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ABSTRACT 
To localize early reflections in a reverberant room, the direction-of-arrival (DOA) estimation technique has 
been evolved in various ways. Among many techniques, the subspace-based localization techniques such as 
eigenbeam estimation of signal parameters via rotational invariance techniques (EB-ESPRIT) have been 
extensively researched for their ability to directly estimate DOA parameters from spherical microphone 
recordings. The EB-ESPRIT estimates DOAs by computing the directional parameters from a single 
recurrence relation of spherical harmonics. For estimating DOAs of early reflections, however, the 
EB-ESPRIT is inappropriate due to the insufficient number of detectable echoes and its vulnerability to noise. 
In this study, we attempt to overcome these issues by using semi real-valued processing of spherical 
harmonics and extra constraints. The proposed technique can compute directional parameters more robustly 
by deriving the real-valued forms of EB-ESPRIT equations and by imposing additional Laplacian constraint. 
We show that the real-valued formula solved by the joint eigenvalue decomposition (JEVD) algorithm can 
enhance the accuracy of DOA estimation as compared to all existing EB-ESPRIT based techniques. In 
simulations, we validate the robustness of the proposed technique in terms of the estimation error under 
different signal-to-noise ratios (SNRs). 
 
Keywords: Three Recurrence relations, Spherical microphone array, Early reflections 

1. INTRODUCTION 
There have been many studies to estimate the directions-of-arrival (DOAs) or localize the early 

reflections of a room using a spherical microphone array (SMA), which is applicable to the room 
geometry inference (1), robust adaptive beamforming (2), de-reverberation (3), and sound field 
reproduction with compensation of the reverberant components (4). Mabande et al. proposed the 
room geometry inference method using the eigenbeam beamforming techniques with time 
differences of arrival (TDOAs) estimated by the cross-correlation analysis (1, 5). Morgenstern et al. 
proposed to estimate DOAs of reflections using the de-correlation technique with a loudspeaker 
array and a microphone array (6, 7). Tervo et al. introduced the maximum-likelihood (ML) method 
based on the stochastic model to estimate the coherent early reflections (8). 

These studies have limitations that the exhaustive grid-search of peaks should be accompanied 
from the computed beamforming map. In contrast, the eigenbeam estimation of signal parameters via 
rotational invariant techniques (EB-ESPRIT) has the advantage that it directly estimates DOAs in a 
parametric way (9). However, the limited number of detectable sound sources and the possibility of 
matrix ill-conditioning problems due to reflections impinging from the equator direction hinder the 
use of EB-ESPRIT in highly reverberant conditions (10, 11). For these reasons, many alternative 
types of EB-ESPRIT techniques have been proposed to increase the number of detectable sources by 
using the different recurrence relations or to resolve the matrix ill-conditioning problem (12-15). 

In this work, we introduce the novel EB-ESPRIT technique that combines three recurrence 
relations and the semi real-valued processing. The semi real-valued processing is known to improve 
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the estimation performance albeit with the reduced computational complexity (16-19). In addition, 
we estimate the directional parameter matrices by using iterative joint eigenvalue decomposition 
(JEVD) method (20-22) with the additional constraint based on the Helmholtz equation. By using the 
additional constraint, the diagonalization of JVED is restricted by a physical constraint, which 
reduces the effect of the noises. The estimation performance of the proposed method is validated by 
the simulated spherical microphone array data installed in a box-shaped room under various noise 
conditions. 

2. SPHERICAL HARMONIC DOMAIN MODEL 

2.1 Complex-valued data model 
The 2D fields ( )f W  defined on a unit sphere ( 2S ) can be converted into the spherical harmonic 

domain (SHD) through the spherical Fourier transform (SFT) as (23) 

 
2

*: ( ) ( )m
nm nf f Y d= W W Wò

S

,  (1) 

where {( , ) | [0, ], [0, 2 ]}q f q p f pWÎ Î Î  denotes 2D angles in the spherical coordinates and *( )×  
denotes the complex conjugate. Spherical harmonics is defined as s( ) (co )m im

nm n
m

nY e fqW = N P , 
where 1/2{(2 1)( )!/ 4 ( )!}nm n n m n mp= + - +N  and ( )m

n ×P  is the associated Legendre function. For a unit 
amplitude plane-wave with DOA PWW , the SHD signal is transformed from the spherical microphone 
array (SMA) recording data as 
 *

