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Abstract

In transfer path analysis (TPA), achieving precise re-
sults in matrix inversion often presents challenges. Main-
stream approaches to address this issue include overde-
termining the system and applying regularization. How-
ever, overdetermining requires additional indicators,
complicating the process and making it impractical for
applications with limited sensor mounting space. On the
other hand, regularization techniques are frequently crit-
icized for their lack of stability and accuracy. In this
paper, a Bayesian framework is applied to classical TPA;
the feasibility of the approach is analyzed both within an
experimental setup that mimics the engine mounted on
the suspension with resilient connections as well as cor-
responding numerical simulation. Also, to explore the
possibility of applying TPA to objects in smaller shapes,
an attempt is made to evaluate the Bayesian TPA when
relaxing the constraints of an over-determined system.

Introduction

Transfer Path Analysis (TPA) has been widely utilized
to characterize excitation propagation within a structure,
particularly when detailed structural modeling is chal-
lenging [1]. Over the past several decades, several TPA
variants have been developed. Despite their differences,
they share a basic similarity: these methods inherently
involve solving an inverse problem — determining un-
known quantities (e.g. interface forces, blocked forces)
from observed data (e.g. indicator responses). To im-
prove the accuracy of solving this inverse problem, com-
mon strategies include overdetermining the system [1],
applying regularization methods [2], and improving mea-
surement setups [3].

The Bayesian method has long been recognized as a pow-
erful tool for solving inverse problems. It helps provide
a rational cause explanation for the observations while
also providing insights about uncertainty [4]. However,
up to now, few attempts have been made to incorpo-
rate Bayesian methods into TPA. In this paper, we de-
velop a hierarchical Bayesian model for the linear inverse
problem in classical TPA. We aim to explore whether
Bayesian TPA can provide more accurate and explain-
able results and test its performance when the overdeter-
mined constraint is relaxed.

Theory

A dynamic system can be practically divided into active
and passive subsystem. The active subsystem contains
the source and generates the excitation, while the passive
subsystem propagates the excitation without any internal
excitation. In classical TPA, the interface force between

two subsystems g can be estimated from
g = T+uop7 (1)
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where g € , Uop € denotes the observed in-
dicator response, T € CM*N is the frequency response
function (FRF) that relates the indicator response to the
interface forces. Note that N represents the degrees of
freedom (DOFs) considered at the interface, while M de-
notes the DOFs of the indicators. Here, T denotes the
pseudo-inverse of the matrix T. If the condition number
of matrix T is high, noise present in u,, can be sig-
nificantly amplified, potentially leading to unacceptable
errors in the estimation of interface forces.

As a data driven method, the Bayesian framework pro-
vides a more robust solution to this problem. In a
Bayesian forward model, u,, can be expressed as

Uop = Tg + n, (2)

where n represents an additive noise term, assumed to
follow a complex normal distribution:

n~ CN(0,Ty), (3)

Ty, is the covariance matrix of the noise. The posterior
distribution of our hierarchical Bayesian model is

(g, 'L, Tgluop) oc m(uoplg, I')m(glg)m(IL)w(T'g), (4)

where 7 denotes the probability density functions. More
detailedly, we apply

W(uop|ga FL) ~ CN<Tg7 FL)7 (5)

and
7(g[l'g) ~ CN(0,Ty). (6)

Suppose the terms n and g are all circular symmetric, the
covariance matrices I'y, and I'y can be expressed as I'y, =
721 and ', = 'yéI, where I is the identity matrix. The
prior for the hyperparameters ~;, and 7, can be defined
as

~1, ~ half-Cauchy(0, 25), (7)

and
~g ~ half-Cauchy(0, 25). (8)

Further information on the half-Cauchy distribution can
be found in [5]. Through the application of the sampling
tool Stan [6], the posterior mean of g, 1, and vy, denoted
as Elgpost], E[VLpost): and E[yg ], respectively, can be
obtained.
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Method

The performance of our Bayesian hierarchical model is
evaluated through numerical simulations, followed by ex-
perimental validation. The analysis is conducted in the
frequency domain with 1 Hz resolution. The numerical
simulation setup is explained in detail in [7]. The setup
somewhat mirrors the experimental case, but it is sim-
pler. Two simulation conditions are considered: the first
is the overdetermined condition, where all six indicators
are activated; the second condition only considers indi-
cators 1, 3, and 4 in the calculation, as illustrated in
Figure 1.

Y1 V2

[=] []

Figure 1: The schematic illustrates the second numerical
simulation condition. Green squares represent the ’active’
sensors, while red squares indicate those that are 'turned off’.
Note that the blue section corresponds to the active subsys-
tem and the grey section represents the passive subsystem.

In the numerical simulation, the excitation is applied to
the top surface of the central block of the active subsys-
tem. The passive subsystem is assumed to move only in
z—direction. We also add complex random normal noise
with a fixed variance to u,p, which is directly calculated
from the numerical solution in the frequency domain, to
mimic the noisy measurements in the experimental case.

