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Introduction
The decomposition of wave fields into plane waves is a
standard tool for the analysis of impulse responses mea-
sured with an array of microphones. If the geometry is
appropriately chosen, the decomposition can be obtained
by spatio-temporal deconvolution. Several measures can
be taken to tackle the ill-posedness of the associated
mathematical problem. Typical examples are given by
beamforming techniques or plane wave decomposition us-
ing cylindrical or spherical harmonics. These approaches
are compared based on the presented framework. The
stability of the procedure for plane wave decomposition
is strongly influenced by the choice of the array setup,
which is extensively used for current approaches. On
the processing side, regularisation techniques and prior
knowledge can be employed to overcome instabilities and
improve the achievable resolution. Exemplary results
based on this approach are shown, pointing out the
potential of further research in this field.

The plane wave model
If near-field components are neglected, an acoustic wave
field can be modelled as a linear superposition of a
number of plane waves. Measurements using microphone
arrays allow for the detection of the direction and time
of arrival of these plane wave components, providing
a representation of the sound field which is known as
plane wave decomposition [1]. Circular and spherical
microphone arrays have the advantage that the micro-
phone array signals can be described as the result of a
convolution as will be explained in the next section.

Fig. 1 shows a schematic representation of a circular
microphone array of radius R. The direction of incidence
is given by the azimuth angle ϕ and the elevation angle θ.
The position of a microphone on the circle is represented
by the angle α. The time of arrival of a plane wave at
the microphones is then given by:

t = t0 −
R

c
cos(ϕ− α) cos(θ), (1)

with t0 as the time of arrival with respect to the centre
of the array and c being the sound velocity.
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Figure 1: Geometry and variables used for the circular
microphone array.

Model for the array measurement
An example of an array response to a plane wave is
presented in Fig. 2. The circular array provides a two-
dimensional dataset with a time axis and an angular axis
depending on the microphone position α. If the plane
wave arrives at a different point in time, the observed
event is shifted along the time axis. If the plane wave
arrives from a different azimuth angle ϕ, it is shifted
along the angular axis. The array output p(t, α) can
be modelled as convolution of a standard array response
m(t, α) with a plane wave representation x(t, ϕ):

p(t, α) = m(t, α) ∗ x(t, ϕ), (2)

where ∗ denotes two-dimensional convolution. The
standard array response m(t, α) is the output of the array
for a plane wave arriving at time t = 0 for an azimuth
angle ϕ = 0◦ as given by the solid line in Fig. 2. The
plane wave representation x(t, ϕ) is a combination of
Dirac delta pulses representing the different times and
angles of arrival. Note that this operation has to be
carried out for each elevation angle of interest separately
as a change in elevation angle changes m(t, α).
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Figure 2: Effects of changes in arrival time and angle of
incidence on the microphone signals.

This convolution can also be carried out in the spectral
domain. Applying a Fourier transform along both
dimensions to the plane wave representation x(t, ϕ) and
applying the same transform to the standard array
response m(t, α), we obtain their spectral representations
X(ω, kϕ) and M(ω, kα), respectively. The spectrum of
the array output is then calculated by multiplication:

P(ω, kα) = M(ω, kα)X(ω, kϕ). (3)

Application of an inverse Fourier transform leads to
the array output signals p(t, α). Fig. 3 shows the
spectrum M(ω, kα) of the standard response for an array
of omnidirectional microphones.
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Figure 3: Magnitude of the spectrum of the standard array
response for a circular array of omnidirectional microphones.

Spherical microphone arrays
For spherical microphone arrays, the above findings
can directly be applied. This kind of arrays has the
advantage of providing three-dimensional information.
Therefore, the elevation angle can be taken into account
as well, leading to a plane wave model based on three-
dimensional convolution with respect to time, azimuth
and elevation [2]. A spectral representation as needed
for Eq. 3 is obtained in the form of spherical harmonics.
Apart from this different representation, the processing
can be carried out as in the case of circular arrays.

Plane wave decomposition
The goal of the plane wave decomposition is the inver-
sion of the process described above, i.e., obtaining an
estimation x̂(t, ϕ) of a plane wave representation given
the measured array response p̂(t, α). This leads to the
necessity of performing a deconvolution operation, which
is an inverse problem. Several strategies exist, which
will be compared in the following based on the spectral
operation given by Eq. 3.
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Figure 4: Simulated array response for a plane wave arriving
at t = 115 ms under an angle of ϕ = 0◦, θ = 70◦ in the
presence of other uncorrelated plane waves.
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Figure 5: Results of the plane wave decomposition of
the simulated dataset for different methods: (a) true
decomposition, (b) delay-and-sum beamforming, (c) inversion
constrained with L2 norm, (d) inversion constrained with
L1 norm; amplitudes are normalised for comparison.