, ( ) ( )m
PW nm n n PWf b kr Y= W ,  (2) 

where k  denotes the wavenumber, r  is the radius of the spherical microphone array and ( )nb kr  is a 
mode-strength that depends on the radius and the boundary condition of the array surface. To get rid of 
this dependency, the SHD signal is divided by the ( )nb kr  of the respective orders ( 1, ,n N= L ). After 
compensation, the mode-compensated SHD (MC-SHD) signal of a unit amplitude plane-wave can be 
written as *

, ( )m
PW nm n PWa Y= W  (24).  

For D  plane waves, the MC-SHD signal up to the truncated harmonics order N  can be written as 
the vector form: 
 H=a Y s ,  (3) 
where 0,0 1, 1 1,0 1,1 ,[ , , , , , ]T

N Na a a a a-=a L , 1[ , , , , ]T
d Ds s s=s L L , ds  is the complex amplitude of d -th 

source, and HY  is the steering matrix in SHD whose d -th column is given by 
0 1 0 1

0 1 1 1( ) [ ( ), ( ), ( ), ( ), , ( )]N H
d d d d d N dY Y Y Y Y-W = W W W W Wy L . ( )T×  and ( )H×  denote the transpose and 

conjugate transpose, respectively. We assume that all MC-SHD signals are made by the short-time 
Fourier transform (STFT), SFT, and mode-compensation in order. To simplify the notations, time 
frame and frequency indices of MC-SHD signals are omitted. For EB-ESPRIT type algorithms, the 
covariance matrix should be constructed for extracting the signal subspaces as follows, 
 { } { }H H H H

c s s sE E= = =R aa Y ss Y U Σ U ,  (4) 
where sU  and sΣ  are the signal subspace and the corresponding eigenvalue matrix, respectively. 

{}E ×  denotes the expectation operator. The subscript c  of cR  represents the complex-valued matrix, 
which is to distinguish the complex-valued covariance matrix from the real-valued covariance matrix 
introduced in the following section. 

2.2 Real-valued data model 
For the unitary or semi real-valued processing (12, 18), the real-valued covariance matrix should be 

constructed. First, the real spherical harmonics is defined as follows: 

 ( )
2 (cos )sin( ), 0

ˆ (cos ) , 0

2 (cos )cos( ) , 0

m
n

m m
n n

n

n m

nm

nm
m

m m

Y m

m m

q f

q

q f

ì <
ïïW = =í
ï

>ïî

N P

N P

N P

.  (5) 
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Using the complex symmetry property of the spherical harmonics and Equation (5), the complex 
spherical harmonic matrix can be transformed by a following (2 1) (2 1)n n+ ´ +  unitary matrix for order 

1n ³ : 

 

2( 1)
1 2
2

n n n

T T
n n n

n n n n

i ié ù-
ê ú

= ê ú
ê ú
ê úë û

I 0 J

Q 0 0
G 0 J G

,  (6) 

where 0 1=Q , and nG  is a n n´  anti-diagonal matrix with ones in anti-diagonal positions and zeros 
elsewhere, n0  represents a column vector containing of n  zeros, and nJ  is a n n´  anti-diagonal 
matrix whose ( , 1 )i n i+ - -th element is set to ( 1)i- . With nQ  matrices ( 0, ,n N= L ), one can construct 
a unitary matrix 0blkdiag{ , , }N=Q Q QL . As shown in (12), a real-valued steering matrix can be 
obtained as 1

ˆ ˆ ˆ[ , , ]H T
D= =QY Y y yL , where 0 1 0

0 1 1
ˆ ˆ ˆ ˆˆ [ ( , ), ( , ), ( , ), , ( , )]N T

NY Y Y Yq f q f q f q f-=y L . 
Based on the proof in (12), the real-valued covariance matrix can be computed from the 

complex-valued covariance matrix as 
 ˆ ˆ ˆ ˆ ˆˆˆRe{ } { }H T H H

r c s s sE= = =R QR Q Y ss Y U Σ U   (7) 

where ˆ [Re{ }, Im{ }]=s s s , ˆ
sU  is the real-valued signal subspace, ˆ

sΣ  is the real-valued eigenvalue 
matrix, and Re{}×  extracts the real part of the argument. In the following section, the real-valued 
signal subspace in Equation (7) is utilized for the recurrence relations of complex spherical harmonics. 