In the experiment, the system is more complicated com-
pared to the numerical simulation case (Figure 2). The
wooden box serves as the active subsystem, with three vi-
bration exciters fixed inside. It is mounted to the passive
subsystem, which consists of a metal frame and four re-
silient supports. The two systems are connected through
three engine mounts (three interfaces). We attach three
tri-axial accelerometers to the metal frame at each inter-
face to serve as indicators. To evaluate the force esti-
mation of our Bayesian model, force transducers are also
installed at each interface. Similar to the numerical sim-
ulation case, two conditions are considered: under the
overdetermined condition case, all of the nine indicators
are taken into account; we also consider a condition where
only indicators 1 and 4 are included in the calculation,
representing the underdetermined condition.

The classical TPA with the matrix inversion method in-
volves a two-step measurement procedure. First, we iso-
late the passive subsystem and measure the transfer ma-
trix T through a hammer impact test (similar step is
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Figure 2: Setup for the classical TPA measurement of a
wooden box with three vibration exciters as active subsys-
tem, mounted to a metal frame and four resilient supports as
passive subsystem. Tri-axial accelerometers serve as indica-
tors, force transducer measure the interface forces.

also performed in the numerical simulation); the ham-
mer target for the impact is the metal block shown in
Figure 2. After that, in the second step, the indicator’s
operational responses U, are recorded. The interface
force g can then be derived using Equation 1. The force
directly computed from T*u,, serves as the baseline for
comparison with the Bayesian estimation E[gpost].

Result and Discussion

Note that more detailed results are exhibited in [8]. The
force estimation results of the numerical simulation are
shown in Figure 3, using the interface force g;, as an
example. As described above, we consider two differ-
ent conditions: ’OD’ corresponds to the overdetermined
condition, while '"NOD’ represents the case where the
overdetermined constraint is relaxed. It can be observed
from the figure that when the system is overdetermined,
the Bayesian model does not exhibit a significant advan-
tage over the baseline method in terms of the estimation
accuracy. However, it still proves valuable under this
condition, as its credible interval clearly illustrates the
impact of added noise on the estimation accuracy and
provides insight into the reliability of the estimated re-
sults. When the overdetermined constraint is relaxed,
the Bayesian model provides a more accurate estimation
than the baseline method across most of the frequency
range considered. Compared to the overdetermined con-
dition, the estimation accuracy of the baseline method
degenerated significantly, even leading to an artifact peak
in the estimation. Meanwhile, the Bayesian model main-
tains satisfactory accuracy, except for an overestimation
of the force at relatively high frequencies.

The experimental results are shown in Figure 4. Due to
the complex narrow-band characteristics of the FRF, the
results are presented in 1/12 octave bands. It can be ob-
served that the main trends are similar to those in the nu-
merical simulation. When the system is overdetermined,
meaning all nine indicators are used in the calculation,
the 90% credible interval of the Bayesian model success-

1318



fully covers the measured reference result. However, the
posterior mean does not exhibit a significant advantage
over the baseline method across relative low frequencies.
When the frequency gets higher (above 1 kHz), the ac-
curacy advantage of the Bayesian model appears.

In the case where only two indicators are ”activated”,
representing the underdetermined system, the Bayesian
model again demonstrates superior accuracy compared to
the baseline method. This accuracy advantage is more
apparent across the entire frequency range. However,
compared to the overdetermined condition, the Bayesian
model also exhibits some less accurate estimations, par-
ticularly around 1 kHz. The good news is that this in-
creased uncertainty is partially captured by the wider
credible interval in that frequency region.

Conclusion

This study explored the application of a hierarchical
Bayesian model for classical TPA and evaluates its
performance under both overdetermined and underde-
termined conditions. When the system is overdeter-
mined, the Bayesian model does not exhibit a signifi-
cant improvement in estimation accuracy over the base-
line method. However, it still provides valuable insights
by offering credible intervals that quantify uncertainty
and illustrate the impact of measurement noise.

In contrast, under the underdetermined condition, the
Bayesian model outperforms the baseline method across
most of the frequency range. The Bayesian model main-
tains a more reliable estimation, with credible inter-
vals effectively capturing the uncertainty, particularly at
higher frequencies. These findings highlight the poten-
tial of Bayesian TPA in cases where the overdetermined
constraint is not satisfied, offering a robust alternative
for force estimation in practical applications.
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Figure 3: Force estimation in the numerical simulation
for the overdetermined (OD) and not overdetermined case
(NOD). The force values are expressed in dB relative to a ref-
erence force of 1 x 107® N, with shaded regions representing
the 90% credible intervals (CI).
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Figure 4: Force estimation in the experiment for the overde-
termined (OD) and underdetermined case (UD), with shaded
regions representing the 90% credible intervals (CI).
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