Hereby kg is
calculated from the beam properties according to Equa-
tion 7.

Figure 9 on the left shows the measured and approx-
imated velocity of the first four modes and their cor-
responding eigenfrequencies using the wave approach.
Compared to the polynomial approach, the wave ap-
proach leads to better agreement for all modes across
the measurement positions used. Figure 9 on the right
shows the four parameters (v, w, M, and F) gained from
deriving the approximated velocity for the first mode.
Considering all the first four modes of the beam, Fig-
ure 10 shows all of the four parameters (v, w, M, and F)
for the empirical, numerical and analytical approaches.
It can be observed that the conditions M = 0 and F =
are nearly satisfied, which is concise with the BCs of a
freely vibrating beam.

Summary and Outlook

A polynomial and wave approach were applied to de-
termine the boundary conditions of a free-free beam in
terms of velocity v, angular velocity w, moment M and
force F' with the use of velocity “measurements” obtained
by empirical, numerical, and analytical methods. Both
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methods approximated the velocity of the beam using
polynomials or wave functions respectively, which were
then locally derived to obtain the other parameters.
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Figure 9: Left: Wave approach for the velocity (v) for
the first four modes and its corresponding eigenfrequencies.
Right: from velocity v and its normalized derivations (w, M,
and F) for the first mode.
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Figure 10: Parameters v, w, M, and F at the left boundary
for the first four modes from the empirical, numerical, and
analytical methods using the wave approach.
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The polynomial approach was able to reproduce the
beam’s velocity; however, the derivatives of these poly-
nomial functions no longer accurately represented the
properties of angular velocity, moment, and force at the
edges. The wave approach, however, successfully repro-
duced all beam parameters and it could be seen that
the ideal boundary conditions of free-free (M(—¢/2) =
M(€/2) =0 and f(—£/2) = F(£/2) = 0) where obtained.

Future work will concentrate on also approximating the
material parameters of the beam, particularly Young’s
modulus and the loss factor. The wave approach will
also be tested under different BC, including clamped,
simply supported, and guided supports. Furthermore,
it is planed to test this approach with plates.
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