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Introduction
Understanding the physical fundamentals of human voice
generation is a challenging and interdisciplinary task.
The present work takes a closer look at a self-sustained
physical model of the human larynx, in which the vocal
folds are modeled by multi-layered elastic bodies, i.e.
silicone layers. We search for optimal material and
geometry parameters in the sense that the deformation
of the multi-layer model at its surface is as similar
to given deformation patterns arising from hemilarynx
experiments as possible. For this purpose, we employ an
optimization concept based on a finite element simulation
in which the vocal fold is modeled as linear elastic
body. We use the material optimization approach [3]
in order to identify optimal material parameters and
employ techniques from shape optimization [10], in order
to optimize geometry of the boundaries between the
different layers. We conclude this presentation by giving
some numerical results using a 2D vocal fold model.

Hemilarynx Experiments

Figure 1: Two view photograph of the vocal fold with
sutures and applied force

An excised human larynx was obtained from the autopsy
unit of the UCLA Medical Center. It was quick-frozen
with liquid nitrogen to maintain tissue properties [5],

stored in −20◦C freezer for 6 months, and defrosted the
day before the experiment. A detailed description of the
set-up was given previously [6]. The creation of a hemi-
larynx required the removal of one (i.e. right) vocal fold.
The trachea was mounted over a stainless steel cylindrical
tube with an inner diameter of 8mm. A glass plate was
attached at the top of the tube. To track the movements
of the medial surface of the vocal fold, 25 surgical
microsutures were mounted, see figure 1. To avoid any
disturbance of the natural material characteristics of the
vocal fold, the sutures were positioned to penetrate only
the mucosal epithelium and not the superficial layer [4].
Deformations of the vocal fold were induced by rotational
pulling of the most upper sutures with different weights.
The deformations were imaged with a digital camera. A
right-angle prism was placed at the glass plate, opposite
the vocal fold, simulating two camera views, a necessary
condition to compute three-dimensional coordinates from
a two-dimensional recording [1]. For later calibration, a
brass cube (5mm3) was glued to the glass plate superior
to the vocal fold [7, 8]. The tracking of suture positions
and the computation of the physical coordinates was
performed using a linear transformation method [7].

General Problem Setup
Let Ω ⊂ Rd with d ∈ {2, 3} denote an elastic body with
Lipschitz boundary Γ = ∂Ω. On Ω, we consider the fol-
lowing boundary value problem of linear elasticity: Find
a displacement field u ∈ H1(Ω; Rd) such that

−div(σ) = 0 in Ω
σ · n = f on ΓF

u = 0 on Γ0

σ = E · e(u) in Ω .

(1)

Here f ∈ L2(ΓF ; Rd), ΓF ⊂ Γ is a given surface force and
L2(Ω; Rd) denotes the space of quadratically integrable
functions on Ω, which takes values in Rd. When loaded
by f the elastic body is deformed; the corresponding
displacement field is denoted by u ∈ H := H1(Ω; Rd),
where H1 ⊂ L2(Ω) is the Sobolev space of quadratically
integrable functions with weak derivatives. Associated
with the displacement field is the (small) strain tensor
given as e(u) = 1

2 (∇u+∇u>) ∈ L2(Ω; Rd×d). We assume
that the body is made of elastic material, characterized
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by a material tensor C ∈ L∞(Ω; Rd×d×d×d). Finally the
strain tensor is related to the stress tensor by Hooke’s
Law σ = C · e(u) ∈ L∞(Ω; Rd×d).

As the material tensor as well as the strain and stress
tensors fulfill some symmetry properties, we can define
d′ := 1

2d(d + 1) and rewrite e ∈ L2(Ω; Rd′
), σ ∈

L∞(Ω; Rd′
), as well as C ∈ L∞(Ω;Sd′

), where Sd′
is

the space of all symmetric d′ × d′−matrices.

In the context of optimization it has certain advantages
to work with the weak formulation of partial differential
equations. For this purpose, we state the weak form of
system (1): find u ∈ H0 := {u ∈ H|uΓ0 = 0}, s.t.∫

Ω

〈C(x)e(u)(x), e(v)(x)〉dx︸ ︷︷ ︸
aC(u, v)

=
∫

Γ

f(x)>v(x)dx︸ ︷︷ ︸
l(v)

∀v ∈ H0.

(2)

Material Optimization
Based on this PDE (2) we consider the following problem:

Given a deformation u0 ∈ L2(ΓT ) on a part of the
boundary and given a force f applied to the body

Ω =
⋃
i Ωi consisting of a defined number of layers Ωi,

find a material Cαi uniquely defined by a parameter set
αi for each layer, which generates a deformation u∗ as

close as possible to the given deformation u0.