3. SEMI REAL-VALUED EB-ESPRIT 
The proposed semi real-valued (SR)-EB-ESPRIT utilizes three recurrence relations of spherical 

harmonics whose directional parameters correspond to ,x y , and z  directions in the Cartesian 
coordinates (25, 26): 

 

* 1 1 * 1 * ( 1) 1 * 1 *
1 1 1 1 1 1

* 1 1 * 1 * ( 1) 1 * 1 *
1 1 1 1 1 1

sin ( ( ( ( ( (

sin ( ( ( ( (

cos

/cos ) ) ) ) ) ) 2

sin ) ( ) ) ) ) ) / 2

m m m m m m m m m
n n n n n n n n n
m m m m

d
m m m m m

n n

d d d d d d

d n n n nd n nd d d d n d

Y w Y w Y w Y w Y

Y w Y w Y w Y iw Y

q

q

f

f

- - - - - + + +
+ + - + + -

- - - - - + + +
+ + - + + -

W = W - W - W + W

W W - W += W - W
* * *

1 1 1( ( () ) )m m m m m
n n n n nd d d dY v Y v Yq - + +W = W + W

,  (8) 

where ( 1)( ) / (2 1)(2 1)m
nw n m n m n n= - - - - +  and ( )( ) / (2 1)(2 1)m

nv n m n m n n= - + - + . 
The above three recurrence relations can be re-written as the matrix form with the shifted and 

order-reduced ( 1N - ) harmonics matrix ( , )m nY  as 

 

(0,0) (1) 1 ( 1, 1) ( 1, 1) ( 1) ( 1, 1) ( 1, 1)
1 1

(0,0) (2) 1 ( 1, 1) ( 1, 1) ( 1) ( 1, 1) ( 1, 1)
1 1

(0,0) (3) ( 1,0) ( 1,0)
1

) / 2

) / 2

(

(

H m H m H m H m H
n n n n

H m H m H m H m H
n n n n

H m H m H
n n

i

- + - - - - - + + + - +
+ +

- + - - - - - + + + - +
+ +

- +
+

= - - +

= - + -

= +

Y Φ W Y W Y W Y W Y

Y Φ W Y W Y W Y W Y

Y Φ V Y V Y

,  (9) 

where (1)Φ , (2)Φ , and (3)Φ  are D D´  real-valued diagonal matrices containing directional 
parameters sin cosd dq f , sin sind dq f , and cos dq , respectively. m

n
n
m
+
+W  and m

n
n
m
+
+V  are 2 2N N´  

real-valued diagonal matrices containing m
nw n

m
+
+  and m

nv n
m
+
+ , respectively. The d -th column of ( , )Hm nY  

is defined as 0 1 0 1 ( 1)
0 1 1 1 ( 1)( ) [ ( ), ( ), ( ), ( ), , ( )]N H

d d d d d N dY Y Y Y Yn n n n n n
m m m m m m

+ - + + + - +
+ + + + - +W = W W W W Wy L .  

As the directional parameter matrices ( (1)Φ , (2)Φ , and (3)Φ ) contain DOAs ( dW ), one has to solve 
the Equation (9) for the matrices ( (1)Φ , (2)Φ , and (3)Φ ). However, ( , )m nY  matrices cannot be 
computed directly from the MC-SHD signals. We utilize a relationship between the real-valued signal 
subspace ( ˆ

sU ) and the complex-valued steering matrix ( HY ) in SHD (12), given by 

 ˆ ˆH H
s s= =U Q U Y T ,  (10) 

where T̂  is a D D´  real-valued nonsingular matrix. Using Equation (10), we can transform a 
real-valued signal subspace ( ˆ

sU ) obtained from a real-valued covariance matrix ( rR ) into a 
complex-valued signal subspace ( sU ) that can be applied to recurrence relations of complex spherical 
harmonics (Equation (8)), and obtain a real-valued common transformation matrix T̂  as well. From 
Equations (7) and (10), and by multiplying T̂  matrix, Equation (9) can be re-written as 
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(0,0) 1 ( 1, 1) ( 1, 1) ( 1) ( 1, 1) ( 1, 1)
1 1

