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Introduction
Wave Field Synthesis (WFS) is a well-established tech-
nique for sound field synthesis, enabling the reproduction
of arbitrary virtual sound fields over an extended listen-
ing area [1, 2]. This method accurately reconstructs the
direction and curvature of virtual wavefronts by driving
a set of densely spaced loudspeakers known as the sec-
ondary source distribution (SSD) [3].

The theoretical foundation of WFS relies on the station-
ary phase approximation, which is inherently valid in
the high-frequency range. This approximation provides
a ray-based solution to the general sound field synthesis
problem. Consequently, correct wave field reconstruction
can only be guaranteed above a certain low-frequency
limit. This limit is influenced by the virtual source, the
listener position, and the geometry of the SSD.

While this low-frequency limitation is acknowledged in
existing WFS studies [4], its exact and analytical deter-
mination has not yet been thoroughly explored—unlike
the extensively researched high-frequency limitation re-
sulting from spatial aliasing due to the discrete SSD [5, 6].
Given that practical SSD dimensions and virtual sources
positioned relatively close to the SSD can raise this low-
frequency limit to several hundred Hertz, significantly
varying with virtual source position, accurately estimat-
ing the correct frequency band for WFS is essential when
rendering dynamic audio scenes.

This paper specifically investigates these low-frequency
effects inherent to WFS theory and proposes a practical
analytical expression for the low-frequency limit applica-
ble to both focused and unfocused virtual point source
reproduction.

High frequency approximations in WFS
General WFS methodology
In the following the high frequency approximations ap-
plied in WFS theory are investigated systematically, with
formulating their lower limiting frequencies.

The present contribution discusses WFS applying linear
secondary sources, synthesizing the field of a virtual point
source, the scenario often refered to as traditional WFS
[7]. The geometry under discussion is presented in Fig-
ure 1. The virtual source, the receiver and the SSD are
located in the z = 0 plane, with their positions denoted
respectively by xs = [xs, ys, 0]

T, xref = [xr, yr, 0]
T, and

x0 = [x0, y0 = 0, 0]T in the following.

Traditional WFS theory relies on the Rayleigh integral
description of the virtual field in the form of a planar
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Figure 1: Geometry for the WFS problem under discussion.

integral along the infinite SSD. Let’s assume a general
sound field, written in polar coordinates as P (x, ω) =
A(x)ejkΦ(x) with k = ω

c being the acoustic wavenum-
ber. The Rayleigh integral formulates the field in front
of the integral plane in terms of the virtual field’s normal
derivative

P (xref , ω) = −2

∫∫ ∞

∞

(
A′

y(x0)

A(x)
+ jkΦ′

y(x0)

)
P (x0, ω)G(xref ,x0, ω)dx0 (1)

with A′
y(x0) denoting derivative w.r.t. y evaluated at x0,

and G(xref ,x0, ω) =
1
4π

e−jk|xref−x0|

|xref−x0| denoting the 3D free

field Green’s function. The integral contains two main
components:

� the term containing
A′

y(x0)

A(x) describes the near field

effects of the virtual field, dominating the integral at
low frequencies, when the integrand’s phase changes
insignificantly where A(x0) ≥ 0.

� the term containing jkΦ′
y(x0) describes the radiating

component, or the far-field of the virtual source.

For a virtual point source the Rayleigh integral reads as

P (xref) =
y0 − ys
8π2

( INF︷ ︸︸ ︷
Acomp

∫∫ ∞

−∞

e−jkFRs

R3
s

e−jkRr

Rr
dx0 +

+ jk

IFF︷ ︸︸ ︷∫∫ ∞

−∞

e−jkFRs

R2
s

e−jkRr

Rr
dx0

)
, (2)

with the notation introduced in Figure 1. The integral
is adapted to describe focused sources located between
the receiver position and the SSD with

� F = sign(y0 − ys) being a focusing flag, performing
time reversal in the exponent for focused sources
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Figure 2: The components of the Rayleigh integral describ-

ing a non-focused source at [0, −1, 0]T (a) and a focused
source at [0, 1, 0]T (b). In the following all transfer results are
normalized by 1

4π|xref−xs| , and the synthesized fields (right)
are depicted at 1 kHz.