The different methods are applied to a simulated dataset
in order to demonstrate their performance. The simu-
lated array response p(t, α) for a circular array of 256
cardioid microphones is presented in Fig. 4. It contains
a single, bandlimited plane wave arriving at t = 115 ms
under an angle of ϕ = 0◦, θ = 70◦. Some noise is added
in the form of uncorrelated plane waves. Fig. 5a depicts
a section of the correct plane wave decomposition x(t, ϕ).
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Conditioning of the spectrum
A straightforward approach for deconvolution would be
the direct division of the spectra, which is usually not
possible due to zeros in the spectrum M(ω, kα) of the
standard array response, as visible in Fig. 3. These
zeros can arise from the fact that certain combinations
of frequencies and wavenumbers are not registered by the
array. This can partially be overcome by changing the
array design. A typical approach is the usage of cardioid
microphones instead of omnidirectional microphones,
leading to the spectrum shown in Fig. 6.
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Figure 6: Magnitude of the spectrum of the standard array
response for a circular array of cardioid microphones.

However, there are regions of the spectrum which are
close to zero for physical reasons, i.e., certain combina-
tions of temporal and angular frequencies are not present
in a sound field consisting of plane waves. In the example
presented in Fig. 6, these triangular regions with an
array response of less than -60 dB occupy approximately
half the spectrum. In these regions, the plane wave
representation X(ω, kϕ) cannot be reconstructed based
on the array measurements.

Delay-and-sum beamformer
A well-known approach to circumvent the division prob-
lem is the delay-and-sum beamformer [3]. It undoes the
temporal shift between the microphones and sums up all
signals. This method can also be regarded as a Radon
transform [4]. In view of the spectral representation of
Eq. 3, the operation in the spectral domain is described
by the following equation:

X̂(ω, kϕ) = M∗(ω, kα)P(ω, kα), (4)

where M∗(ω, kα) is the complex conjugate of M(ω, kα).
The result for the synthetic dataset is shown in Fig. 5b.
The cross-shaped artefacts are due to the sharp transition
between the region of the spectrum in which information
can be reconstructed and the region for which the
propagation of plane waves is impossible.

Deconvolution using the L2 norm
An approximation to the division of the spectra can
be calculated if an additional regularisation constraint

is taken into account. A standard approach is the
minimisation of the L2 norm of the estimated plane wave
decomposition, leading to the following cost function to
be minimised with respect to X̂(ω, kϕ):

F = ‖P(ω, kα)−M(ω, kα)X̂(ω, kϕ)‖22 + λ‖X̂(ω, kϕ)‖22,
(5)

where λ is a regularisation parameter and ‖·‖22 represents
the squared L2 norm. A closed-form solution is given by

X̂(ω, kϕ) =
M∗(ω,kα)P(ω, kα)

M∗(ω,kα)M(ω, kα) + λ
. (6)

Fig. 5c shows the result of this approach. It can be seen
that the extent of the cross-shaped artefacts is limited,
but that noise is amplified as well. The parameter λ can
be used to find an optimum between correct inversion
and appropriate noise suppression [5].

Sparse deconvolution using the L1 norm
The choice of the minimum L2 norm as constraint is
rather arbitrary and often made due to its simple solution
in closed form. Other constraints might however pay
more respect to the features that should be extracted
from the measurement data. An alternative is provided
by norms that promote sparseness in the plane wave
decomposition. These constraints favour significant
events being present in the data, whereas noise and
artefacts of lower amplitude are suppressed. One possible
norm to be used is the L1 norm [6]:

‖x̂(t, ϕ)‖1 =
∑
t

∑
ϕ

|x̂(t, ϕ)| (7)

For the L1 norm, the cost function to be minimised is
given by the following equation:

F = ‖P(ω, kα)−M(ω, kα)X̂(ω, kϕ)‖22 + λ‖x̂(t, ϕ)‖1.
(8)

A solution can be obtained in an iterative way using
a conjugate gradient scheme [7]. Fig. 5d presents the
result for the given simulation. It can be seen that
there are significantly less artefacts compared to the
results obtained using the delay-and-sum beamformer or
L2 norm minimisation.

Application to measurements
The approaches presented above have also been applied
to measurements. Fig. 7 shows a section of an impulse
response measured with a circular cardioid microphone
array of 256 positions. As an example, a plane wave
decomposition is performed for waves arriving from an
elevation angle of θ = 70◦. A typical application might
be given by the identification of ceiling reflections.

The results obtained from the different methods are
shown in Fig. 8. Despite of the fact that a true result is
not available in this case, it is clearly visible that the use
of constraints helps to suppress artefacts, and that of all
presented methods the deconvolution using the L1 norm
performs best for the intended application.

NAG/DAGA 2009 - Rotterdam

36



angle (°)

tim
e 

(m
s)

−150 −100 −50 0 50 100 150

108

110

112

114

116

118

120

122

Figure 7: Part of an impulse response measurement taken
with a circular cardioid microphone array at the Frits Philips
concert hall, Eindhoven, The Netherlands.

Conclusions
The decomposition of a wave field into plane waves can be
regarded as a deconvolution problem. Several common
strategies have been compared based on the presented
framework; some typical advantages and pitfalls have
been pointed out. It has been shown that part of the
desired information cannot be reconstructed from the
measurement. If additional knowledge or assumptions
are used in the inversion process, more useful results can
be obtained. The availability of such knowledge depends
however on the desired application.
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Figure 8: Results of the plane wave decomposition of the
measurement for an elevation angle of θ = 70◦ using different
methods: (a) delay-and-sum beamforming, (b) inversion
constrained with L2 norm, (c) inversion constrained with
L1 norm; amplitudes are normalised for comparison.
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