(0,0) 1 ( 1, 1) ( 1, 1) ( 1) ( 1, 1) ( 1, 1)
1 1

(0,0) ( 1,0) ( 1,0)
1

(1)

(2)

(3)

) / 2

) / 2

(

(

m m m m
s n s n s n s n s

m m m m
s n s n s n s n s

m m
s n s n s

i

- + - - - - - + + + - +
+ +

- + - - - - - + + + - +
+ +

- +
+

= - - +

= - + -

= +

U Ψ W U W U W U W U

U Ψ W U W U W U W U

U Ψ V U V U

,  (11) 

where ( ) 1 ( )ˆ ˆ ( {1,2,3})I I I-= " ÎΨ T Φ T . The least-squares solution of Equation (11) yield ( )IΨ  matrices.  
The least-squares solution can be unique when the pseudo-inverse matrix (0,0)

sU  is the overdetermined 
system, which corresponds 2N D³ . From this inequality condition, the maximum number of 
detectable sources is determined to 2N . 

To estimate simultaneously ( )IΦ  matrices from the estimated ( )IΨ  matrices, one should compute 
joint-diagonalizing matrix. In the following section, we show how to compute the joint-diagonalizing 
matrix A  by using a block coordinate procedure and additional constraints. From the estimated A  
matrix that corresponds to the inverse of the real-valued common transformation matrix ( 1ˆ -Τ ), the 

( )ˆ IΦ  matrices can be computed from ( ) ( ) 1ˆ I I -=Φ AΨ A . Using the elements of the ( )ˆ IΦ  matrices, DOA 
of d -th source ( dW ) can be estimated with a four-quadrant inverse tangent ( atan{}× ) as 

 
(1) 2 (2) 2 (3)

, , ,

(2) (1)
, ,

ˆ ˆ ˆ ˆatan2{ {Re{[ ] }} {Re{[ ] }} , Re{[ ] }}
ˆ ˆ ˆatan2{Re{[ ] },Re{[ ] }}

d d d d d d d

d d d d d

q

f

= +

=

Φ Φ Φ

Φ Φ
,  (12) 

4. JOINT DIAGONALIZATION WITH CONSTRAINT 

4.1 A block coordinate procedure 
As mentioned in (15), ( )IΨ  matrices are jointly diagonalized by using the joint eigenvalue 

decomposition algorithms, which can be achieved by minimizing 

 { }
3 2( ) 1

1
( ) ZDiag I

FI

-

=

=åA AΨ AJ ,  (13) 

where ZDiag{}×  sets to zero the diagonal of the matrix element, and 
F

×  denotes the Frobenius norm 
of the matrix. In this work, we utilize a block coordinate procedure of the JAPAM algorithm (Joint 
eigenvalue decomposition algorithms using a Parameterized Matrix) (22). The block coordinate 
procedure divides the problem of estimating A  by minimizing ( )AJ  into ( 1) / 2D D -  successive 
simpler optimization problems by using the following matrices, 

 ( )1 ,
1 1

D D i j
i j i

-

= = +
=Õ ÕA A ,  (14) 

where matrices ( ),i jA  are equal to the identity matrix that depends on four unknown parameters: 
( , ) ( , ) ( , ) ( , )
1 2 3 4, , ,i j i j i j i jA A A A : 

 

( , )
,

( , ) ( ,
,

, ,

,

, ) ( ) ( , )
1 2

( , ) ( , ) ( , )
,

( , )
3 4

( , ) {( , ), ( , ), ( , ), ( , , ]
[ [] ]
[ ]