� Acomp = |xref−xs|
|xref−x′

s|
being a low frequency compensa-

tion factor, where x′
s = [xs, Fys, 0]

T.

Figure 2 illustrates the two components of the Rayleigh
integral for a non-focused (a) and a focused (b) point
source. From Figure 2 (b) it is apparent that the lack
of Acomp would result in a significant low frequency drop
in the focused case. Since in the near field region no fo-
cusing of the acoustic energy occurs (phase function is
nearly constant at regimes of A(x0) ≫ 0), therefore, the
synthesized field would coincide with the low frequency
content of a point source, located behind the SSD at x′

s.
This can be manually adjusted to the desired level by the
above compensation factor. This geometrical compensa-
tion does not aim to improve synthesis quality, but rather
allows the precise estimation of the crossover frequency
between near and far field in the following paragraph.

The 2.5D WFS driving functions are derived from the
Rayleigh integral by the following steps:

� WFS theory discards the near field contribution INF,
inherently introducing a high frequency approxima-
tion, aiming at resynthesizing merely the propagat-
ing wavefront.

� In order to reduce the problem dimensionality, the
vertical Rayleigh integral is evaluated by the sta-
tionary phase approximation (SPA). The resulting
line integral inherently contains the required 2.5D
WFS driving functions for a linear array. The ver-
tical SPA constitutes a further high frequency limit,
being by definition higher than that of discarding
the near field effects.

� Finally, as a well-known fact, the synthesized field
coincides with the virtual field within the validity
of a consequent horizontal stationary phase approx-
imation [2, 3]. This constitutes a further horizontal
frequency limit, which may be significantly higher
than the vertical one in case of a truncated SSD.

Frequency limit of gradient approximation
From (2) it is clear that the transition between near and
far field occurs at the frequency where ω

c |IFF | = |INF |
holds. The transition occurs where the phase variation

along the integral path becomes significant, i.e. where
the integrands are not independent of ω. This obser-
vation can be exploited to give a fair approximation by
comparing only the integral values at the limiting case of
ω = 0, yielding

ωgrad

c
= Acomp

∫∫ ∞

−∞

1

R3
sRr

dx0

/∫∫ ∞

−∞

1

R2
sRr

dx0. (3)

This integral still cannot be evaluated analytically, apart
from the special case of aligned source and receiver posi-
tion with rs0 = rr0 and xs = xr. In this case the resulting
transition frequency/lower frequency limit of the far field
region is given as

ωgrad = Acomp
4

π

c

rs0
(4)

Numerical results showed that this cutoff frequency holds
well for arbitrary source-receiver geometries, giving the
cutoff frequency of the far field approximation of WFS.
This highlights that near field region refers to whether
the SSD is in the near field of the virtual point source,
opposed to that if the receiver is in the near field of the
virtual point source.

Below this cutoff frequency the synthesized field at the re-
ceiver position shows a -20 dB/decade low frequency roll-
off, since the introduced error is proportional to jk

jk+Rs(x0)

over the SSD surface.

Frequency limit of the SPA
The backbone of 2.5D WFS theory is the stationary
phase approximation. The approximation relies on the
fact that for oscillatory integrals at high frequencies most
of the osciallations cancel out and the integral is domi-
nated by a single stationary point where the phase does
not change.