In our particular application, the given boundary de-
formation arises from the hemilarynx experiments. In
detail, we formulate this optimization problem as follows:

min
α∈A

J(α) := 1
2 ‖u− u0‖2ΓT (3)

s. t. vol(α) = V

aCα(u, v) = l(v) ∀v ∈ H0

Here the ‘volume’ of the material is defined as

vol(α) =
∫

Ω

Tr(Cα(x))dx (4)

a measure for the over-all stiffness of the material. The
set of admissible material parameters A consists of all
parameter sets, which are constant on each of the layers,
i.e.

A = {α ∈ L∞(Ω)p, α(x) = αi∀x ∈ Ωi, αi ∈ Xi ⊆ Rp}
(5)

where Xi ⊆ Rp contains all allowed material parameters
and has to guarantee that Cα is positive definite on Ω.

Remark. Problem (3) falls into the general class of
design problems; for a survey see [3, 10] and the refer-
ences therein. Moreover due to the tracking functional
J(u) = 1

2 ‖u− u0‖2ΓT problem (3) is a so called inverse
problems ([9]). Inverse problems are known to be ill-
posed. This is the reason, why typically a regularization
term is added to the objective functional. In our case the
volume functional (4) acts as a regularization.

This formulation allows for different material laws
(e.g. isotropic, orthotropic, anisotropic) to be used

in the optimization process. We use transversal-
isotropic material aligned to the coordinate-axes (see,
e.g. [11]) for our vocal fold model simulation. The
isotropic plane lies in vertical and lateral direction. The
transversal-isotropic material depends on 5 parameters
Eiso, νiso, Gio, Eo, νoi or νio (νoiEo = νioEiso), which all
together form the design vector α. The equations

Eiso > 0, Eo > 0, Gio > 0,
− 1 < νiso < 1, 1− ν − 2νioνoi > 0 (6)

guarantee positive definiteness of the material-matrix Cα.

Shape Optimization
Working with a multi-layered model, the question arises,
whether by modification of the of the layer boundaries,
the cost functional in problem (3) can be further im-
proved. For this purpose, we optimize in a next step
parameters which influence just geometry rather than the
material. This idea leads to the following problem:

min
β∈X⊂Rm

J(β) := 1
2 ‖u− u0‖2ΓT (7)

s. t. C(x) = Ci in Ωi(β),
⋃
i

Ωi(β) = Ω

aC(u, v) = l(v) ∀v ∈ H0

The set X consists of all feasible combinations of shape
parameters and usually is a m-dimensional polyhedron,
in many cases even just a m-dimensional cube. The
material matrices Ci characterize the material properties
each layer.

Remark. Problem (7) falls into the class of shape design
problems [3, 10]. Usually only the outer boundary of the
elastic body is subject to optimization, whereas here we
the outer shape remains fixed, whereas the geometry of
the inner boundary layers is varied.

Figure 2: Control points for splines defining the layers in
the vocal fold model

Problem (7) is given in very general form, not specify-
ing any details on how the geometry depends on the
parameter vector β. Figure 2 visualizes part of the
idea we employ in (7). Our approach is based on [10],
but slightly modified w.r.t. the optimization of the
inner layer boundaries. We model each line separating
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two layers in the original vocal fold model by a set of
control points (see figure 2) and associated piecewise
quadratic splines. In order to avoid re-meshing and
element degeneration during optimization, all grid points
in a certain neighborhood of the layer boundary depend
continuously and smooth on the layer boundary and
are thus fully characterized by its control points. This
approach leads to moderate deformations and may be
considered restrictive. However in case of the vocal fold
model, large changes of the boundaries are not expected.

Material and Shape Optimization
Being able to optimize material on the one hand and
shape on the other hand it is apparent to think about
a combination of these two processes. A corresponding
problem formulation can be easily derived from (3) by
introducing dependence of the layers Ωi on the parameter
β which itself is subject to optimization.

min
β∈X⊂Rm
α∈Aβ

J(α) := 1
2 ‖u− u0‖2ΓT (8)

s. t. vol(Cα) = V

aCα(u, v) = l(v) ∀v ∈ H0

where

Aβ = {α(x) = αi∀x ∈ Ωi(β), αi ∈ Xi ⊆ Rp} (9)⋃
i

Ωi(β) = Ω,∀β ∈ X. (10)

The dependence on β is only seen in the set of admissible
material parameters (9), which consists now of all mate-
rial parameters that are constant on each layer Ωi(β)
with each layer being defined by the shape variable β.