)} [

,[ ]
,

i j

i i i j

j i j

i j
i j

i j i j i j i j

i j i j i j i j
j

i j i i i j j i j j
A A
A A

d ¢¢ ¢¢¢ ¢ì" Ï =
ï = =í
ï = =î

A
A A
A A

,  (15) 

where d  is the Kronecker delta function. For ( , )i j  step, the following matrices are updated as 

 
( , )

( ) ( , ) ( ) ( , ) 1( ) , {1,2,3}

i j

I i j I i j I-

ì ¬ï
í

¬ " Îïî

A A A
Ψ A Ψ A

.  (16) 

In ( , )i j -update, we define the following matrices 
 ( ) ( , ) ( ) ( , ) 1( ) , {1,2,3}I i j I i j I-= " ÎΘ A Ψ A . (17) 

Then, the cost function (Equation (13)) can be re-written as  

 3( , ) ( ) 2 ( ) 2
, ,1

( ) (| [ ] | | [ ] | )i j I I
i j j iI

C
=

= +åA Θ Θ .  (18) 
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As we focus on ( )
,
I

i jΘ  and ( )
,
I
j iΘ  matrices, Equation (18) can be transformed to the simpler cost 

function form with 2 2´  matrices as 

 3( , ) ( ) 2 ( ) 2
1,2 2,11

( ) (| [ ] | | [ ] | )i j I I
I

C
=

= +åA Θ Θ% % % ,  (19) 

where  

 

( ),( , ) ( , ) ( ),( , ) ( , ) 1

( ) ( ) ( ) ( )( , ) ( , ) ( , ) ( , )
, , , ,1 2 1 2

( ) ( ) ( ) ( )( , ) ( , ) ( , ) ( , )
, , , ,3 4 3 4

( )

[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]

I i j i j I i j i j

I I I Ii j i j i j i j
i i i j i i i j

I I I Ii j i j i j i j
j i j j j i j j

A A A A
A A A A

-

-

= =

é ù é ùé ù é ù
=ê ú ê úê ú ê ú

ê ú ê úë û ë ûë û ë û

Θ A Ψ A

Θ Θ Ψ Ψ
Θ Θ Ψ Ψ

% % % %
1

, {1,2,3}I" Î
.  (20) 

In this work, without assumptions in (22), two elements ( )
1,2[ ]IΘ%  and ( )

2,1[ ]IΘ%  are computed as 

 
( )
( )

( ) ( ) ( ) ( )
. , , ,

( ) ( , ) ( , ) ( , ) 2 ( , ) 2
1,2 1

)

2 1 2

( ) ( , ) ( , ) ( ) ( ) ( ) (
, , ,

( , ) 2 ( , ) 2
1,2 3 4 ,4 3

[ ] ) )

[ ] ()

( (

)(

I I I I
j j i j

I i j i j i j i
i i j i

I I I I
i j j j

j

I i j i j i j i j
j i i j

A A A A

A A A A

= Y -Y + -Y Y

= Y -Y + Y Y-

Θ

Θ

%

%
.  (21) 

4.2 JEVD with Laplacian constraint 
The sound field satisfies the Helmholtz equation (27). Therefore, the following equation always 

holds for the wavenumber components ( , ,x y zk k k ) in the Cartesian coordinates: 

 2 2 2 2
x y zk k k k+ + = .  (22) 

In an ideal case without noises, (1)Φ , (2)Φ , and (3)Φ  matrices obtained from the acquired sound 
field are the real-valued diagonal matrices with ( cos sind df q , sin sind df q , and cos dq ) as their 
( , )d d -th element, respectively. Therefore, the following expression should be satisfied: 

 
(1) (1) (2) (2) (3) (3)

1 (1) (1) (2) (2) (3) (3)ˆ ˆ( ) D D
-

´

+ +

= + + =

Φ Φ Φ Φ Φ Φ

T Ψ Ψ Ψ Ψ Ψ Ψ T I
.  (23) 

However, in practical situations, it is impossible to satisfy Equation (23) because of the noises. In 
this work, we propose to use a robust JEVD algorithm by adding the iterative JEVD algorithm (22) into 
the above Laplacian constraint (L-constraint). The cost function of the proposed JEVD algorithm is 
changed from the cost function of a block coordinate procedure (Equation (19)) as 