Mathematically, the approximation relies on the Taylor’s
expansion of both the phase and the amplitude function
around the stationary point, defined as the position z∗

where Φ′
z(z

∗) = 0. The 1D SPA formula up to the second
term is given by [8]∫ ∞

−∞
A(z)ejkΦ(z)dz ∼

ejkΦ(z∗)

√
2π

k|Φ′′ (z∗)|
ej

π
4
sign(Φ

′′
(z∗))

(
A(z∗) +

1

2jk
I2

)
, (5)

with

I2 =
A

′′
(z∗)

Φ′′ (z∗)
−

1

4

A(z∗)Φ(4)(z∗)

Φ′′ (z∗)2
−

Φ
′′′

(z∗)A′(z∗)

Φ′′ (z∗)2
+

5

12

Φ
′′′

(z∗)2A(z∗)

Φ′′′ (z∗)3

(6)

and all derivatives are taken w.r.t z.

In the present geometry, when the SPA is applied along
the vertical dimension the stationary position is identi-
cally found at z∗0 = 0 reducing the planar to a linear
integral.

The low frequency validity of the SPA is a complex ques-
tion, and would require the careful analysis of the phase
and amplitude derivatives along the entire integration
path. Generally speaking, SPA may fail when the am-
plitude changes rapidly compared to the phase function.
This may fail for
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� virtual sources or receivers close to the SSD, result-
ing in rapid amplitude change over the SSD

� focused sources in the proximity of the receiver po-
sition when phase changes slowly over the SSD

� truncated SSDs, where not enough phase oscillations
occur over the finite integral path

Local low frequency approximation As a simple
approximation for the SPA validity one may require the
leading order term to dominate over the second one in
(6). When applied for the vertical SPA (in each x0 posi-
tion) due to problem geometry both the amplitude and
phase functions are even, therefore, odd derivatives w.r.t
z0 are identically zero. In the limiting case when the lead-
ing and second terms of (6) are equal in absolute value
this results in the frequency limit

ωSPA,z,local(x0) =
c

2

(
A

′′
(x0, 0)

A(x0, 0)Φ
′′(x0, 0)

− 1

4

Φ(4)(x0, 0)

Φ′′(x0, 0)2

)
.

(7)

This formulation yields a limiting frequency for each SSD
element, from which a feasible strategy is to choose the
maximal one, as a worst-case estimation:

For a virtual point source the above expression gives an
analytical approximation in terms of the Rayleigh inte-
gral’s amplitude and phase function merely taken around
z0 = 0, therefore, it is referred to as a local approxima-
tion. In the following the formula is applied merely to
the far field component IFF and to the vertical SPA, as
this formulation can not take into account the potentially
truncated SSD along the horizontal dimension.

Global low frequency approximation For the hor-
izontal SPA an intuitive approach is proposed to take
finite SSD sizes and arbitrary tapering functions into
consideration. Let us define an effective horizontal SSD
length at both sides of the stationary position, from
which (if they are different) we take the smaller one into
consideration

Leff = min

{∫ x∗
0

−∞

A(x0)

A(x∗
0)

dx0,

∫ ∞

x∗
0

A(x0)

A(x∗
0)

dx0

}
, (8)

Here x∗
0 denotes the horizontal stationary position, and

A(x0) is the Rayleigh integral’s amplitude function that
may include the effects of SSD truncation (±∞ →
±Lx/2), and the application of a tapering window.

In order to the SPA being, valid we require a minimal
phase change of π/4 on each side of the stationary po-
sition within the corresponding effective length. Mathe-
matically this is formulated as

ω

c

∫ Leff

x∗
0

|Φ′(x0)|dx0 ≥ π

4
(9)

from which a lower frequency limit ωSPA,x can be esti-
mated.

For the simple case of aligned virtual source and receiver
(at xs = xr = 0) with applying a finite SSD length of Lx

(a)

(b)

(c)

(d)

Figure 3: Results of estimating the lowet cutoff frequency
of WFS with different xs, xref , Lx configurations. For Fig-
ure (a) Lx was set to 300 m, while for (b-d) Lx = 3 m was
used. On the right column behind the SSD the Rayleigh inte-
gral’s amplitude is drawn by red line, while the bold red line
above the SSD denotes the effective length on each side of the
stationary position x∗

0.

the above expression takes the simple form

ωSPA,x =
π

4

c

Φ(Leff)− Φ(0)
. (10)

with Leff =
∫ Lx/2

x∗
0

A(x0)/A(x∗
0)dx0 being identical on

both sides of the stationary point due to problem symme-
try. This effective length (8) can calculated by means of
numerical integration of the far field contribution in (2)
at z0 = 0, (which amplitude distribution is inherently
available in the 2.5D WFS driving function).