Results
All optimization problems (3), (7) and (8) contain the
PDE (1). This PDE is solved using the finite element
framework CFS++ (Coupled Field Simulation++), a
software package developed at the Chair of Sensor Tech-
nology at the University of Erlangen-Nuremberg. This
package has been extended to communicate with the
optimizer SCPIP [13], which has recently been applied
in many areas of design and structural optimization. It
is based on the so-called sequential convex programming
concept. Furthermore functionality for calculating sensi-
tivities of the objective function and volume constraint
w.r.t. both the material and the shape parameters has
been added to CFS++.

Material Optimization
Our 3D finite element model of the vocal fold is based
on the model described in [2] and consists of 10512
brick elements. Boundary forces and displacements are
extracted from the hemilarynx experiments. We em-
ploy a multiple load approach concentrating information
from several experiments in one optimization problem.
Figure 3 shows the vocal fold model deformed by the
reference displacement u0 (left) and the optimization
result (right).

Figure 3: Result of material optimization (right) compared
to the vocal fold model with reference displacement generated
from data from the hemilarynx experiments (left)

Shape Optimization

Figure 4: Result of shape optimization in original (left)
and deformed (right) state with preceeding isotropic material
optimization

For the purpose of simplicity, we restrict ourselves to
a 2D vocal fold model subsequently. The 2D model is
generated by extracting the middle-plane of the 3D vocal
fold model described in the previous section. The associ-
ated mesh consists of 438 quadrilateral elements. As the
vertical and lateral plane of the vocal fold model coincide
with the symmetry plane of the transversal-isotropic
material used in 3D, we use an isotropic material model.
Here we employ the shape optimization process as a some
post processing step after having optimized the material
parameters. Figure 4 visualizes the results.

Material and Shape Optimization

Figure 5: Result of simultaneous material and shape
optimization in original (left) and deformed (right) state

Now we apply shape and material optimization tech-
niques concurrently. The results are shown in figure 5.
One can see small changes in the resulting geometry
compared to successive material and shape optimization
(cf. figure 4). A comparison of the optimal displacements
achieved by the methods ’pure material optimization’,
’successive material and shape optimization’ and ’con-
current material and shape optimization’ is depicted in
figure 6 and corresponding objective values given table 1.
In addition figure 6 shows four reference curves: The
un-deformed boundary of the 2D vocal fold model, the
boundary deformed by the reference displacement u0, a
deformation result obtained using material parameters
found in literature and a result obtained by so called
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Figure 6: Comparison of achieved displacements for the
different optimization methods.

optimization method obj. function
value

max. tracking
distance (mm)

Tran et al. 2.04 · 10−4 3.44
just material 9.72 · 10−5 1.88
shape after material 8.26 · 10−5 1.75
shape and material 8.06 · 10−5 1.70
free material 2.96 · 10−6 0.60

Table 1: Objective function value and maximal tracking
distance, i.e. the maximal distance considering the
displacement of all points on the surface compared to the
reference displacement.

free isotropic material optimization. For generating
the displacement curve using material parameters from
literature we applied the (constant) Young’s modulus of
1.26kPa found in [12] to every layer in our numerical
vocal fold model and performed a simulation step using
the boundary forces extracted from the hemilarynx
experiment. In free isotropic material optimization, we
allow the material properties to vary from element to
element throughout the entire vocal fold. The results
obtained from free material optimization typically lead
to materials which are hard to manufacture. On the
other hand these materials are often used as benchmark
materials showing how far one is from the ’ultimate’
solution or in order to gain more insight in the structure
of optimal materials.

Conclusion
The vocal fold deformations measured in the hemilarynx
experiments do not correspond very well to the material
parameters known from literature. We use a mathe-
matical approach in order to find material parameters
generating boundary displacements, which match the
measured deformations as close as possible. Optimizing
material parameters in our multi-layered vocal fold model
already generates a much better result. It turns out that
using shape optimization and thus allowing moderate
changes in the geometry of the material layers, leads
to further improvement while keeping the vocal fold
model simple enough for the manufacturing process.
The best results are achieved by simultaneous material
and shape optimization. The optimized material and

shape parameters obtained in this way lead to a quite
satisfactory accordance with the displacements measured
in the hemilarynx experiments. On the other hand, the
benchmark against the free material optimization result
shows that there is still room for improvements. In
particular the ’free material distribution’ suggests that
the shape optimization process may be too restrictive and
that the layer geometry has to be changed more radically.
This suggestion will be followed in a forthcoming paper.
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