 
2 2 2 2 2 23( , ) ( ) ( )

const 1,2 2,1 1,2 2,1 1,1 2,21
( ) (1 ) ( [ ] [ ] ) ( [ ] [ ] [ ] 1 [ ] 1 )i j I I

I
C l l

=
= - + + + + - + -åA Θ Θ Ξ Ξ Ξ Ξ% % % % % % % ,  (24) 

where ( , ) ( , ) (1)( , ) (1)( , ) (2)( , ) (2)( , ) (3)( , ) (3)( , ) ( , ) 1 2 2( )( )i j i j i j i j i j i j i j i j i j - ´= + + ÎΞ A Ψ Ψ Ψ Ψ Ψ Ψ A% % % % % % % %% ¡ , and elements of ( , )i jΞ%  
are computed as follows,  

 

( , ) ( , ) ( , ) ( , ) ( , ) 2 ( , ) ( , ) 2 ( , )
1,2 1 2 (4) (1) 1 (2) 2 (3)

( , ) ( , ) ( , ) ( , ) ( , ) 2 ( , ) ( , ) 2 ( , )
2,1 3 4 (1) (4) 4 (3) 3 (2)

( , ) ( , ) ( , )
1,1 1 4 (1) 1

[ ] ( ) )

(

)

[ (] ( ) ) )

(

[ ]

(i j i j i j i j i j i j i j i j

i j i j i j i j i j i j i j i j

i j i j i j

A A A A

A A A A

A A A

Y Y Y - Y

Y Y Y

= - +

= - +

=

- Y

Y -

Ξ

Ξ

Ξ

%

%

% ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
3 (2) 2 4 (3) 2 3 (4)

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
1,2 1 4 (4) 1 3 (2) 2 4 (3) 2 3 (1)[ ]

i j i j i j i j i j i j i j i j i j

i j i j i j i j i j i j i j i j i j i j i j i j

A A A A A

A A A A A A A A

Y Y - Y

Y + Y= Y - Y

+

-Ξ%

 , (25) 

where 

 

3( , ) ( ) ( ) ( ) ( )
(1) , , , ,1

3( , ) ( ) ( ) ( ) ( )
(2) , , , ,1

3( , ) ( ) ( ) ( ) ( )
(3) , , , ,1

( , ) ( ) ( ) ( )
(4) , , ,

([ ] [ ] [ ] [ ] )

([ ] [ ] [ ] [ ] )

([ ] [ ] [ ] [ ] )

([ ] [ ] [ ]

i j I I I I
i i i i i j j iI

i j I I I I
i i i j i j j jI

i j I I I I
j i i i j j j iI

i j I I I
j i i j j

=

=

=

Y = +

Y = +

Y = +

Y = +

å
å
å

Ψ Ψ Ψ Ψ

Ψ Ψ Ψ Ψ

Ψ Ψ Ψ Ψ

Ψ Ψ Ψ3 ( )
,1

[ ] )I
j j jI =å Ψ

.  (26) 

In Equation (24), l  is the parameter that determines the weight between the original cost function 
(Equation (19)) and the L-constraint, ranging from 0 to 1. In this work, for each update of ( , )i j , we 
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solve the unconstraint optimization problem with the cost function in Equation (24) by using the 
Quasi-Newton method (28, 29). 

5. EVALUATION 

5.1 Setup 
To investigate the estimation performance for the early reflections, we conducted simulations with 

synthesized room impulse responses. The impulse responses of the room were generated with a 
spherical microphone array impulse response generator (30) and convolved with the white Gaussian 
noise to generate MC-SHD data. The rigid body SMA with radius 0.042 m that composed of 32 
uniformly sampled microphones was used. The SMA signals were sampled at 16 kHz. The STFT was 
done by Rectangular window of 480 samples (30 ms) in length, a hop size of 120 samples (7.5 ms), and 
DFT size of 512. 