The above formulation (10) may be applied to estimate
the vertical cutoff frequency as well, being in good agree-
ment with the local approximation as it is highlighted in
the following numerical results.

Numerical validation
The following section investigates the validity of the in-
troduced low frequency limits by means of numerical sim-
ulations.

Figure 3 illustrates the frequency limits along with the
frequency responses of synthesis at xref with various WFS
setups. From the considerations of the previous section,
it is required that fgrad < fSPA,z ≤ fSPA,x should hold
which is satisfied by the global SPA limit for all the in-
vestigated cases. Ultimately, since we are looking for the
low-frequency limit of 2.5D WFS, the highest, fSPA,x de-
fine the bandlimit of the synthesis. It is apparent that the
local and global vertical low frequency limits are in good
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(a)

(b)

Figure 4: Comparison of the calculated and measured cut-off
frequency for a quasi-inifite (a) and a truncated SSD (b).

agreement. Furthermore, for the case of a quasi-infinite
SSD all the local and global vertical and horizontal cutoff
frequencies coincide, while as expected, truncation signif-
icantly increases the horizontal one.

Figure 3 (b) presents the case when the source and the
receiver are not aligned. It is highlighted that due to the
failure of the SPA towards the right endpoint of the ef-
fective SSD length, the lower frequency limit signficantly
increases. Above fSPA,x (i.e. when SPA holds) the ampli-
tude is determined by the tapering window’s amplitude
at the stationary SSD position. This fact already high-
lights that the low frequency limit is heavily dominated
by the lateral reference to source distance, and can be
further increased by tapering, in the favour of suppressed
truncation artifacts.

Regarding the overall frequency response of WFS it can
be stated that in the near field region (below fgrad) the

SPA introduces an erroneous
√
1/jk compensation. This

leads to a −10 dB/decade rolloff for the farfield compo-
nent, and a +10 dB/decade boost in the nearfield com-
ponent (which latter is usually discarded). For truncated
SSDs there exists a transition zone between the validity
of the horizontal and vertical SPAs. Within this region
the SSD behaves as a horizontal line source, with the fre-
quency response of

√
jk as observable in Figure 3 (b) and

(d). As a result, the overall frequency response exhibits
a −10 dB/decade roll-off below fSPA,x (valid strictly true
the case of aligned source and receivers ).

This observation allows one to compare the analytical
cutoff frequency with measured ones, by fitting a +10
dB/decade line to the low frequency region (below fgrad)
to estimate the cutoff frequency experimentally. The re-
sult of comparison is shown in Figure 4 with (a) showing
the result in case of an infinite and for (b) a truncated
SSD. Again, it is verified that the horizontal SPA lower
frequency limit is in very good agreement with the nu-
merical estimation especially in case of a more practical,
truncated SSD.

Conclusion
The present paper addressed the analytical determina-
tion and practical implications of the low-frequency limit
inherent in 2.5D Wave Field Synthesis (WFS) for the re-
production of a virtual point source.

Analytical expressions for both gradient-based and SPA-
based frequency limits were derived. It was shown that
the overall low frequency limit is determined mainly by
the horizontal stationary phase approximation.

Numerical simulations validated the proposed analytical
models, confirming their accuracy across various source
and receiver configurations. The results demonstrated
that truncation effects significantly raise the effective
low-frequency boundary, highlighting the necessity for
careful consideration of source geometry and SSD con-
figuration in practical WFS applications. These findings
provide a valuable toolset for accurately estimating the
achievable frequency range, ultimately contributing to
improved audio reproduction quality and system design
efficiency in WFS.
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