The room setup is described in the left side of Figure 1. The height of the room is 3.03 m, and the 
height of the center of the SMA and loudspeaker unit are 1.41 m. The sound field was decomposed up 
to the fourth-order of spherical harmonics ( N = 4). To de-correlate the highly correlated early 
reflections, the real-valued covariance matrix ( rR ) was averaged over 500 time frames and frequency 
range within 2.275–3.9 kHz ( 1.75 ~ 3kr = ) (31, 32). The signal-to-noise ratio (SNR) is defined to the 
total power of the sound sources to the total power of the self-microphone noises. The self-microphone 
noises were generated with the uncorrelated white Gaussian noises. The ground truth DOAs of direct 
sound and early reflections are shown in the right side of Figure 1. The estimation errors between the 
true DOAs and estimated DOAs were computed as 1 ˆ ˆ ˆcos (cos cos cos( )sin sin )d d d d d d dq q f f q q-DW = + - . 

The root-mean-square error (RMSE) is defined as 2 1/2
1 1

RMSE( ) {(1/ ) }K D
dd

KD
k = =

W = DWå å  with 
300K =  independent trials. The reverberation time of the simulated room was set to 300 ms.  

 
Figure 1 – The room setup and ground truth DOAs of the direct sound and early reflections in a room. 

The baselines of this work were DOA-vector EB-ESPRIT (15) and the SR-EB-ESPRIT using 
JAPAM-5 algorithm without L-constraint (22). The diagonalizing matrix A  in the first iteration was 
initialized as the inverse of eigenvector matrix of (1)Ψ  for JAPAM-5 algorithm and the proposed 
optimization algorithm. The maximum iteration number was set to 150, and the stopping criterion for 
JAPAM-5 was set as same in (22). In the proposed method, l  was set to 0.05. The optimization with 
the proposed cost function (Equation (24)) was solved by using the unconstraint multivariable and 
nonlinear optimization solver (fminunc) of the MATLAB®. The optimization algorithm was selected 
as ‘Quasi-Newton’ algorithm (29), and the initial points of ( , ) ( , ) ( , )

1 2 3, ,i j i j i jA A A , and ( , )
4

i jA  were selected 
from {0.3, 0.65, 1}  that minimize the cost function output ( ( , )

const ( )i jC A% ) for each ( , )i j  step. The total 
iteration number of the proposed algorithm was set to 1. 

5.2 Results 
In Figure 2 (a), RMSEs evaluated in various SNR conditions (SNR = 10 dB ~ 40 dB) are shown. 

RMSEs for all algorithms change slightly as SNR decreases. This is because the artifacts of the late 
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reverberant components have dominant influences on the performance of algorithms. The RMSEs of 
SR-EB-ESPRIT with JAPAM-5 and with L-constraint are only one-fourth compared to the case of 
DOA-vector EB-ESPRIT in all SNR regions. The proposed SR-EB-ESPRIT with L-constraint 
estimates slightly better than the SR-EB-ESPRIT with JAPAM-5, which is caused by adding the 
physical constraints based on the Helmholtz equation. To validate the performance for each reflection, 
the RMSE for each wall was examined in SNR = 10 dB condition (Figure 2 (b)). Without direct sound, 
RMSEs of DOA-vector EB-ESPRIT are quite high. Unlike the RMSEs of DOA-vector EB-ESPRIT, 
both RMSEs of SR-EB-ESPRIT with JAPAM-5 and SR-EB-ESPRIT with L-constraint are reasonably 
small (under 4 degrees), but their performance gap is ignorable. To summarize, both SR-EB-ESPRIT 
techniques proposed in this work show outstanding performance compared to the state-of-the art 
technique. The L-constraint brings a slight performance gain in overall RMSEs, but the differences 
depend on the wall directions.  

 
Figure 2 – (a) RMSEs for various SNRs (10 ~ 40 dB) 

(b) RMSEs of the direct sound and the early reflections with SNR = 10 dB. 

6. CONCLUSIONS 
We proposed the DOA estimation method for direct and early reflection sounds in a room by using 

the semi real-valued processing and joint eigenvalue decomposition with constraint. The proposed 
method can reduce the computational complexity by using the real-valued covariance matrix and 
real-valued common transformation matrix. In addition, by using the L-constraint based on the 
Helmholtz equation, the robustness of the proposed method is slightly improved. Through the 
simulation results in various SNRs, we showed that the estimation performance of the proposed 
method outperforms other baseline algorithms in a room. 
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